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Abstract

This thesis explores various aspects of quantum synchronization, presenting
novel perspectives and methodologies for studying nonlinear systems. By
exploring different nonlinear oscillators, we study the interplay of non-
linear phenomena, like amplitude death and quantum synchronization,
with information theoretic measures like Fisher information and quantum
entanglement. We look at some some possible applications in supercon-
ducting circuit quantum electrodynamics (cQED) platform. Building on a
robust theoretical framework encompassing appropriate quantum master
equations, quantum stochastic differential equations, and quantum trajec-
tory techniques, this research uncovers genuine quantum phenomena in
synchronization, particularly in highly nonlinear quantum oscillators. In-
novative entanglement generation techniques and new measures to capture
quantum synchronization are proposed and analyzed, shedding light on
their potential applications in the field of quantum information technolo-
gies. Moreover, this thesis examines counter-intuitive behaviors in coupled
quantum oscillators, which are vital for understanding quantum nonlinear
dynamics. These findings substantially contribute to our knowledge and
utilization of quantum synchronization phenomena. It also paves the way
for practical applications in quantum technologies using superconducting
circuit QED.
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CHAPTER

Introduction

1.1 The Field of Study

1.1.1 Quantum Nonlinear Dynamics

Dynamics has long been the central dogma of physics, from Isaac Newton and his
discovery of laws of motion, to the chaos-induced Butterfly effect. Back in the 1600s,
physicists were already capable of solving fairly complicating dynamical systems ana-
lytically with simple differential equations. Since then generations of mathematicians
and physicists have tackled the challenge of applying Newton’s differential equations
to something even more complicated — e.g. the three-body problem (like the motion
of sun, earth, and moon). Despite decades of effort, the three-body problem was
eventually realized to be unsolvable, in the sense that obtaining analytical formulas
for the motions of the three bodies is impossible. The three-body problem remains
and will always be a road block, but a more interesting phenomena rampant in Nature
arises: it is the new branch of study called nonlinear dynamics. Nonlinear systems
are inherently more difficult. Yet, they comprise the vast majority of mathematical
equations in Nature. Most nonlinear systems are thereforre difficult to solve, with the

exception of some easy-to-solve quasi-linear systems.

Just as nonlinear dynamics plays an important role in classical physics, quantum
nonlinear dynamics is becoming an active field of study. Many generic nonlinear effects,
such as amplification, bifurcation, synchronization and chaos, find analogous effects in

the quantum regime and often add new insights to their classical counterparts.

1.1.2 Circuit Quantum Electrodynamics(cQED)

With many interesting features lurking in the field of nonlinear quantum theory, it is

undoubtedly significant to mimic and realize and observe such intricate phenomena in
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the lab. And the best candidate for this task is no other than the superconducting
circuit quantum electrodynamics (¢cQED) — an enabling experimental platform and

arguably the Swiss-army knife for quantum technologies.

Quantum electrodynamics (QED) was originally a branch of study dedicated to the
interactions between photons and atoms. It then becomes a key part in a broader field
of quantum optics. In the experiments led by Serge Haroche, the 2012 Noble Prize for
Physics laureate, the team uses individual atoms as a probe to observe the behavior of
the light field. The interaction between a single atom and a beam of light is generally
very weak. This makes it very hard to observe the effects that arise at the single-
particle level. The solution demonstrated by the team, later known as the cavity QED,
is to isolate an atom in a cavity with highly reflecting boundaries. Under carefully
engineered settings, the electromagnetic field inside the cavity is quantized as a set of
quantum harmonic oscillators, one of them being resonant with a transition between
two energy levels of the atom treated as a spin-1/2. The photons will bounce back and
forth inside the cavity, which means a single photon can interact with an atom multiple
times before decaying away, hence amplifying the effects of the interactions. The
fundamental ideas behind this are simple, but implementing them in the laboratory has
never been easy. The physics of the cavity QED can be naturally studied in electrical
circuits, opening up the new field of circuit QED. Circuit QED (cQED) refers to the
technique of using superconducting electrical circuits to implement and manipulate
qubits and quantized electromagnetic fields, replacing the atom and photons. It
stemmed from atomic physics and quantum optics, and is now mainstream in this
area. Circuit QED has led to advances in the fundamental study of quantum theory
and quantum information technologies. At the same time, cQED makes it possible to
study hybrid quantum systems, which are more interesting, such as quantum dots,
magnons, Rydberg atoms, surface acoustic waves, and mechanical systems, interacting
with microwave photons. This huge arsenal of experiment possibilities makes cQED

the perfect test bed for quantum nonlinear effects.

1.2 A brief historical context

1.2.1 Classical synchronization

Synchronization is a relative newcomer to the study of nonlinear effects in quantum
systems [RP03]. In its most elementary form, the system consists of applying a
sinusoidal force, with amplitude f, and frequency {24, to a self-sustained oscillator.

Synchronization is then the modification of the oscillator frequency to §2q. This
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phenomenon has been observed and studied for centuries. The first recorded observation
of classical synchronization dates back to 1665, when Dutch scientist Christiaan
Huygens observed that two pendulum clocks hanging on the same wall tended to
synchronize their swings. Huygens attributed this synchronization to interactions
between clocks transmitted by the wall. This discovery marked the beginning of a

scientific investigation of synchronization.

The understanding of classical synchronization took a significant leap forward with
the introduction of mathematical models. In the 20th century, Appleton, van der Pol,
Rayleigh and others [vdP 17, vdP22, App22, Stu60| contributed extensively to classical
synchronization. This concept was further developed and popularized by American
mathematician and physicist Arthur Winfree and Yoshiki Kuramoto in their respective

studies of biological and chemical oscillators [Win&0, Win67, Kur75].

The study of synchronization in complex systems has further enriched our understand-
ing of classical synchronization. Researchers such as Steven Strogatz and Duncan
Watts have explored the behavior of synchronization in networks of oscillators, re-
vealing fascinating insights into the collective dynamics of these systems. Their work
has expanded the application of classical synchronization to diverse fields such as

neuroscience, power grids, and social networks.

From its early observations in the 17th century to the development of sophisticated
mathematical models and the exploration of complex systems, the study of classical
synchronization has indeed come a long way. It has not only illuminated our under-
standing of nonlinear phenomena, it has also been crucial for the understanding of

chaos and other collective behaviors.

Van der Pol oscillator

In classical nonlinear theory, the van der Pol oscillator is an archetypical self-sustained
oscillator which has a stable limit cycle and can exhibit synchronization. It was first
introduced by the Dutch physicist Balthasar Van der Pol in 1920 [VdP20]. Its discovery
and its subsequent study marked an important milestone in the field of nonlinear

dynamics.

During the early 20th century, there was a growing interest among physicists and
engineers to understand the behavior of electrical circuits, particularly those involv-
ing vacuum tubes. These circuits exhibited complex and sometimes unpredictable
behaviors, which were not well explained by the existing linear models. Balthasar

Van der Pol, who was working at the Philips Research Labs in Netherlands, was
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investigating the phenomenon of self-oscillations in vacuum tube circuits. He aimed to
develop a better understanding of the behavior of a circuit containing a vacuum tube
with a nonlinear resistor. He discovered that under certain conditions, the system
exhibited self-sustained oscillations with unique characteristics. His key insight was
that the nonlinear resistor introduced a damping mechanism that depended on the
amplitude of the oscillations. This damping, now known as "van der Pol damping"
resulted in an interesting phenomenon: the amplitude of the oscillations would exhibit
a limit cycle behavior. In other words, the oscillations would settle into a stable,

repetitive pattern rather than growing or decaying indefinitely.

The van der Pol oscillator has since found applications in various fields, including
physics, engineering, biology, and even economics. Its mathematical representation,
known as the van der Pol equation, has become a standard model for studying nonlinear
systems and understanding the emergence of complex behavior. The complete dynamics

of a driven van der Pol oscillator are governed by the following equation

d*z o dx 9

i (1—=z )E + wyx = F cos(wqt) (1.1)
where 1 is a scalar parameter representing the damping of the oscillator, wy is the
natural frequency of the oscillator, and wy is the driving frequency with strength F'.

Interested readers can find more details in a later section 2.2.

1.2.2 Cavity QED

The groundwork for cavity QED was laid by the pioneers of quantum mechanics and
quantum electrodynamics in the early 20th century. Scientists such as Albert Einstein,
Niels Bohr, and Werner Heisenberg established the fundamental principles of quantum
mechanics, while Paul Dirac, Julian Schwinger, and Richard Feynman formulated the
foundations of quantum electrodynamics. These developments provided the necessary
framework to explore the quantum interactions between light and matter. Cavity QED
has played a significant role in advancing our understanding of quantum phenomena
such as spontaneous emission, the Purcell effect, and the development of quantum

gates.

Cavity QED emerged in the 1970s, spurred by advances in laser technology and the
development of high-quality optical cavities. Researchers such as Herbert Walther,
Serge Haroche, and Daniel Kleppner were among the first to demonstrate that atoms
could be trapped within an optical cavity, enabling the study of strong coupling
between atoms and photons. This marked the beginning of cavity QED as a distinct
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field of study.

In the 1980s and 1990s, a series of groundbreaking experiments solidified the importance

of cavity QED in understanding quantum phenomena. These experiments include:

The observation of the Purcell effect, where the spontaneous emission rate of an atom
is modified by its environment in the cavity. The demonstration of the vacuum Rabi
oscillations, which show the coherent exchange of energy between an atom and a cavity
photon. The realization of the micro-maser, a device that uses cavity QED principles
to generate and amplify single photons. These experiments provided crucial insights
into the behavior of atoms and photons in confined electromagnetic environments,

paving the way for further advances in quantum science.

1.3 Outline and reading guide

This thesis explores the possibilities of simulating quantum nonlinear effects in a context
of circuit quantum electrodynamics. The organization of this report follows: Chapter 2
provides a pedagogical review of the topics on quantum nonlinear dynamics and circuit
QED as well as other topics on quantum information theory, including light-matter
interaction, open quantum system and measurement, and quantum Fisher information.
In Chapter 3, new measures of quantum phase synchronization are proposed and
analyzed, with special focus on 2-to-1 synchronization. This study demonstrates Fisher
information as a more advantageous indicator for quantum phase synchronization, in
certain situations where all other established measures are unable to yield reliable
results. In Chapter 4, quantum synchronization induced by strong nonlinearities
with no classical analog is studied, and with it, an alternative model is proposed
that approximates the van der Pol oscillator with finitely large nonlinearities while
remaining numerically tractable. This allows the uncovering of interesting phenomena
in the deep-quantum strongly-nonlinear regime with no classical analog. In Chapter 5,
the study aims to show that quantum synchronization can be enhanced by various
techniques, such as homodyne detection, single-photon dissipation noise and squeezing.
The capability of enhancing quantum synchronization using experimentally feasible
techniques can be useful in implementing synchronization into quantum information
processing tasks. Chapter 6 presents a study on mixed oscillations in homogeneous
and heterogeneous oscillators, which is important in bridging the gap between classical
and quantum mutual synchronization. Chapter 7 presents a Rabi type Hamiltonian
system, in the context of circuit-QED, in which a qubit and a d-level quantum system

(qudit) are coupled through a common resonator, and the entanglement generation
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method is discussed in such a system. This toy model demonstrates that circuit-QED
is a powerful and versatile platform for quantum information processing. Chapter
8 reviews the current progress on quantum synchronization implemented on circuit
QED platform, and provides insights towards practical synchronization-based quantum
technologies. Chapter 9 concludes the thesis with a perspective on the state of the

field and insights for possible future research directions.



CHAPTER

Theoretical framework

2.1 Open quantum system and measurement

In order to understand the general evolution of quantum systems, one needs to consider
coupling them with a second quantum system. If the second system is much larger
than the first, it is often called a bath, a reservoir or an environment, and the first

system is called an open system.

In open quantum systems, or for mixed states in general, the system is described by
a density matrix. The density matrix represents the state of a quantum system in
a more general way than the state vector, and equivalently represents an observer’s
state of knowledge of a system. When a quantum state can be represented by a state

vector [¢), its density matrix is defined as the product

p =)l (2.1)

A state of the form in Eq. 2.1 is considered to be pure. On the other hand, one that
cannot be represented in this form is a mixed state. Instead, it is written in the

following form:

pP= Z%\%)(%!- (2'2)

In a closed system, the equation of motion for a density matrix under unitary evolution

is referred to as the Schrodinger-von Neumann equation:

) l

Y h[Ha :0]’ (23)
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2.1.1 Von Neumann measurement and POVM

A von Neumann measurement can be described by a set of projectors { P, = |n)(n|}.
This type of measurement represents only a special class of all possible measurements
that can be implemented in quantum states. However, all possible measurements can
be derived from von Neumann measurement. Each of the von Neumann projectors
corresponds to one of the possible measurement outcomes: if the initial state is

po = |to) (10|, then the nth possible outcome of the final state is

PnpOPn
with probability
P(n) = Tr[P.poPy]. (2.5)

This formalism can be generalized to arbitrary set of measurement operators €2,,, as

long as the set of operators satisfy the following condition:
> 0L, =1, (2.6)

with ] being the identity operator. Then all possible measurement outcomes can be
described by

QupoSl
pp = Pl (2.7)
Tr Q008 0n]
with probability
P(m) = Tr[QmpoQl . (2.8)

These generalized measurement operators are referred to as the "positive operator-
valued measure" (POVM). All POVMs can be implemented by performing a unitary
transformation on the system together with an auxiliary system, and then performing

a von Neumann measurement (projection) on the auxiliary system.

2.1.2 Quantum master equation

Here, the derivation of the master equation in the subsequent sections follows closely

the steps in Ref. [WMO09]. Consider a quantum state described by a time dependent
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density matrix p(¢). The most general quantum evolution is a completely positive,

trace preserving map A so that after time ¢ the state evolved as

p(t) = Alp(0)], (2.9)

where p(0) describes the state density matrix at initial time reference.

It is known [Lin76] that any smooth, time-homogeneous, complete positive, trace-
preserving quantum channel A[p] which obeys the natural semi-group property AP-AQ =

A4, can be expressed as

Alp] = e'“[p], (2.10)
and thus
d R
—P =Ll (2.11)

Here £ is a quantum Liouvillian of the Gorini-Kossakowski-Sudarshan-Lindblad form
Llpl = =ilH, ol + Y (2LupLl, = {L}Lus P} ). (2.12)
m

where H is the system Hamiltonian and L, are referred to as the Lindblad jump
operators. Such operators may, for example, be particle creation/annihilation operators

to describe random particle gain/loss, or number operators to describe dephasing.

General form of Born-Markov equation

Under Born and Markov approximations, which means that the system couples very
weakly to a very large environment, the dynamics of the state p;,; of the system and

the environment is given in the Schrodinger picture by
Prot(t) = —i[Hgs + Hg + V, pror(t)]. (2.13)
Here H s is the Hamiltonian for the system, H g is the Hamiltonian for the environment,

and V described the coupling between the two.

Next, it is convenient to move into an interaction frame with free Hamiltonian Hy =
Hg + Hp and the interaction term becomes V() = ¢'HotVe~iHot  In this frame,

equation (2.13) becomes

~

Protsint(t) = —i[Vine(t), protyint (£)]. (2.14)
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For the sake of simplicity, we will drop the int subscripts in the following derivation.

Since the interaction is assumed to be weak, equation (2.14) can be expanded implicitly:

prot(t) = pror(0) — i /O dt'[V(t'), pror(t')]. (2.15)

We then substitute this solution back into (2.14) to get

Pror(t) = =iV (t), prot(0)] —/0 di'[V (), [V('), pror (t)]]: (2.16)

Since we are interested here only in the evolution of the system pg(t) = Tre[pw(t)],

which is traced over the environment:

~

ps(t) = —iTrg ([V(t)v ptot(o)])
t/
- / at' T (V' (), [V (), proc ()]). (2.17)
0
We now make a very important assumption, namely that the system only weakly
affects the bath so that the last term in (2.17) can be replaced. This is known as the
Born approximation. With this assumption, (2.17) becomes
p(t) = = i[Vs(t), p(t)]

= [ T (a0, Vs (0), (¢ @ p(O)]). (2.18)

Note that we have split V into two parts: V(t) = Vi(t) + Vg(t), where Vi acting on
the system is traced out, such that only Vsg acting on both system and environment
remains. Next we apply the Markov approximation, replacing p(t') by p(t), the above

equation becomes what is referred to as the Born-Markov master equation:

p(t) = —ilVs(t), p(1)]

- [T (V0,10).pl0) ® pe(0)) (2.19)

—00

We require the bath to have a continuum spectrum of energies.

Derivation of GKSL equation from microscopic dynamics

From the general form of Born-Markov master equation, the path I would follow to

derive the commonly adopted GKSL form of master equation, is to use the example of
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a single mode cavity dissipatively damped by the bath.

The free Hamiltonian for a mode of the electromagnetic field is that of a harmonic
oscillator. The total Hamiltonian for the bath is thus

Hp =) wiblbr, (2.20)
k

where the integer k codes all of the information specifying the mode. The total

Hamiltonian for system plus environment is
H= wchd + ZwkZ;Ll;k + ng<d + CALT)UA)k + ZA)L), (2.21)
k k

where the first term represents the free energy of the cavity mode of interest, the
second is for the free energy of the many-mode field outside the cavity, and the last
term represents the coupling of the two for optical frequencies. The coefficient g
which can be assumed real without loss of generality is proportional to the dipole

matrix element for the transition and depends on the structure of mode k.

Given that the coupling term is much smaller compared to the rest of (2.21), we can
apply Born approximation and RWA, by casting the coupling term in the interaction
frame:

Vint = Z g (@ bye™ er—wt o gpleilwn—welty (2.22)

k

Now substitute (2.22) into the general form of Born-Markov master equation to obtain
a differential equation for the system density matrix. Before expanding the equation,
we need to take the initial state of the bath to be the vacuum state. By doing so, the

first term in (2.19) is exactly zero. Then, the equation for p(¢) becomes

p=— /0 t At {T(t — t)[atap(t)) — ap(t)al] + H.e.), (2.23)

where H.c. stands for the Hermitian conjugate term, and
I(r) = Zgie*i((w’“*%)f (2.24)
k

Next, we wish to make the Markov approximation. For an atom in free space, there
is an infinite number of modes, each of which is infinite in volume, so the modulus

squared of the coupling coefficients is infinitesimal. Thus we can justify replacing the
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sum in (2.24) by an integral:

['(r) = /000 dwp(w)g(w)?e @)™ o §(7), (2.25)

which means that the reservoir correlation function I'(7) is sharply peaked at 7 = 0.

Then simplifying (2.23) we arrive at the GKSL form in the interaction picture:
p=~Dlalp (2.26)
where the superoperator
DlAlp = ApAt — %(ATA,) + pATA). (2.27)
Converting back to Schrodinger picture we obtain

p=—ilH, p] +~Da]p. (2:28)

Derivation of GKSL equation from quantum jump

Following [WMO09], the GKSL master equation can also be derived from the quantum
jump approach in a way that is more insightful. We start by examining the Markovian

evolution of an isolated quantum system in the absence of measurement:

[W(t+T)) = U(T)|1h(t)) = exp(—iHT)[y(t)), (2.29)
which leads to a finite differerntial

() — [9()

T—0 T

= —iH(t)[o (1)), (2.30)

and hence the evolution is continuous.

The continuous evolution of a density matrix is then

i 2EFT) =P gy (2.31)

T—0 T

We start monitoring the system at time ¢, then the state density matrix at time ¢ + dt,
an infinitesimally small time step, averaging over all possible measurement outcomes,
is

p(t+dt) =Y M, (dt)p(t)M]. (2.32)
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where M, is the measurement operator corresponding to certain outcome r, and each
term in the sum is referred to as a quantum jump. Now let’s assume the simplest
scenario, considering only two outcomes, i.e. » =0 and 1. Then the two measurement

operators take the following form:

Mo(dt) =T — (¢T¢/2 + iH)dt, (2.33)
M, (dt) = Vdté (2.34)
such that
M (dt) My (dt) + M (dt)My(dt) = 1. (2.35)
This leads to the non-selective evolution
p(t +dt) = [I — (¢Te/2 + iH)dt)p(t)[I — (¢T¢/2 — iH)dt] + dtépe', (2.36)

which, by expanding and collecting the terms, gives the familar differential form

p=—ilH, o] + D[dp. (2.37)

2.1.3 Quantum evolution under measurement
Quantum trajectory
Let us consider the evolution monitored by the two measurement operators in (2.33)
and (2.34). The probability of detecting the outcome r =1 is

Py(dt) = Tr[ My (dt)pM;](dt)] = dt Tr[¢tép). (2.38)
Such detection would occur randomly at rate P;(dt)/dt. When a detection occurs, the
system undergoes a finite evolution induced by the measurement operator Ml(dt).

Denote the number of detections during a period of time from 0 to ¢t by N(t), and
assume a pure state [1(t)) at time ¢. Then the stochastic increment dN(t) obeys It

point process:

dN(t)* = dN(t), (2.39)
E[AN (t)] = (M] (dt) M (dt)) = dt(w(1)|eTely (1)), (2.40)

where E[-] denotes the classical expectation value and (-) denotes the quantum ensemble

average. Eq. 2.40 gives the mean of d/V, which is identical to the probability of detecting



Chapter 2. Theoretical framework 14

a photon in Eq. 2.38.

When a detection occurs dN(t) = 1, the state vector evolves to

VL @ )y VAW

When there is no detection dN(t) = 0,

Yo(t + dt)) = {\40(dt)|fp(t)>
(0 ) Mo ) 1)
= (= it + 52— SEQOTHVAO) (0.42)

Combining Eq. 2.41 and 2.42, one can easily verify that the resulting stochastic

evolution can be written explicitly as a nonlinear stochastic Schrodinger equation

(SSE):

A

{ere)(t)

A solution to this equation is referred to as a quantum trajectory for the system. We
can simplify the SSE using dN(t)dt = o(dt) to yield

N éfe éte .
—1)+[1- dN(t)]dt(<—2>(t) =S e (). (2.43)

(1)) = [N o) .

~

ahi(t)) = [N (e — 1)+ ar (DD T iy (@)
@00 2 2 @

Now to construct a master equation we first define a projector
w(t) = [ @) (W (). (2.45)

such that p(t) = E[w(t)]. Therefore the equation of motion for each of these projector,

also known as the quantum trajectory, gives

dre(t) = |dp () ()] + [ (8)){dy (t)] + [dp(2)) (dip(t))]
= (AN()G1¢] — drH[iF + S} a(r), (2.46)
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where the superoperator are defined by

ofT
X Fpr
= — — 2.47
H[P]p = 7p + pi — Tr[fp + pif]p. (2.48)

Master equation under homodyne detection

The GKSL master equation (2.37) is invariant under the transformation

c—Cc+ (2.49)

P |
H— H - 1'5(7*& — véh), (2.50)

where 7 is an arbitrary complex number. Under this transformation, the measurement

operators change accordingly:

M,y (dt) = Vdt(é + ), (2.51)

. . | 1
Mo(dt) =1 = dtfill + 5 (ev" = éy) + 5(&* + )+ 7). (2.52)

This implies a rather important property of quantum master equation, that the unrav-
elling of a deterministic master equation into a set of stochastic quantum trajectories
is not unique. Physically, the above transformation can be achieved by a homodyne
detection, which is a common technique in quantum optics. The homodyne detection
scheme describes an input field passing through a beam-splitter with transmittance 7.

The input field ¢ entering one port of the beam-splitter comes out as

¢ — e+ /1= no, (2.53)

where 0 is the operator for the other input field into the other port. In the case of
homodyne detection , this other input field is known as the local oscillator with the
same frequency as the system dipole, which can be modeled as 6 = v/y/T —n + 0.
With 7 close to unity, (2.53) gives ¢ — ¢ + ~y, which is desired for the master equation

to remain invariant.

Homodyne detection measures the quadrature of an input field, defined by & =
¢+ ¢l 9 = —i(¢ — é'), depending on the phase difference between the input and local
oscillator. For simplicity, we set the coherent field + to be real, so that the homodyne

detection leads to a measurement of the x quadrature of the system. Now the average



Chapter 2. Theoretical framework 16

rate of detection is
E[dN(dt)/dt] = Tr[(v* + 2 + é'e)p(t)). (2.54)

As we expect, the photodetection rate is the sum of the individual photodetection rates
for the local oscillator and the atomic radiation, plus an interference term. Here lies
the advantage of homodyne detection: the atomic signal due to the interference terms
is boosted by the local oscillator by a factor of |y|. This is an enormous advantage if
the detector suffers from a low level of background noise (shot noise or dark currents),
since the homodyne scheme can raise the signal to a level much larger than background

noise.

In the limit that + is much larger than (¢7¢), the stochastic master equation for the
conditioned density matrix is
A N ST
dp(t) = {dN(t)G[e + ~] — dtH[iH + ¢ + 5c*c]},o(t). (2.55)
This also shows that the master equation (2.37) can be unravelled in a completely

different manner from the usual quantum trajectory.

In the optimal scenario of homodyne detection, we will consider the local oscillator’s
amplitude approaches infinity, so the photodetection rate increases infinitely. However,
the impact of each detection on the system diminishes to zero because most of the
detected photons come from the local oscillator. Consequently, it becomes feasible to
approximate the photocurrent as a continuous function of time and derive a smooth
evolution equation for the system. The number of detection J N is effectively Gaussian
with a mean

p=[0" (@) + 0Kt (2.56)

and variance
0% = [y + O(y*/?))ét. (2.57)

Thus, 6N can be written as
SN = 720t[1 4+ (2) /9] + oW, (2.58)

where 0W is a Wiener increment that satisfies the following
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Expanding (2.55) to the powers of v~ 1:

Hlc] N (ée)(t)Gle] — (&) (t)H]d] +0(7—3))
¥ 72

olt) = {6N<t>(

» 1
— OtH[iH + ¢+ 5é*é]}p(t), (2.61)

where G and H are defines as in (2.47) and (2.48). Substitute (2.58) of JN as a
Gaussian random variable into (2.61), and keep terms up to v~ /2 and let 6t — dt

yields the stochastic master equation for homodyne detection:
dp(t) = {~i[H, p(t)] + D[ep(t) }dt + AW H[e] p(t), (2.62)

where dW is the Wiener process defined previously.
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2.2 Classical synchronization

In our everyday life, we are surrounded, consciously or unconsciously, by oscillators.
Electrical equipment, fireflies emitting sequences of light pulses, a pacemaker cell
that controls the contraction of the human heart — all these and many other systems
have one thing in common: they produce rhythms. Most of the time, these systems
are not isolated from the environment, but interact with the surroundings and even
with each other. This interaction would cause the connected systems to converge to
the same rhythm. This phenomenon is called synchronization. Initially, this effect
was discovered and studied in different artificial devices, first in pendulum clocks
that hang on the same wall and later in musical instruments, electronic circuits,
and lasers. It finds various practical implementations in electrical and mechanical
fields [DTA12, DUMT12|. What lies in the center of synchronization theory is the class

of systems that demostrate self-sustained oscillations [AVI66].

2.2.1 Self-sustained oscillations

Self-oscillations form a special, but rather broad class of all oscillating processes and
are characterized by the following features [BJPS09]: 1) the periodic motion of these
systems do not damp; 2) these systems do not require external power source/drive to
maintain the oscillation; 3) the shape, amplitude, and time scale of these oscillations
are determined by the oscillating system alone, and external factors cannot easily

change them.

For self-oscillations to occur, the oscillating system must be designed in a special way.
The following three features of the self-oscillating systems are most essential: they
must be nonlinear systems, there must be dissipation in them, and there must be a

source of power to compensate for the dissipation.

First of all, let me explain what are non-linear systems. It is surprisingly true that the
vast majority of mathematical equations and natural phenomena are non-linear, with
linearity being the exceptional case. While the superposition principle states that any
two solutions of a linear equation can be summed to get a new solution, two solutions
of a nonlinear equation cannot. It is therefore not surprising that no general analytic
approach exists for solving typical nonlinear equations. For instance, when water flows
through a pipe at low velocity, its motion is laminar and is characteristic of linear
behavior: regular, predictable, and describable in simple analytic mathematical terms.
However, when the velocity exceeds a critical value, the motion becomes turbulent,

with localized eddies moving in a complicated, irregular, and erratic way that typifies
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nonlinear behavior. By reflecting on this and other examples, we can isolate at least

three characteristics that distinguish linear and nonlinear physical phenomena:

1. the dynamics itself is qualitatively different. Linear systems typically exhibit
smooth and regular motion in space and time, which can be described as
well-behaved functions. However, non-linear systems often exhibit a transition
from smooth motions to chaotic, erratic, or even apparently random behaviors.

Quantitative descriptions of chaos are one of the triumphs of non-linear theory.

2. linear systems usually respond instantly to external stimulation or changes in
parameters in direct proportion to the stimulation, as the nature of linearity
implies. However, for nonlinear systems, small changes in parameters can lead
to enormous qualitative changes in motion. Moreover, the response to external
stimulation can differ from that of the stimulation itself, for example, periodic
nonlinear systems may exhibit oscillations about half, quarter, or twice the

period of stimulation.

3. a localized "lump" or pulse in a linear system is usually decaying and spreading
over time. This phenomenon known as dispersion causes waves in linear systems
to lose identity and fade out. In contrast, nonlinear systems can have highly
coherent, stable localized structures - such as eddies in turbulent flows - that

persist either long-term or in some idealized mathematical models at all time.

Dissipation is a mechanism through which energy is lost by the system while it changes
its state. It has to be said that most macroscopic systems are dissipative anyway, since
there is always some sort of friction in it. The oscillations in such systems are usually
associated with the motion of either very small (microscopic) particles like electrons in
an atom, or of very large (megascopic) objects like stars and planets. They do oscillate
(rotate around their centers) eternally, but just because the energy of their oscillations

is not wasted on friction.

Last but not least, self-sustained oscillation is not to be confused with forced oscillations,
which they both are represented by closed curves in the phase portraits. Nevertheless,
they have an essential difference: the phase on a limit cycle is free, but the phase on a
stable closed curve of the forced system is unambiguously related to the phase of the

external force.
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(a) (b) —

Figure 2.1: (a) A person on a swing represents an example of a self-sustained
oscillator. (b) Mechanical swing whose length changes according to a prescribed
function of time is a forced system. Phase is free for a self-sustained system (a) and
not free for a forced one (b). Therefore, if the two self-sustained system (a) are fixed
to a common support, i.e., are weakly coupled, then they can synchronize if their
parameters are close. By contrast, the forced system (b) do not synchronize. Figure
taken from [PRICOL].

2.2.2 Phase portraits and limit cycles

When studying the dynamics of a nonlinear system, it is often convenient to look at

the phase portraits. The general form of a vector field on the phase plane is given by

oy = fi(zy, 22)

By = fa(71,72) (2.63)

where f; and f, are general functions of the coordinates x; and x,. By flowing along
the vector field, a phase point traces out a solution x(t), corresponding to a trajectory
winding through the phase plane. For nonlinear systems, there’s typically no hope of
finding the trajectories analytically. Even when explicit formulas are available, they
are often too complicated to provide much insight. Instead we will try to determine the
qualitative behavior of the solutions. Our goal is to find the system’s phase portrait

directly from the properties of f(x).

In the following section, I will use the classical van der Pol equation as an example.

The van der Pol equation is an important paradigm in nonlinear theory, which is given
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by
F+pu®—1)i+x=0 (2.64)

where p > 0 controls the nonlinearity. This equation resembles a simple harmonic
oscillator, but with a nonlinear damping term p(x? — 1)&. This term acts like ordinary
positive damping for |z| > 1 but like negative damping for |z| < 1. In other words,
it causes large-amplitude oscillations to decay, but it pumps them back up if they
become too small. This leads to a pivotal concept in nonlinear science — limit cycle,
an isolated closed trajectory, where the neighboring trajectories either spiral towards
or away from it. Stable limit cycles are very important scientifically, and are key to
systems that exhibit self-sustained oscillations. These systems oscillate even without
external periodic forcing. If the system is slightly disturbed, the system always returns
to the normal cycle. Limit cycles are inherently nonlinear phenomena, therefore they
can’t occur in linear systems. In the van der Pol equation, each p defines a unique
limit cycle. The oscillator provides a universal model to describe the dynamics in the
vicinity of a supercritical Hopf bifurcations [GMK12, PVST18].

phase plane plot

x(0) = +1.00 x'(0) = -0.02 X(t) versus time
T T T T 2+
al ]
PN
-2} -1
4t
L L 1 L _21 L L I Il 1
4 -2 0 2 4 0 20 40 60 80 100
x(t) time

Figure 2.2: The phase portrait of a van der Pol equation, integrate with ;o = 1.5 and
initial condition (x,%) = (1,0). The limit cycle is not a circle and the stable waveform
is not a sinusoidal form.

2.2.3 Synchronization by external force

For sufficiently small detuning, the external force entrains the oscillator, so that the
frequency of the driven oscillator becomes equal to the frequency of the force. For
detuning exceeding a certain critical value, this equality breaks down. This critical
value has been designated as the synchronization region, also known as the Arnold

tongue, see Fig. 2.3.
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Figure 2.3: Simulation of an Arnold tongue of a quantum Stuart-Landau oscillator
in Eq. 2.65 with v5/7; = 10, where wy is the natural frequency of the oscillator and
w denotes the observed frequency of the oscillator, after the external force is applied.
The frequency and amplitude of the force is denoted by €2 and F' respectively. For a
fixed value of the force amplitude F', 2 — & is exactly zero near the frequency of the
autonomous oscillator wy. This is called frequency locking. The 2 — @ vs. Q —wy and
driving amplitudes I’ and determined the domain where the frequency of the driven
oscillator @ is equal to the drive 2. This blue area is known as the Arnold tongue.

2.2.4 Synchronization between two and more oscillators

It was in two mutually coupled oscillators that the synchronization phenomenon was

first discovered, by the observation of two pendulum clocks on the same wall.

Frequency locking occurs when the two system interacting are nonsymmetrical. Let
us denote the frequencies of the two systems as w; and ws respectively, and assume
wy > we. The observed frequencies of the interacting oscillators are {2y 5. If the

interaction is sufficiently strong, frequency locking occurs as wy; > 1 = 2y > ws.

Another synchronization setting is phase locking. Consider two nearly identical,
symmetrically coupled oscillators. If the interaction is weak, then, in full analogy to
the case of external forcing, we can assume that it influences only the phases, shifting
the points along the limit cycles, but not the amplitudes. The interaction depends
in some way on the two phases, and the two simplest cases are when coupling either
brings the phases together. Clearly, the phase-attractive interaction leads to in-phase
synchronization, whereas the phase-repulsive one results in anti-phase (out-of-phase)

synchronization.
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Amplitude death

Along with synchronization, another important emerging phenomenon is the complete
suppression of oscillations, officially referred to as amplitude death (AD). This is the
total suppression of oscillations. Oscillations throughout the system stop as a result
of the interaction and lead to stationary behavior. When oscillations stop, AD has
two possibilities. When the coupled systems have exactly the same equilibrium, the
occurrence of an amplitude death implies that this equilibrium becomes asymptotically
stable. However, coupled systems can have more than one stationary state, and then
a new fixed point that is not stable (or may not even exist) in the uncoupled system

can be stabilized.

Amplitude death in coupled oscillators has important implications for a variety of
disciplines. In physics, it provides insights into the stability and dynamics of com-
plex networks and helps to identify critical coupling strengths for synchronization
suppression. In biology, amplitude death in neural networks has been observed in
brains, which may influence neuronal firing coordination and contribute to information
processing and pattern formation. Additionally, amplitude death has implications for
engineering applications, such as secure communication and the design of electronic

circuits with controlled oscillation dynamics.
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2.3 Quantum Synchronization

As we have mentioned, the notion of synchronization in classical oscillatory systems
has a long history and is a cornerstone in the field of nonlinear dynamics. The subject

was later extended to quantum systems, and has received much interest since then.

In particular, the current paradigm for continuous-variable quantum synchronization
is the so-called quantum van der Pol oscillator [WNB14, L.S13, WNB15], described by

the master equation,
p = —ilwoa'a, p] + 1 Dlal]p + 1 Dla’]p, (2.65)

where D[O]p = OpOt — 2(O10p — pOTO). The steady state of which is rotationally
symmetric in phase space (a circular limit cycle). Its analytical solutions have also
been obtained in the deep quantum limit. This makes the Stuart-Landau oscillator
much simpler to analyze, and has thus served as a starting point in the literature on
quantum synchronization for continuous-variable systems, e.g. Refs. [L513, WNB14,
SHM*18, MKH20, LCW14, BOZ"15, WWM17, WNB15, MH15, IK17, AKLBIS,
BKBB20, BKB21, KYNI19, KN20, BB21]. Despite the success in the current lit-
erature, it is really a quantum analogue of the Stuart-Landau oscillator [ZSZK21]
which is an approximation of the van der Pol oscillator to first order. The trade-off
of course, is that effects taking place at large nonlinearities are excluded. A promi-
nent example is relaxation oscillations in the undriven van der Pol oscillator. To
observe relaxation oscillations in quantum theory one needs to quantize the exact
van der Pol model, and it is only relatively recently that such efforts have been
made [SCVC15, CKN20, BACL21|. More effects start to appear if driving is included,
such as quasi-periodicity and chaos [BT11, LR12, Moo08|, both of which are absent in
the driven Stuart-Landau oscillator. However, due to its nature of infinite-dimensional
Hilbert space, numerical explorations are limited to single externally driven oscillator.
Only recently, the model was modified to allow numerical simulations of a pair of

mutually coupled oscillators [SMN™23].

Another approach to explore quantum synchronization beyond numerics is to look
at spin systems. In [RB18], the single spin 1, with a Hilbert space dimension of 3,
has been identified as the smallest system that can develop a limit cycle. From there,
several analytical frameworks have been developed [[KR19, BBJ22]. In this thesis, I

will mainly focus on the oscillator model of synchronization.
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2.3.1 Quantum synchronization by external force

In this section, let us consider the harmonically driven quantum van der Pol oscillator,

for which the master equation reads:
p = —il-Aa'a +iQa - a'), p] + nDlallp + v2Dla’]p, (2.66)

where A is the frequency detuning between the drive and the undriven oscillator, €2
is the driving amplitude. Similar to the phase portrait in classical theory, we can
visualize the steady-state dynamics by using quasi-probability distributions, such as
the Wigner function in Fig. 2.4. These distributions capture the characteristic of
the classical model, hence proven useful to study phase locking in a driven oscillator.
The inconvenient difference is that in the quantum models, quantum noise caused by
uncertainty in the phase space is inevitable. The corresponding phase distribution is
defined based on the Susskind-Glogower formalism [SGG64]:

P(@) = 5 _(2]p|2) (267)
T

where |®) = >~ e™®|n) represent sum over all Fock state |n). For a undriven van

der Pol oscillator, the steady-state Wigner function figures a rotionally symmetric

limit cycle, hence its phase distribution is a constant of 1/27. A driven oscillator,

however, develops a preferred "region" of phases in the steady-state, as shown by the

peaked phase distribution.

Another aspect of synchronization is frequency entrainment (locking). This is usually

done finding the peak in the oscillator’s power spectrum:

S(w) = /_ et (Gt (1a(0), (2.68)

[e.o]

where (-) denotes the average with respect to the full steady-state density matrix.

2.3.2 Quantum synchronization between two oscillators

It is known that two classical van der Pol oscillator coupled together would spon-
taneously lock their phase. In the quantum regime, there are various schemes to
couple two quantum oscillators, two of the popular choices are dissipative and reactive

coupling.

Reactive coupling between two quantum van der Pol oscillator was first explored in
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Figure 2.4: Quasi-probability distributions (Wigner functions) and the corresponding
phase distributions P(¢), for (a)-(b) undriven and (c)-(d) driven quantum Stuart-
Landau model.

[LS13], with a coherent coupling Hamiltonian

~

H =V (ala, + arald), (2.69)

where V' denoted the coupling strength and a2 the bosonic operators of the two

quantum oscillators respectively.

Dissipative coupling, on the other hand, introduces a dissipator term in the master
equation:
p = Lop +nDlar £ as]p (2.70)

with 7 the coupling strength, while the term in the dissipator can represent different
configurations — "-" for phase synchronization and "+" for anti-phase synchronization.
More details on the interplay between different oscillators and coupling schemes will

be given in Chapter. 6.
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2.4 Theory of cQED

Since the first observation of coherent quantum behaviour in a superconducting qubit
more than 20 years ago [MNAU02|, there have been substantial advancements in the
field of superconducting quantum circuits. One such development is the introduc-
tion of circuit QED, which borrows concepts from cavity QED to superconducting
circuits [BGW 707, BGGW21]. This approach realizes in a single architecture the
essential requirements for quantum computation, and has already been used to run
simple quantum algorithms by controlling tens of superconducting qubits simultane-
ously [BCLIK"22]. The superconducting qubits are controlled and manipulated using
microwave pulses, which can perform various single-qubit and multi-qubit operations.
The qubits can be coupled together to create entanglement, a crucial resource for
quantum computing. The coupling between qubits is typically achieved using resonator
circuits through capacitive or inductive coupling, enabling the transfer of quantum
information between qubits. Over the years, this exploration has grown and given
rise to experiments in which controls of the quantum state of single particles are now
possible, as well as providing exquisitely precise tools to probe the counter-intuitive
nature of quantum physics [HWA 08, HWAT09].

What lies at the heart of cQED is the electric LC circuit. In classical circuit theory, a
simple LC oscillator consists of a capacitor C in parallel with an inductor L, which
behaves like a classical harmonic oscillator. The capacitor stores electrical energy of
%CV2 and the inductor stores magnetic energy of %L[ 2. Using the simple relation of

@ = CV and ® = IL, the total energy stored in the circuit is given by:

1 1
By = — % + —Q°. 2.71
ot = 57 +20Q ( )

This gives the classical Hamiltonian for the circuit.

The quantization of the classical description of electrical circuit to its quantum analog
is straightforward within the Hamiltonian framework. Moving into quantum regime,

the classical variables are replaced by the corresponding operators:
P — i),
Q—Q,
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thus we get the quantum Hamiltonian:

H=_—+2. (2.72)

The pairs of operators d and Q correspond to conjugate variables P and X in quantum

harmonic oscillators, which have to satisfy the commutation relation:
(@, Q] = ih. (2.73)

This relation arises from the quantization of the electromagnetic field and corresponds

to the fundamental commutator for conjugate variables.

The LC oscillator can now be treated quantum mechanically. Introducing the usual

annihilation and creation operators with [a,a] = 1, we have

d = Dypp(a+al), (2.74)
R 1
Q = ;QZPF(CL—GT)a (2.75)
such that Eqn.2.72 becomes
~ hw 1
H = TO(aTa +aa') = hwy(ata + 5), (2.76)
where
=2 (2.77)
Wog = LC, .
| L
A - 2.78
0 07 ( )
hZz
Sypp = 70 (2.79)
Qurr = /o (2.80)
ZPF = Y% .

¢, pr and Qzpr represent the zero point fluctuations (standard deviations) of the flux

and charge of the ground state.

Although the linear LC oscillator is simple to build, it is challenging to perform any
coherent control or measurement with such linear systems, let along encoding and
manipulating quantum information in these systems. Fortunately, there is a device that

would allow to introduce nonlinearity in quantum circuits. In particular, the Josephson
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junction (an insulating barrier sandwiched by two superconducting electrodes) is a
nonlinear circuit element that is perfect for the job — it is compatible with modern
wafer fabrication process, has very low loss and injects a right amount of nonlinearity

to the circuit.

A Josephson junction allows a dissipation-less current, a supercurrent, to flow between
the two superconducting electrodes, and the supercurrent is given by the first Josephson
relation I = I.sin ¢, where I, is the critical current and ¢ the phase difference between
the two superconducting condensates across the junction. The critical current is the
maximal current that can be supported before Cooper pairs break free. When the
supercurrent exceeds the critical value, dissipation will kick in and a finite voltage
develops across the junction with a resistive current. The phase difference ¢ across the
junction has a time dependence to the voltage across it, according to d¢/dt = 27V /®q
(second Josephson relation), where ®, = h/2e is the flux quantum. Using the two

Josephson relations, the Josephson inductance can be defined as

ol .1 @ 1
L:i(®)=(=—) = :
i(®) <8<I>) 271, cos 2w d /Py

(2.81)

As a result, when operating below the critical current, the Josephson junction can be

thought of as a nonlinear inductor.

Cooper-pair box

Replacing the linear inductor in a common LC oscillator by a Josephson junction
makes a nonlinear LC oscillator known as the Cooper-pair box, see Fig.2.5. In this

case the energy levels of the circuit are no longer equally spaced. If the nonlinearity

Figure 2.5: Circuit diagram of a Cooper-pair box qubit
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and the quality factor of the junction are large enough, the energy spectrum resembles
that of an atom, with well-resolved spectral lines. Therefore such type of circuit is

refered to as an artificial atom.

Now let’s see how the Hamiltonian of the circuit is modified by the presence of the
nonlinear Josephson element. The energy stored in a linear inductor is given by
E = [dtV(t)I(t) = [ dt(d®/dt)] = ?/2L, the energy of the nonlinear inductance
takes the form

dd 2 27

E = Ic/dt(ﬁ) sin(—®) = —FEj cos(—), (2.82)

with E; = ®l./27 the Josephson energy. Adding up the capacitive energy stored in
the linear capacitor, the total Hamiltonian of this circuit reads
- 2 2
H=— —FE;cos(—®). 2.83
2CJ J <(I)O ) ( )
We can also re-express this Hamiltonian in a completely equivalent form using the

alternative number and phase variables, defined by Q) = 2eN and ¢ = gbongt
H = E.N* - Ejcos ¢. (2.84)

where N and ¢ obey the commutation relation: [QAS, N |=1i.

Next we consider applying a gate voltage to bias the electrode potential of the cooper-
pair box, as a method of controlling the qubit. The gate voltage induces a gate charge
Q4 on the electrode of the gate capacitor which is attached to the island. As a result,
the cooper-pair box charging energy is lowered to ) — Q),. The Hamiltonian under

the gate voltage is therefore:

2 S (Q — Qg)2 . 2_7T
H = TeN E; cos((.l)0 D)
= FEo(N = N,)? = Ejcos ¢, (2.85)

where Cy, = C; + C is the total capacitance and N, = @),/2e is the number of
cooper pairs on the electrode, including the junction’s capacitance C; and the shunt

capacitance Cj.

Transmon qubit

Fig. 2.6 shows the energy difference w; —wy for the three lowest energy levels for different

ratios E;/E¢ as obtained by numerical diagonalization of Eq. 2.85. Different ratios
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of E;/E¢ correspond to different types of superconducting qubits [CW08, BGGW21].
Regardless of the parameter regime, one can always express the Hamiltonian in the

diagonal form H = 3 ;Iw;|7) (4] in terms of its frequencies w; and eigenstates |j).

In the regime where the charging energy dominates(E;/FE¢ < 1), the eigenstates of the
Hamiltonian is approximately given by eigenstates of the charge operator, |j) ~ |n),
with 72|n) = n|n). In this situation, a change in gate charge n, has a large impact on
the transition frequency of the device. As a result, unavoidable charge fluctuations in
the circuit’s environment lead to corresponding fluctuations in the qubit transition

frequency and consequently causing dephasing.
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Figure 2.6: Frequency difference w; — wy for the first three energy levels of the
transmon Hamiltonian obtained from numerical diagonalization of Eqn. 2.85 expressed
in the charge basis |n) for different E;/E, ratios. For large values of E;/E. the energy
levels become insensitive to the offset charge.

To mitigate this problem, a solution is to work in the transmon regime where the ratio
E;/E¢ is large (typically 20 - 80) [KYGT07]. In this situation, the charge degree of
freedom is highly delocalized due to the large Josephson energy. Because of this, the
first energy levels of the device become essentially independent of the gate charge. It
can in fact be shown that the charge dispersion, which describes the variation of the
energy levels with gate charge, decreases exponentially with E;/FE¢ in the transmon
regime [[XYG707]. The net result is that the coherence time of the device is much
larger than at small E;/FEq. However, the price to pay for this improvement in the
coherence time is the reduced anharmonicity of the transmon qubit. Anharmonicity is

required to control the qubit without exciting unwanted transitions.

For E;/E. > 1, the nonlinear correction of the Josephson junction to its harmonic

potential can be truncated to first order, by Taylor expanding Eq. 2.85:
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Figure 2.7: Circuit schematics of a Transmon qubit
2 N
H =4Ecn” + §Ejg0 — IEJQO : (2.86)

As expected from the above discussion, the transmon is thus a weakly anharmonic

oscillator. It is then instructive to introduce creation and annihilation operators bf

and b that diagonalize the first two terms of Eq. 2.86:

. 2Ec\1/4,,+

_ (24,
¢ = ( z, ) (" +0)
. i By
no= 5l )

Using these expressions in Eq. 2.86 leads to:

. E
o = \/8ECEJbTb—1—20(bT+b)4

E
hewghb — 7(’bTbTbb,

Q

where hw, = 8EcE; — E¢.

(2.87)

(2.88)

(2.89)

(2.90)
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Figure 2.8: Circuit schematics of a tunable Transmon qubit

Tunable-transmon qubit

A useful variation of the transmon qubit is the flux-tunable transmon, which consists
of two parallel Josephson junctions forming a SQUID shunted by a large capacitor,

see Fig. 2.8. The Hamiltonian reads
Hy, = 4E72 — Ejy cos ¢1 — Ejp cos ¢y (2.91)

where Fj; is the Josephson energy of two junctions and ¢; are the phase differences
across the junctions. In the presence of an external flux ®,,, the last two terms can be
combined into E;(®;,) cos(¢) where [KYGT07, BGGW21|

Dy, Dy
E;(®4.) = Ex cos(ﬂq)t )\/1 + d? tanQ(Wq)t
0

), (2.92)

with Ey, = E;1+Ejs , d = (E;1 — Ej2) / Ex, and average phase difference ¢ = ($1+¢@2)/2.

In the transmon regime we introduce the quantization of the operators

9F 1/4
) = @ : b’ +b), 2.93
b= 0 gay) 04D (2.93)

~ . Ej(q)tr> 1/4
—_ b —b 2.94
n Z( 32Ec ( )7 ( 9 )
the Hamiltonian can be approximated as

A E.

H, = wyb'b— 7bTbTbb, (2.95)

with frequency wy, = /8E.E;(Dy) — E..
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2.4.1 Quantum theory of light-matter interaction

Recent progress has demonstrated the interactions in circuit QED experiments can
reach the regimes of strong, ultrastrong and even deep-strong, characterized by the
increasing coupling strengths between the qubit (i.e. atom) and resonator (i.e. field)
[NDH10, YFAT17, KML*19, FDLR 19, HBR20, BGO20]. The system is considered
in strong coupling regime when the coupling strength exceeds the system loss. Whereas
ultrastrong coupling regime is achieved when the coupling strength becomes comparable
to the system bare frequencies and exceeds the system frequencies in the deep-strong
regime [NC11, PEDSGR10, RVBSS17]. In the strong coupling regime, the interactions
can be treated as perturbations to the free energy system Hamiltonian. And the
system is governed by the renowned Jaynes-Cummings model [JC63]|, which can
be easily diagonalized thanks to its continuous U(1) symmetry and conservation
of total number of excitations. However, Jaynes-Cummings model fails once the
system enters ultrastrong coupling regime. Instead the system is modeled by the
quantum Rabi Hamiltonian, where parity, rather than the number, of excitations
is conserved. The ground state of quantum Rabi model (QRM) has no closed-form
solutions and consists of non-classical highly entangled states of interacting atoms and
fields [Brall, BMS"17|. The ultrastrong coupling regime of circuit QED is now an
active field of research, from which novel physics and potential applications are rapidly
emerging [RBW™ 12, KFR™15, SCN20].
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2.4.2 Qubit-resonator Coupling Schemes

Superconducting qubits are generally classified into two types: flux type and charge
type. The qubit-resonator interaction can be of inductive (which includes galvanic
coupling) or capacitive nature. Generally speaking, the capacitive interaction is

determined by the mutual capacitance between the two coupled circuits. Similarly,

geometric inductive couplings are given by the mutual qubit-resonator inductance.

Galvanic couplings are given by the superconducting phase drop that is developed
across the shared mutual inductance between the two circuits. Detailed formulations
of these two types of coupling are summarized in Table. 2.1 & 2.2. It is possible to
reach ultrastrong couplings with both capacitive and galvanic interactions, with quite

different fundamental limits imposed for each type.

Capacitive coupling

Capacitive Coupling

c,| G

II“‘}Q

_
Figure -
Qubit CPB Transmon
. : 2 C, 2 C Ej\3:
Hamiltonian Hi = QngTngV}msax(a + af) H = ngTng (Q—EJC) WVyimsoz(a +al)

. . CPB C / / Tr C / E N+
g _ g 2 Zr_ 172 gt _ g 1 i\ 4 Zy
Coupllng I'atlo wr - Cg+Cq 3 Zvac Q Wy - Cg"l‘oq 3 (8Ec ) Zyvac «

. . . CPB Tr
Coupling limit | £ = 2% % = 0.2C, < 0.2
wr V/Cr(CqtCy)+Cy(Cy+Cy) V Fi W\ /Cr(Cq+Cg)+Cy(Cy+Cy)
Ee E;
<2 o for E—“ =50

Table 2.1: Summary of capacitive coupling

Capacitive coupling has been the most widely used coupling scheme with all types
of superconducting qubits. This type of coupling is proportional to the root mean

square (rms) voltage V in the ground state of the resonator mode with frequency w,




Chapter 2. Theoretical framework 36
and capacitance C, :
. hw hZz
fry 2 1/2 g _7” — —_—
Vims = (0|V=]0) 5C. wr\l 5 (2.96)

which scales as v/Z, where Z is the impedance of the resonator mode coupled to the
qubit [Girll]. This scaling already points to high-impedance resonators to reach the

USC regime.
The general interaction Hamiltonian for capacitive coupling is expressed as:

A

Hipy = —ZeN&V,.ms(aT + a), (2.97)
Cs

which is general and applies to all types of charge-based qubits, such as the CPB and the
transmon. The factor 2e N plays the role of the qubit dipole moment. One can picture
this dipole moment as a charge 2e moving between the two plates of the capacitor

where an external voltage V.. has been induced by the external circuit [DGS07].

Galvanic coupling

Galvanic coupling

Type External Internal
(Inductive) (Embeded)
Flux qubit Flux qubit Charge qubit
(@) L,
Al
Figure B
Hamiltonian s = LI, I ms0.(a+ al) H,, = —QGNWmS(a +al)
= hg(wiqaz - w%%) (a+al)
Coupling ratio L= %(O|$|1>\/ZIZ“:071/2 Z= CQCJ:CTL?” QWZf;cal/Q

Table 2.2: Summary of galvanic coupling

Two systems are galvanically coupled when they share a portion of their respective
circuits. Here we distinguish two types of galvanic couplings based on the amount

of circuit shared: (a) sharing a linear inductance (inductive) and (b) embedding the
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qubit directly into the resonator circuit (embeded). The general picture is that the
qubit and resonator share a circuit element, the latter case being the entire qubit itself.
In both situations, the qubit-resonator coupling is then given by the superconducting
phase drop across the shared circuit element ¢, which itself is a new degree of freedom

of the circuit.

Coupling to the phase ¢ involves the rms current I in the ground state of the resonator

mode with frequency w and inductance L,:

. Fio [ h
Ioms = (O|2|0)/2 = | — = — . 2.

The interaction Hamiltonian in this case is written as:
}A[int = L[plrmsax(afT + a), (299)

where I, = (0|I|1) is the persistent current in the qubit loop.
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2.5 Quantum Fisher information

Fisher information has been used as a measure of the ability to estimate an unknown
parameter or as a measure of the state of disorder of a system [Fri90, Fri04]. The
quantum Fisher information (QFI) serves as a crucial measure in quantum parameter
estimation, providing insights into the precision with which a quantum system can
estimate an unknown parameter. In this section, we review the key concepts and
properties of QFI, highlighting its significance and applications in quantum information

science.

QFT quantifies the amount of information that a quantum system carries about an
unknown parameter. It quantifies the ultimate precision achievable in estimating
the parameter by exploiting the quantum resources encoded in the system. QFI is
defined as the variance of the derivative of the quantum state with respect to the
parameter, weighted by the inverse of the probability distribution. Mathematically,
QFT can be expressed as the expectation value of the squared symmetric logarithmic

derivative (SLD) operator L) squared |[Par09]:
F(\) = Tr[paL3], (2.100)

with SLD L, as the self-adjoint operator satisfying the equation

Lapx + paLn _ Opa

= ) 2.101
2 O\ ( )
Another definition that is useful in numerical simulation gives
N A — )2 .
Flo, A =23 B A e (2102

i ()\k + )\l)

where A\, and |k, ) are the eigenvalues and eigenvectors of the density matrix p, and

A is the observable for the system to estimate.

QFT is closely related to the quantum Cramér-Rao bound (QCRB), which establishes
a lower bound on the uncertainty in estimating the parameter. The QCRB states
that the variance of any unbiased estimator of the parameter cannot be smaller than
the inverse of the QFI. Therefore, QFI sets the fundamental limit on the precision of

parameter estimation in quantum systems.

QFT also has a geometric interpretation [SK20]. It corresponds to the curvature of the

quantum state manifold induced by the parameter variation. The distance between
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quantum states within this manifold can be related to the distinguishability of different
parameter values. Higher values of QFI imply a more curved and informative manifold,

enabling more precise estimation of the parameter.

QFT finds applications in various areas of quantum information science. In quantum
sensing, QFI provides a measure of the sensitivity of a quantum sensor to external
perturbations, enabling the development of high-precision measurement devices. QFI
is also relevant in many-body entanglement [HOGY21, DPBE23], and quantum error

correction [LYO15, HPJ22], where accurate estimation of parameters is essential.






CHAPTER

Fisher information as general metrics of

quantum synchronization

Quantum synchronization has emerged as a crucial phenomenon in quantum nonlinear
dynamics with potential applications in quantum information processing. Multiple
measures for quantifying quantum synchronization exist. However, there is currently
no widely agreed metric that is universally adopted. This chapter presents a proposal
of using classical and quantum Fisher information (FI) as alternative metrics to detect
and measure quantum synchronization. We establish the connection between FI and
quantum synchronization, demonstrating that both classical and quantum FT can be
deployed as more general indicators of quantum phase synchronization, in some regimes
where all other existing measures fail to provide reliable results. We show advantages
in Fl-based measures, especially in 2-to-1 synchronization. Furthermore, we analyze
the impact of noise on the synchronization measures, revealing the robustness and
susceptibility of each method in the presence of dissipation and decoherence. Our results

offer valuable insights for understanding and exploiting quantum synchronization.

3.1 Oscillator model and synchronization measures

We study the quantum van der Pol oscillator (also known as the quantum Stuart-
Landau oscillator [SMN'23]) subjected to both single photon drive and two photon

squeezing drive. The master equation in the rotating frame of the drive gives (with

This chapter is published substantially as "Fisher Information as General Metrics of Quantum
Synchronization" in Entropy 2023, 25(8), 1116.(No written permission from MDPI is necessary for
thesis purposes.)
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h=1):

p=—ilH, pl + nDla'lp+12D[a*]p +3D[a]p
H =Ad'a +iE(a — ab) + in(a'?e?? — a2e72%%), (3.1)

where D[L]p = LpL" — 1(L'Lp + pLTL), ~ represents the rate of decay, with 1, 72
and 73 corresponding to negative damping, nonlinear damping and linear damping
respectively. A = wy — wy is the amount of detuning between the frequency of the
drive, wg, and the frequency of the oscillator, wy. E is the amplitude of the harmonic
drive, with a and af being the annihilation and creation operators. 7 is the squeezing

parameter, with ¢ representing the phase of squeezing.

In this section, we focus on the measures of quantum phase synchronization in
an externally driven oscillator. As a measure of phase synchronization, the phase
coherence is frequently used in the literature and, defined as [WKMI16, LANBIG,

BBAO05, SSFK23]
Tr[ap]

Speoh = T e
peoh V' Tr[atap]

where |S| measures the degree of phase coherence with a range of 0 < |S| < 1. Another

(3.2)

appropriate simple measure is based on the relative phase distribution [HLGT15,
LNN*17]:
Spear = 2m max[P(®)] — 1, (3.3)

where the phase distribution is defined by P(®) = (1/27)(®|p|®) with |®) =
> € In). Spear represents the maximum value of P(®) compared to a uniform
distribution. This measure is valuable for detecting synchronization because it is

exclusively nonzero when P(®) deviates from a flat distribution.

It is well known that the phase operator is not well-defined in quantum theory. However,
most quantum harmonic oscillators are populated up to some finite levels, and we
can resort to the Pegg-Barnett phase operator. In Ref. [MIKH20], the mean resultant
length (M RL), which incorporates the Pegg-Barnett operator, has been proposed as
a measure of synchronization. It arises from the study of circular statistics [PNR13]
and is initially developed for 1-to-1 synchronization. However, it can be generalized to
measure n-to-1 synchronization. The n-th order mean resultant length (M RL™) of a

circular distribution is given by

MRL™ = \/(sinng)? + (cosnp)? = |(e™?)]. (3.4)
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This measure is capable of capturing n-to-1 synchronization, which exhibits multiple
peaks in the phase distribution P(®) and fixed-points in the quasi-probability phase-

space distribution, e.g. Wigner function.

Fisher information proves to be an important tool for determining classical synchro-
nization in a system of Kuramoto oscillators [[K{ZP 18, dSVL21|. It has been mooted as
a good measure for phase drift in clock synchronization, both classical and quantum
[YZE15, ZZME13, JADWO00, CL10]. It is also a useful measure in classical signal
processing [Ste93], being intimately related to the Cramer-Rao bound. Motivated
by these works, we propose the quantum Fisher information (QFI) as a measure for
quantum phase synchronization:

— )\l)2

_ _ oy

(k| AL, (3.5)
where A, and |k, [) are the eigenvalues and eigenvectors of the steady-state p = pss.

We use A = a'a to measure the phase uncertainty in the steady-state.

Phase synchronization is closely related to the phase distribution P(®), which is a
classical probability distribution. Therefore, it make sense to directly inspect this
classical distribution to obtain information about synchronization. We propose another
measure of phase synchronization using classical Fisher information (CFI). This new

measure is defined by the classical Fisher information of the phase distribution P(®):

CFI=E [(a% log P(@))Q] : (3.6)

It is important to note that this CFI is different from the conventional Fisher

information, which is directly calculated from the density matrix as: F(X|0) =

> p(;| 7 (% ((33;|9))2, where p(z|6) is the probability of observing outcome x when mea-
suring observable X [Par09]. When dealing with phase distributions with multiple
symmetrical peaks, the Fisher information is invariant whether one measures the
single-peak portion or the whole distribution, due to taking expectation over the whole
distribution in Eq. 3.6. However, for asymmetric peaks the result produced by this

measure is not optimal. For more details on asymmetric peaks, see Section 3.6.

Classical and quantum Fisher information and Spe.r reads 0 for unsynchronized states,
but is unbounded for highly synchronized states, whereas phase coherence and M RL™

is bounded between 0 and 1.

Two advantages of Fl-based measures over phase coherence can be observed by
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Figure 3.1: An example of a squeezed steady-state (a) Wigner function and its
corresponding (b) phase distribution P(®). Squeezed Wigner function and phase
distribution have two distinct peaks, which we refer to as 2-to-1 synchronization.
Parameters in this example: A =0, FE=n=05,0=7/2,71 =7 =1,73=0.

plotting phase coherence against FI-based measure, as shown in Fig. 3.2: Firstly,
Fisher information appears to be more sensitive to highly synchronized states, while
exhibiting less sensitivity at the other extreme. However, in most cases, our primary
interest lies in the highly synchronized states. Secondly, Fl-based measures are more
general metrics of synchronization. Measures such as phase coherence face limitations
in detecting synchronization of squeezed states or, more generally, Wigner functions
with multiple peaks— n-to-1 synchronization, see Fig. 3.1 as an example. In contrast,
FI-based measures are capable of detecting synchronization in such instances. As a
measure of synchronization, we find that FI-based measures are not only comparable to
existing measures for normal cases of 1-to-1 synchronization, it is also more appropriate
for the measurement of 2-to-1 synchronization. Measuring QFI in experiments can
be challenging due to its reliance on the full quantum state of the system. However,
there are various strategies that have been developed to estimate QFI experimentally,
such as randomized measurement [RBMV21, FSD16, YLW21].

Recently there has been some work [DBK23] to relate quantum synchronization to
quantum geometric phase [TSKOO04|. In this work, they showed that the geometric
phase for the quantum Stuart-Landau oscillator under driven pump exhibits an
Arnold tongue-like structure, somewhat similar to the Arnold tongue in quantum

synchronization as measured by the shifted phase distribution of the @) function. Also,
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Figure 3.2: Phase coherence vs. Fl-based measures. It is interesting to see FI-based
measures is more sensitive(larger gradient) for highly synchronized states, as shown
by the dotted reference line indicating Vg qgiens = 2. Sample data simulated with:
A=0,E=05n=0,0=7/2,71 =1,7% € [1,10],73 = 0.

for two oscillators, it is sometimes useful to measure the quantum mutual information

[AEAM*15, JHS+20, ERCL*19].

3.2 1-to-1 Synchronization

We first study the scenario of a coherently driven oscillator without squeezing drive(by
simply set 7 = 0). When only the coherent driving is present, there will be only one
preferred phase (namely ’fixed point’) to synchronize to and the phase distribution
P(®) has only one peak, as shown by the first row in Fig. 3.3, whose position indicates
the relative phase between the oscillator and drive. With increasing amplitude of the
driving, the quantum phase synchronization between the oscillator and drive improves,
and so does the values of the synchronization measures. This indicates a monotonic
behavior in the measure. We show that all measures qualitatively agree in Fig. 3.3
where synchronization measures are plotted against coherent driving amplitude F.
Therefore, these are all valid measures to capture 1-to-1 quantum phase synchronization,
and their correlations are close to unity, as shown in the later section. Take note that

in Fig. 3.3 the unbounded and bounded measures are plotted separately.
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Figure 3.3: Phase distribution P(¢) and synchronization measures plotted against
driving amplitude E. Fixed parameters: A = 0,~v; = 1,v3 = 0. In these cases of 1-to-1
synchronization, the driven oscillator has only one preferred phase to synchronize to.
Unbounded and bounded measures are plotted separately.

In Fig. 3.3, the synchronization measures are compared across different nonlinear
damping ratios /71, where this ratio directly controls the radius of the limit cycle
and mean photon number in the oscillator. Conventionally, the oscillator is regarded
in 'semi-classical’ regime when 5/, ~ 1, and ’quantum’ regime when 75/, > 1. We
can see that these measures remain valid for different regimes. A driven oscillator with
a smaller radius (i.e. larger 75/71) is more prone to lose synchronization by phase
diffusion and quantum noise [LANBI16, L.S13, WNB14]. Comparing two columns of
Fig. 3.3, the values of a synchronization measure are higher in the classical regime, as
expected. Note that in Fig. 3.3 right column, the value of CFI surpass QFI at certain
driving amplitude E. As we have explained previously, the CFI we proposed in this
paper is not the direct classical analog of QFI. Therefore, this is not a violation of the

property that QFI should be the supremum of the CFI over all observables.
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More insights can be developed in deep quantum regime (7, — 00), where the analytical
solutions to all these measures can be obtained. The 3 x 3 density matrix ansatz in

noiseless limit (v3 = 0) is given in the Fock basis [MKH20]:

poo por 0
P=1|pwo pu1 O |> (3.7)
0 0 p2
with
2
poo = 12E212(911E37:_(;? 8E2)’ (38)
2
P = 1oR2 félﬁfy;ggi 8E2)’ (39)
2
P2 = 19p2 ¥ iE 3742(2) T 8E?) (3.10)
por = pPio = 0P (3.11)

12E% + 9+ 37(9 + 8E?)

This amounts to restricting the number of excitations to 2, and neglecting all coherences
involving the state |2). The higher order coherences are dropped on the grounds that
they can be seen to be small in exact numerical simulations, and dropping them makes

analytical calculations much easier and more insightful.

The analytical equation for M RL™, QFI and phase coherence Speoh are obtained as
(with A =0,7 = 1,73 =0):

2F
lim MRL®M = = 3.12
S 91 8E2’ (3.12)
lim QFI =4 28I (3.13)
1m = S EE—— .
Yy2—00 9 + 8E2 ’
2F
lim  Speon = (3.14)

Y200 V(BE2+9)(4E? +3)
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Subsequently, the phase distribution P(®) can be obtained:

1 AE
lim P(®)

=—1l-—F ) 3.15
Jim ol ~ 95 sg 5@ (3.15)

After deriving the phase distribution P(®), the peak of phase distribution Speq, and
CFI can be easily obtained as

AE
S S = 55 @16)
, A+ A\E? + AyE* + A3ES + AL EB
lim CFI =4 3.17
1200 MO+ 8ED (A —9_8E?)2 (8:17)
where
Ay =T729(\—9),
A; = 108(17X — 201),
Ay = 544(3)\ — 52),
As = 256(2)\ — 67),
Ay = —4096,
A= /(9+4F +8E2)(9 — 4F + 8E?). (3.18)

In Fig. 3.4 we compare the analytical solutions to the numerical simulation, revealing
that the validity of the solutions lies in the range when coherent driving is small
(E < 1). With larger driving E, the oscillator will be excited to higher levels beyond

the assumption of the 3 x 3 ansatz.

3.3 Squeezing enhances 2-to-1 synchronization

In this section, we show squeezing drive can create and enhance quantum 2-to-1
synchronization, i.e. synchronization with two distinct fixed points in phase space,
and the phase distribution P(®) has two distinct peaks. However, as mentioned
previously, some synchronization measures are not suitable for measuring such type of

synchronization.

As shown in Fig. 3.5 left column, increasing squeezing sharpens the two peaks in the

phase distribution and thus improves mixed synchronization. Here, we need to consider
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Figure 3.4: Numerical results vs. analytical results. The oscillator is assumed in deep
quantum regime (v, = 300). Fixed parameters: A = 0,7 =0, = 1,3 = 0.Analytical
results are accurate only when £ < 1.

the following question: Does E' = 0. i.e. no drive, makes sense for synchronization? We
can always regard the squeezing term as a drive. When squeezing is present without
coherent drive, the synchronization can be regarded as between the oscillator and the
squeezing drive. This is also considered in Ref. [SHM 18] where they did for frequency
entrainment (the frequencies of the oscillator and external drive converge). Note that
phase coherence Sy, and M RL® is zero when only squeezing is present, which is
expected, as these measures reflect the first off-diagonal elements in the density matrix.

On the other hand, Speqr and M RL® scale almost linearly with squeezing.

2-to-1 synchronization can be created out of 1-to-1 synchronization. This is shown
in the right column of Fig. 3.5, where in addition to squeezing, a coherent drive
with amplitude £ = 0.5 is present. This coherent drive creates a single peak when
squeezing is off or small. When the squeezing is tuned up, the single peak splits into
two under pitchfork bifurcation, so does the corresponding Wigner functions [SHM 18],
In this scenario, the two measures (phase coherence Sy, and M RL(I)) which are
only capable of measuring 1-to-1 synchronization decrease and appears to change
almost linearly with increasing squeezing parameter. M RL® is a measure dedicated
to 2-to-1 synchronization, therefore it is unsurprising that it only provides partial
information when single peak is present. This explains why M RL? drops to zero
at small 7 and increases linearly afterwards. The measurement of Sy..; lacks the

ability to differentiate between two types of synchronization. Consequently, only the
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classical and quantum Fisher information measures exhibit a monotonic relationship

with respect to squeezing.
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Figure 3.5: Phase distribution P(¢) and synchronization measures plotted against
squeezing amplitude 7. Fixed parameters: A = 0,0 = 7/2,77 = 1,73 = 0. In
these cases of 2-to-1 synchronization, the driven oscillator has two distinct phase to
synchronize to. Unbounded and bounded measures are plotted separately.

3.4 Effects of noise

In this section, we investigate and compare the effect of different noise across these
measures. We consider two types of noise, namely single photon dissipation and white

noise.

The single photon dissipation process is implemented by the Lindblad dissipator
proportional to 3 in the master equation (3.1). In Fig. 3.6, all six measures are
captured in the surface plots with respect to the single photon dissipation 3 and
coherent driving amplitude E. It is known that single photon dissipation can be

beneficial for 1-to-1 synchronization in coherently driven oscillators [MIKH20, SSFIK23],
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which is reflected in Fig. 3.6 among all measures consistently. Surprisingly, this noise-
induced synchronization boost is absent in 2-to-1 synchronization, as shown in Fig. 3.7,
in which the squeezing 7 is increasing instead of driving amplitude E. Again, the
phase coherence and M RL™M remain 0 for the same reason explained in the previous

section.

To introduce white noise into the density matrix, we define noise parameter p € [0, 1],

thus the noisy steady-state density matrix is defined as:

Proisy = (1 - p)pss + pj/Ndim7 (319)

where pg; is the noise-less steady-state density matrix and I is the identity matrix

with dimension Ng,,.

After introducing white noise, it is expected for all measures to degrade with increasing
p. Interestingly, phase coherence turns out to be most sensitive to white noise, as
shown in Fig. 3.8, where there is a bigger drop in the measure as a function of noise p

compared to other measures.
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Figure 3.6: Effects of single-photon dissipation noise in 1-to-1 synchronization, in
the absence of squeezing (n = 0), with fixed parameters: A = 0,7, = 1,72 = 10,p = 0.
All measures exhibit an noise-induced boost where the dissipation is small, which is
consistent with the previous works [MKH20, SSFK23].
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Figure 3.7: Effects of single-photon dissipation noise in 2-to-1 synchronization,
without driving (E = 0), with fixed parameters: A = 0,y = 1,72 = 10,p = 0. As
discussed above, M RL™" and phase coherence are identically zero in these cases.

3.5 Correlations between measures

In this section, a correlation analysis was performed to investigate to what extent the
different measures of quantum synchronization carry independent and non-redundant
information. We calculate the Pearson correlation between the values of different

measures, defined as
cov(X,Y)

O0x0y

C= (3.20)

with cov(X,Y') being the covariance between two synchronization measures and o
the standard deviation. In the case of 1-to-1 synchronization, i.e. single peak, high
Pearson correlations are observed across all the measures, as shown in Fig. 3.10(a).
Whereas in the case of 2-to-1 synchronization, it is obvious that phase coherence Spcon,
Spear and M RLM are ill-suited measures, as they are negatively related to the other

three proper measures.

From both plots of Fig. 3.10, we can tell the connections between these measures:
CFI, QFI and M RL® are highly correlated in their response to the driving. On the

other hand, phase coherence Sy, and M RL® exhibit a strong connection, as they
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Figure 3.8: Effects of white noise in 1-to-1 synchronization, in the absence of
squeezing (n = 0), with fixed parameters: A =0,y = 1,7 = 10,3 = 0.

are both related to the first off-diagonal coherences.
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Figure 3.9: Effects of white noise in 2-to-1 synchronization, without driving (F = 0),
with fixed parameters: A =0,v = 1,7, = 10,73 = 0. MRL®™ and phase coherence
are 0 in this case for the same reason as above.

3.6 Asymmetrical synchronization

So far we have discussed cases when the two peaks in phase distribution are symmetri-
cal (i.e. the peaks have identical amplitude). To complete the whole picture, in this
section we discuss the situation when the two peaks are distorted and asymmetrical.
This asymmetrical phase distribution can be observed when both coherent drive and

squeezing are present with a difference of phase, as shown in Fig. 3.11.

Interestingly, both FI-based measures are shown to be insensitive to the change
of symmetry, by varying the phase of squeezing ¢ in Fig.3.11. Meanwhile, all the
other measures have great dependence on the phase of squeezing . This is another
convenient trait of FI-based measures of being tolerant to phase mismatch. As the
phase of squeezing is usually determined by the specific experiment setups, such as
the properties of cavity in cQED platform [[LTP"15] and nonlinear crystals in optical
platform [DLM™ 15, Schl17].
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Figure 3.10: Correlation between different measures on (a)l-to-1 synchronization.
Calculations are performed on the same data as Fig. 3.3 left column. (b)2-to-1
synchronization. Calculations are performed on the same data as Fig. 3.5 right
column.

3.7 Conclusion

In conclusion, this research provides a comprehensive analysis of quantum phase
synchronization measures. Our work proposes a novel approach to measure the
degree of synchronization by deploying classical and quantum Fisher information.
Significantly, both measures demonstrate success in characterizing both the 1-to-1
and 2-to-1 synchronization regimes, where other existing methods fail to yield reliable

results in one or another.

Our comparative study of the classical and quantum Fisher information measures with
existing measures highlights the advantages and limitations of each method. Our study
offers valuable guidance for future investigations and practical implementations. Our
analysis of the impact of noise on the synchronization measures reveals the robustness
and susceptibility of each method in the presence of decoherence. Furthermore, the
correlations between these measures provide insight into the similarities and differences

between different measures of quantum synchronization.

Our findings contribute significantly to the characterization of quantum phase syn-
chronization, particularly in the 2-to-1 synchronization regime. These results pave the
way for further research in the field, such as the development of more efficient and
robust quantum communication and computing protocols. Future work could explore

other synchronization regimes, investigate the impact of various types of noise, and
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Figure 3.11: Asymmetrical phase distribution and synchronization measures plotted
against squeezing 7. Fixed parameters: A = 0,7, = 1,7, = 10,73 = 0.

assess potential applications of our proposed measures in real-world quantum systems.



CHAPTER

Quantum synchronization effects induced

by strong nonlinearities

Mathematical modeling has shown us how the immense variety and beauty of nature
can be governed by nonlinear differential equations [May 19, EK05, JS07, Deb12]. Such
equations, owing to their nonlinearity, are difficult to analyze and their application
to physical processes has come to be known as nonlinear science [Cam87, Sco06]. In
physics, interest in nonlinear phenomena has spread to quantum-mechanical systems.
Effects such as chaos [St600, Haa91, Wall2, Wim14], stochastic resonance [GH.JMIS,
WSB03, Lud19, WTB'19], and coherence resonance [WSB03, KN21b], are some of the
better known examples. Besides fundamental research, there are also several promising
applications of nonlinear dissipation, e.g. stabilizing bosonic qubits for fault-tolerant
quantum computing [MLAT 14, TP 15, CNAAT22|, and enhancing the sensitivity of
quantum sensors [DC19, SMnFS21].

In this chapter, we investigate the effects of nonlinearity in quantum oscillators by
considering a more general model based on the classical Duffing—van der Pol (DvdP)
oscillator. This adds ¢ z® to ¢’ where ( is another nonlinearity parameter. To overcome
the inadequacy of the SL model we propose a quantum DvdP oscillator in which the
vdP and Duffing nonlinearities (respectively p and () are nonvanishing, but also not
arbitrarily large. Our model is accurate up to order (u/wg)?, at which the distinct
signatures of strong nonlinearity appear, such as relaxation oscillations [CKN20].
Our approach has the benefit of capturing novel nonlinear effects while evading the
large computational cost of simulating quantum systems with very strong nonlinear

dissipations.

This chapter is published substantially as "Quantum synchronization effects induced by strong
nonlinearities" in Phys. Rev. A 2023, 107, 053713.(No written permission from APS is necessary for
thesis purposes.)
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We show that for a single oscillator with periodic forcing there exists a critical Duffing
nonlinearity, above which further increases in { enlarges the synchronization bandwidth
(the amount of detuning the forcing can tolerate from the oscillator and still entrain
it). This result is similar to the synchronization enhancement from the classical
literature [ACG 15|, but now generalized to quantum oscillators.! In contrast, the
vdP nonlinearity activates genuine quantum effects. Coupling two vdP oscillators
dissipatively may lead to either amplitude death (the cessation of oscillations), or
mutual synchronization. Classically, amplitude death occurs only when the two
oscillators are sufficiently detuned [SPR12|. Interestingly, we find this need not be the
case for quantum oscillators. We show that two quantum vdP oscillators possessing
relatively small limit cycles and nonvanishing nonlinearities can exhibit amplitude
death even with zero detuning. Larger limit cycles on the other hand can mutually

synchronize from a state of amplitude death if their nonlinearity is increased.

We also consider reactively coupled oscillators. Two such SL oscillators cannot develop
positional correlations, and hence do not synchronize. This is true regardless of whether
the oscillators are classical or quantum. We show here that at finitely large nonlinearity,
position correlations behave rather differently between the classical and quantum
oscillators: Two reactively coupled quantum vdP oscillators can undergo nonlinearity-
induced correlations whereby their position correlation increases as they become more
nonlinear. In contrast, we find that making the analogous classical oscillators more
nonlinear monotonically reduces their position correlation. The nonlinearity-induced
correlations in the quantum vdP oscillators are thus a consequence of both their

quantum nature and strong nonlinearity.

4.1 Exact quantum model

Here, we describe how the quantum master equation for the exact Duffing-van der Pol
model is obtained, following the approach in [CIKXN20]. For simplicity we consider here
a dimensionless DvdP model in terms of the nonlinearity parameters A\ = ug*/wor?

and 3 = (¢*/wir? in which r is a dimensionless scale parameter:

~/

¥ =7, ¥ =Fcos(wqt)—7—\T—1r*)3 —p7" (4.1)

Tt is also worth mentioning that nonlinear oscillators are of interest to quantum information too,
when they are coupled to qubits. In this context the Duffing nonlinearity has been shown to both
increase and stabilize the oscillator-qubit entanglement [MFB14].
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Note that ¥ = 2r/q is now a function of ¢ = wyt, and we have also included a

dimensionless external force parameterized by F' = fr/wiq and wq = Qq/w.

By defining the complex amplitude a = (Z + i7)/2, we get the equation of motion

A
o =i 3 cos(wat) —i a—1i g(a+a*)3—§(a3+]al2a— la?a* —a* —rla+ria*) . (4.2)

Quantum theory defines the state of a dynamical system by a density operator p
satisfying p’ = Lp, where L is a linear superoperator. By regarding (a, a') as the analog
of (a, @*), where [,a'] = 1, we can quantize a system prescribed by o/ = h(a, a*) by
searching for an £ such that in the Schrédinger picture, (a)’ = Tr[a Lp] = (:h(a, a'):).
Note that we have chosen to normally order h(a,a'), denoted by colons |e.g. if
h(a,a’) = aa’, then : h(a,a’): = a'al. Such an £ corresponding to (4.2) can be found
in Lindblad form [Lin76, GKS76, BP02|, and which we refer to as a Lindbladian:

L= —i[H, |+ XD[ata — a'?/2] + M*D[al] + 327)[ 7],
where
g aTa—g os(wdt)(d+&T)+%dT2d2+ g( fa® 4+ aa >+§<d4+&“)
—@g(a —a'?) —@%(&%3 —a'3a) —z;\(d —a'y. (4.3)

We remark that the choice of the master equation is not unique, since we only demand
that the classical equation of motion is recovered in the mean-field limit. Different
choices of the master equation will in general lead to different quantum noise effects,
which are most pronounced at low excitations (sometimes referred to as the deep
quantum limit [MIKH20]).

4.2 An alternative quantum oscillator model

4.2.1 Poincaré—Lindstedt method

The Poincaré-Lindstedt method is a perturbative technique to find approximate
periodic solutions [Str18|. Regular perturbation theory fails at long time due to the
existence secular terms. Taking A to be the perturbative parameter, such secular terms
in the van der Pol (vdP) oscillator are of the form ¢ cost, which are unbounded in t.

The Poincaré—Lindstedt method overcomes this problem by removing secular terms
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explicitly.

Let us consider the undriven vdP oscillator (setting F' = 0). Defining a rescaled time

7 = wt where w is the oscillation frequency, we have the equation
W' (1) + Mz - Dwa' (1) +2(1) =0. (4.4)

where a prime denotes differentiation with respect to the argument. Now, we perform

the perturbative expansions
o(7) = Zo(7) + AZ1(7) + N2 Za(7) + OV, w=1+ A& + M\ +0(0N) . (4.5)
Collecting terms of the same order in A, the zeroth-order equation reads
Ty +dp=0, (4.6)

which just describes simple harmonic oscillations given by Zo(7) = acosT, where

a = &o(0). The first-order equation reads

B d = - 20E — (32— 1)
a? a?
= 2W1aCOST —a (1 - Z) sinT—FZ sin(37) . (4.7)

N J/
-~

resonant forcing

The resonant forcing gives rise to secular terms such as 7cos7 and 7sin7 which are
unwanted. Hence, setting the resonant forcing to zero yields w; = 0, a = 2 which gives
Zo(7) = 2cosT, w =1+ O(N\?). This is the Stuart-Landau (SL), i.e. weakly nonlinear
limit of the vdP which describes quasiharmonic oscillations. Solving the resulting
first-order equation, we get the leading-order correction for x(7): z,(7) = sin® 7. To

obtain the leading-order correction for w, we look at the second-order equation

By 4 Ty = —(0F + 209) Ty — 200 T — (T5 — 1) (T + @1 ) — 2T Ty T
. . . (4.8)
= (4 Wy + Z) cos T + higher harmonics .
Again, eliminating the resonant forcing, we get wy = —1/16. In terms of ¢, we then
have )
x(t) = 2cos(wt) + Asin®(wt) + O(N?), w=1-— s + O\ . (4.9)

16

Thus, the effect of small nonlinearity on the limit cycle is a decrease in frequency
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Figure 4.1: Dynamics of the undriven vdP oscillator. Results from an exact numerical
simulation are shown as a blue solid line, while results from (4.9) are plotted as an
orange dashed curve. (a) Long-time limit of z(¢) for A = 0.5 (transient dynamics have
been discarded). (b) Observed frequency w. The Poincaré-Lindstedt method remains
to be a good approximation up till about A =~ 1. Copyright 2023, Phys. Rev. A, no
permission needed for thesis purpose.

and a distortion without a change in the limit cycle amplitude (from the first-order
approximation of x(t) we can see that for A < 4/3 the amplitude of the oscillation is
constant at 2. Hence, the amplitude is unchanged to order \.) A numerical simulation
of z(t) and observed frequency w as given by (4.9) are plotted in Fig. 4.1. Good

agreement between the analytic and numeric simulation can be seen for A < 1.

From the approximate analysis of (4.9), the leading contribution to the oscillator
frequency is quadratic in A, and linear in 3, given by w ~ 1 + r%(33/2 — \?r?/16).
This motivates a Bogoliubov—Krylov time-average of the equations of motion up to
these orders [SVMOT7].

4.2.2 Krylov-Bogoliubov averaging

The Krylov—Bogoliubov averaging method essentially assumes that the amplitude is
slowly varying and can be treated as a constant when averaging the dynamics over
one period, which produced the time-averaged equations of motion. Introducing the
complex amplitude,

a(t) = 5 [=(t) +iy(t)], (4.10)

N | —
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where y = 2/, we can rewrite the vdP equation as a complex equation of motion
/ . F )\ 3 *3 2 2 % *
o = —za+zacos(wdt) — E(a — a4 |affa — |afa" —a+a”) . (4.11)
Performing the Krylov—Bogoliubov time averaging to first-order in A\, we obtain

A
o = —ia+§(1— la?) (4.12)
which is the well-known SL equation representing the normal form of a supercritical
Hopf bifurcation. The stable oscillations are described by «(t) = exp(—it). This gives
x(t) = 2 cost which is consistent with the Poincaré-Lindstedt method up to zeroth

order in .

The second-order averaging yields [SVMO7|

A A2 11
o = —ia+ 5(1 — o) a+i 5 (1 — 6 |al® + 5 \a|4) a, (4.13)
which predicts a limit cycle amplitude of #y = 2|a| = 2 and frequency w = 1 — A\?/16,

again consistent with the zeroth-order Poincaré—Lindstedt method.

4.2.3 Quantum Duffing-vdP model

From (4.13), a periodic driving term can be added to obtain

o =i £ cos(wqgt) — i — i%kxﬁa + é(7“2 — |a)a
2 2 2

+ 2%2 (r4 — 6r%|al* + %|a!4) a, (4.14)
where o = (T +i9)/2. For F =0, (4.14) predicts a limit-cycle amplitude of 2|a| = 2r
with the expected frequency shifts due to A and §. Additionally, note the first-
order averaging in A for § = 0 yields the SL equation. Our approximate model
captures the effects of strong vdP nonlinearity of order A\?. We seck a quantum master
equation p/ = Lp such that (a) = Tr[a Lp] (with [a,al] = 1) agrees with (4.14) in
the mean-field limit [CKN20]. It can then be shown that this is satisfied by the
Lindbladian [Lin76, GKS76, BP02|

L= —i[H,"] + »*Dla] + %D[&Z] , (4.15)
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2,4 2,.2 2
= (1 . AST ) i'a + —3A8r 0% — —1411; at33
35 - (4.16)
t at?a® — 5 cos(wat)(a + a').

We have also defined D[¢] = ¢+ ¢ — (éfé- + - é1¢)/2 for any ¢, and a dot denotes
the position of p when acted upon by a superoperator. We remark that both the
higher-order Kerr terms and the nonlinear two-photon dissipation in our proposed
model can be implemented in circuit QED [HO)22, LTP715]. The tunability of the
limit cycle radius r allows us to access different parameter regimes of the quantum
oscillator, in particular the quantum (r < 1), and semiclassical (r = 1) regimes. We
have included the second-order contributions in A in our model for its nonlinearity-
tuning capability, since the terms linear in A neither affect the limit-cycle amplitude
nor phase dynamics. The Duffing nonlinearity translates to a Kerr term in £. This
model can be considered as an alternative to the quantum SL oscillator, but with
flexibility in tuning the nonlinearity. All our numerical results for a given parameter
set are obtained with a sufficiently large truncation of the Hilbert space by ensuring

the corresponding steady-state power spectrum converge.

4.3 Nonlinearity-enhanced synchronization

4.3.1 Classical synchronization analysis

Here, we use the harmonic-balance method to analyze the synchronization behavior

for the Duffing—van der Pol (DvdP) equation in non-dimensionalized form, given by
" + X (2% — )2’ + 2+ B2® = F cos(wqt) . (4.17)

Note that for ease of writing we have omitted tildes for  and all dimensionless
parameters (e.g. time). We then assume a synchronized solution of the form z(t) =
A cos(wgt — ¢), where A is the amplitude of the motion and ¢ is a constant phase shift

from the driving force. Substituting the ansatz for x into (4.17), we get

— wiA cos(wat — @) — AwygA® cos? (wat — @) sin(wat — @) + Awar?Asin(wat — ¢)
+ Acos(wgt — ¢) + BA® cos®(wat — ¢) = F cos(wqt) . (4.18)
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The second term on the left-hand side may be written as
1
cos? (wqt — @) sin(wgt — ¢) = 1 sin(wqt — ¢) + higher harmonics . (4.19)

Neglecting the higher harmonics and then collecting the coefficients of cos(wqt) and

sin(wqt), we obtain

1
(1 —w3)Acoso + Z)\wdA?) sin ¢ — AwqAr? sin ¢ + Z%BA?’ cosp =F,

1 3 (4.20)
(1 —w3)Asing — Z_LA wWa A cos @ + Awq Ar? cos ¢ + ZﬁAg sing =0 .
These may be expressed compactly as a single complex equation as
2 : A? 2 3 3 —i¢
(1 —wj)A—idwgA i —i—ZﬁA =Fe . (4.21)
A=A, +pdA, wq=w,+pow. (4.22)

Substituting (4.22) into (4.21) then gives the first-order equation in p,

A (6@7«2 —2i\/1+ 3612 w) — 414 3B 6w = Ae i . (4.23)

The modulus of the left-hand side must be A, hence we have

(66r25A — 4r/1+ 3612 5w>2 + (zwm ¥ 3612 5,4)2 — A2 (4.24)

This can be solved to obtain the relationship between 0A and dw. In order to derive
the synchronization frequency range, we first notice that (4.24) is a quadratic equation
in 0A. For synchronization to exist, A must be real, hence the discriminant must be

non-negative, i.e.,

(48&3\/1 + 3412 5w>2—4 {4r* [96% + N(1 4+ 38r%)] } [1672(1 + 36r7) dw® — N*] >0,
(4.25)

which yields
98?% + A%(1 + 3p1r?) L2
16r2(1 + 30r?)? ¢’

Hence, the vdP oscillator is synchronized if the driving frequency is within the critical

dw? <

(4.26)

interval

F F
wo — ch <wg <wg+ ch . (4.27)
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The synchronization bandwidth is thus

2F (F/r)
N T (11 36r2)

VvV Ar2)2(1 + 38r2) 4+ 9(8r2)? . (4.28)

Evidently, by fixing F/r, Ar?, and Sr?, the synchronization bandwidth becomes
independent of the scale parameter r. As shown in the main text, this does not hold

true in the quantum case due to quantum noise. Defining
F=F/r, A=X?*, pB=pr", (4.29)

the bandwidth can be rewritten as

V(L4 38) + 95 ~ F/2A, f—reo (4.30)
F/2, g —0

2F
Twc——
) 2X(1 + 35)

where in the last step we have taken the limit of large and small 3. For the usual vdP
oscillator (3 = 0), the synchronization bandwidth reduces to F'/2 which is independent

of A\. In order to obtain nonlinearity-induced enhancement in the bandwidth, we

require B
F
—————\/A%(1+3 952 > — 4.31
2)\(1+35\/ +36)+95 > 431
This results in the conditions
_ 22 _
>——, 0<A<1. 4.32

Without loss of generality, we can set r = 1 in the following discussion. In this case
A=)\, 3 =7, and F' = F. Interestingly, the nonlinearity-induced enhancement only
acts for a finite range of A and requires a minimum (. In the limit of large 3, the
bandwidth tends to F'/2\. However, the method of harmonic balance assumes A\ and
[ to be weak. In this regime, we can interpret the existence of a minimum [ as a
competition between the effects of A and 3. Note that the oscillator frequency is
w1+ 33/2— \?/16 from our previous analysis. The threshold for synchronization
enhancement occurs when these two opposite effects on the frequency are of the same

scale, i.e. B ~ A2

Figure 4.2 shows the effect of adding the Duffing nonlinearity on the synchronization
bandwidth for » = 1. Comparing f = 0 and 8 = 1 in Fig. 4.2(a), we can see that

the synchronization bandwidth is enhanced for the 5 = 1 case for weak to moderate
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Figure 4.2: (a) Synchronization bandwidth against driving force F' for A = 0.5.
Adding 8 enhances the synchronization bandwidth for weak to moderate forcing
(compared to \). The analytical predictions given by the dashed lines) are accurate
up to F' ~ \. (b) Enhancement factor defined as the ratio between the bandwidth
and its baseline value F'/2. A value greater than one indicates enhancement of the
bandwidth. A = 0.5, F = 0.2, and the predicted minimum / for enhancement is 1/9.
Copyright 2023, Phys. Rev. A, no permission needed for thesis purpose.

forcing F' (compared to A). The analytical prediction of the bandwidth agrees with the
numerical simulations up to F' ~ A, beyond which the numerical bandwidth exceeds
the predicted value indicating the suppression of natural dynamics at strong forcing.
Using A = 0.5, we also predict that the synchronization enhancement occurs when
B > 1/9. Indeed, by plotting in Fig. 4.2(b) the enhancement factor, defined as the
ratio between the bandwidth and its baseline value F'/2, we see a good agreement
between the numerical results and the analytical calculations. Fluctuations in the
numerics can be attributed to a few reasons, such as the time resolution dt in the
simulation, the number of samples used for z(t), the frequency resolution dw used in
determining the bandwidth, and the threshold observed detuning used to determine
the frequency-locked regions (set to 0.001). The numerical results also appear to
deviate slightly from the prediction at large (3, which is likely due to the breakdown
in making the ansatz x(t) = Acos(wqt — ¢) used in the derivation. Including higher

harmonics in the ansatz might result in more accurate predictions at larger (.

4.3.2 Quantum synchronization analysis

We study first the frequency locking of the approximate quantum DvdP oscillator to a
periodic force [(4.15) and (4.16)]. The synchronization bandwidth is the range of wqy

for which the oscillator frequency is locked to the driving frequency at steady state.
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This is achieved when |wg — @| = 0, where @ the observed frequency of the driven
oscillator, obtained from the peak of its spectrum averaged over one period of the
drive [CKN20].

Here we find the Duffing nonlinearity to enhance quantum synchronization: For a range
of A and a fixed r, increasing 3 past a critical value widens the synchronization band-
width linearly. This is illustrated in Fig. 4.3(a) where the synchronization bandwidth
is plotted as a contour against 3 = 72 and F/r. The critical value of /3 is indicated
by the red dashed line, where the bandwidth is equal to its corresponding value at
B = 0. However, this enhancement does not occur for all values of the vdP nonlinearity.
In Fig. 4.3(b) we see that an increase of A = Ar? from its value in Fig. 4.3(a) can
ruin the gain in synchronization bandwidth due to 5. Noting that the dissipative
terms in £ are all proportional to A, this effect can be qualitatively attributed to
the phase diffusion due to quantum noise, which is known to inhibit synchroniza-
tion [WNB14, LCW14, LS13]. We can develop some understanding of the quantum
DvdP by examining its classical analog. Using the method of harmonic balance on
x, we are able to derive the conditions for nonlinearity-enhanced synchronization
analytically for the classical DvdP oscillator, given by

_ 2 _

B>—3(1_5\2), 0<A<1. (4.33)
This shows clearly the existence of a critical value of /3, and a finite interval of A over
which the synchronization enhancement occurs. These results are consistent with
Fig. 4.3 except for the fact that quantum noise makes the range of A for synchronization
enhancement in the quantum DvdP oscillator smaller compared to the classical range

as seen in Fig. 4.3(b).

It has also been shown in Fig that increasing the vdP nonlinearity in the quantum
model can only reduce the synchronization bandwidth. One can thus be certain
that the synchronization enhancement seen in our model is induced by the Duffing

nonlinearity.
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Figure 4.3: Contour plot of the synchronization bandwidth for the quantum DvdP
oscillator as a function of f = Br? (vertical axis) and F/r (horizontal axis) with
unit limit-cycle radius, i.e. r = 1. In this case 3 = 8 and A = X. The axes are also
indicated in subplot (b). (a) Illustration of synchronization enhancement for A = 0.1.
Above a critical value of 3, indicated by a red dashed line (obtained numerically),
the synchronization bandwidth is enlarged as the Duffing nonlinearity is increased.
(b) Synchronization enhancement disappears if we increase the vdP nonlinearity from
A= 0.1 to A = 0.5, demonstrating the finite range of \ over which the enhancement is
effective. Copyright 2023, Phys. Rev. A, no permission needed for thesis purpose.

4.4 Nonlinearity-induced effects in disspatively cou-

pled oscillators

4.4.1 Classical case

The equations of motion for two dissipatively coupled vdP oscillators are often written

as

o+ Nl - D)l + = < (o, — ),

(4.34)

(xll - xl2> )

NI

oy ANxh — 1) ah+ (14 A)zy =

where 7 is the coupling strength and A is the detuning between the two oscillators.
The system has four phase-space dimensions, two for each oscillator, given by (x1,y;) =

(z1, 7)) and (z9,ys) = (x2,x,). We can express the coupled system more simply using
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complex amplitudes as we did in (4.10), except now

ax(t) = % ) +in®)], k=12, (4.35)

We will analyze the following first-order averaged equations for the coupled system

assuming the nonlinearity to be weak,

A
21— P + 2

a’lz—ial—i-z 2(a2—a1),
\ 0 (4.36)
Oé/2 = —1 (1 -+ A)O(Q + 5 (1 — |042’2)052 -+ 5 (Oél — 062) .
Synchronization analysis
In fact, only three real variables are needed in polar coordinates. If we write
= Rk exp (—Z¢k) s k= 1, 2, (437)

then we may express the coupled dynamics in terms of only R;, R, and the phase

difference ¢ = ¢9 — ¢1:

A
R =5 Ri(L=R})+ 3 (Rycosp— Ry) |
A
R, = §R2(1—R§)+Q(R1COSQO—R2), (4.38)
r _Q & R_ 1
o =A <R2+R1)Slng0.

By symmetry, if the two oscillators synchronize, we must have Ry = Ry = R. In this
case the above equations simplify further to

n

R = 5 R(cosp —1),

l\3I>/

(-7 + (4.39)

o' =A—nsing .

In the synchronized state, R' = ¢/ = 0. Solving the phase equation, we get two

solutions, ¢ = sin™'(A/n) and o =g — sin ™' (A/n). To determine the stable

phase, we use linear stability analysis. Substituting ¢(t) = gpik) +€e(t) (k=1,2) into



Chapter 4. Quantum synchronization effects induced by
strong nonlinearities 70

the phase equation of motion and keeping only first-order terms in €, we get

P A win [oa(R) N B A N Y A2
e =A—nsin[pl” +€ =A—nsin|sin (—1)%| ~ (—1)%eny/1 5 -
n n
(4.40)
(1) (2)

From this we see that ¢, is stable while ¢, is unstable. We also find that |A| <7 to

be a necessary condition for synchronization. Substituting cp&l) into the radial equation

A n A2
“ROA-RH+ 2 1/1———1 =0. 4.41
2R( R)+2R< e ) 0 ( )
This has the solution
n A2
RP=1+-2 1—-=—-1]. 4.42
: U(w/ . ) (442)

The zero-amplitude solution corresponds to the case of amplitude death and will

R’ = 0 then gives

be analyzed next. Performing linear stability analysis, we find that r, is stable for
0 < |A] < Xand |A] < n, or when, |A| > X and |A| < \/A(2n — A). Combining the

phase and amplitude solutions, the conditions for synchronization is then

Al <n, forn<A, (4.43)

Al < /A2np—=A), forn>A. (4.44)

Amplitude death

It is possible for coupled oscillators to achieve amplitude death, where the limit cycle
oscillations are suppressed due to the mutual coupling. To obtain the conditions for
amplitude death, we require the solution a; = ay = 0 to be stable. Since the phase
is undefined in this case, we will analyze in Cartesian coordinates instead. Denoting

ar = Rlex] +iSex] (K = 1,2) for small €, we can linearize the coupled equations
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around the origin, giving,

/

Ral)  (0-m2 ow e 0\ [l
sel| | —e Gewz 0 a2 || sl
Rl | | w2 0 -w2 w || Rl
Ses] 0 n/2 —w2 (A=n)/2] \Sle]

(4.45)
where w; = 1 and wy, = 1 + A. Let h be the eigenvalues of the stability matrix in
(4.45), and p = h — (A — n)/2. The characteristic polynomial for A then reads

n’ n’ ’
pt+p? (wf—l—w%—?) + (Z—irwlwz) =0

N {p2 - (’7; tw w2>} g —(w1 +w2)?p? . (4.46)

The eigenvalues h are therefore

h:%[x—ni\/ntA?]iiW. (4.47)

For ay = ay = 0 to be stable, the real part of A must be negative. This gives us the

the following necessary and sufficient condition for amplitude death

n>A, |Al>VA2n—A). (4.48)

The curve |A| = /A (2n — ) thus separates the regions of synchronization and

amplitude death, also known as the Hopf bifurcation curve.

Effect of the Duffing nonlinearity

Recall from (4.17) that a Duffing—van der Pol (DvdP) oscillator has a nonlinear
frequency term S22 in its second-order equation of motion for x. If we were to define
the DvdP by its equation of motion for its complex amplitude «, then this term
amounts to adding —i33|a|?a to o’ under first-order time averaging with respect to
the Duffing nonlinearity. We show here that such a modification due to the Duffing
nonlinearity in two dissipatively coupled DvdP oscillators does not change their mutual

synchronization from the 8 = 0 case. The classical time-averaged equations of motion
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for two dissipatively-coupled DvdP oscillators are

/ . A 2 2 '>\2 4 2 2 11 4
alz—zw1a1+§(r — Joy | )a1—|—1§ r* — 6r°a| +?\a1] aq

(4.49)

2

A A 11
oy = —iwaaz 5 (% = laaP)aa +i% (v = 62l + sl

30
- Z7 |042’2042 + g(al —az), (4.50)
where w; = 1 and ws = 1 + A. Note these equations assume second-order time

averaging with respect to the vdP nonlinearity [see (4.13)]. As in the case of § =0
in Sec. 4.4.1, mutual synchronization is more easily analyzed using polar coordinates,
where oy, = R exp(—i¢r) (k = 1,2). Equations (4.49) and (4.50) are then equivalent

to

A
R’lz§(T—R%)R1+g(R2COS(’0—R1)’
R’2:%(T—RS>R2+2(R1COS¢_R2)’
A2 11 30 "(Rl )
/:A__62R2—R2 __R4_R4 __RQ_RQ _ L —+_) .
¢ = A= |0 (R - B - S (RE- 1) | - (R - 1) = G ) sing

(4.51)

Recall from Sec. 4.4.1 that we have defined ¢ = ¢ — ¢;. By symmetry, when the two
oscillators synchronize, we have Ry = R,. Consequently, the equation of motion for the
phase difference ¢ becomes independent of R; and Ry. Moreover, the 5 term vanishes,

which suggests that the 8 nonlinearity has no effect on the mutual synchronization.

Synchronization bandwidth

For a fixed 1, we define from Eq. (4.44) the synchronization bandwidth to be the range
of initial detunings A for which the two oscillators synchronize. This is given by the
piecewise function
2/ A2n—A) A<
Bandwidth = (@n=A) A<m (4.52)
2n A>1n
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Figure 4.4: Synchronization boundaries for different values of A in (a)classical;
(b)quantum simulations. The synchronization region lies below the curve in the all
cases. The synchronization bandwidth is enlarged as A is increased for a fixed 7.
Comparing (b) with Fig. 4.5(b), we see that the additional Kerr nonlinearity 5 = 0.2
does not change the synchronization boundary. Copyright 2023, Phys. Rev. A, no
permission needed for thesis purpose.

where the factor of 2 arises because A can be either positive or negative (or zero).
Increasing A from 0, we find that the bandwidth increases monotonically until A = 7,
after which the bandwidth saturates at 2n. Thus, the vdP nonlinearity enlarges the
synchronization bandwidth. This is shown by the synchronization boundaries in Fig.
4.4 for various values of A, where synchronization regions lie below the boundary curves.
Fixing n and increasing the nonlinearity parameter A leads to a larger synchronization
bandwidth. This also implies that fixing A and 7 while increasing A can lead to
nonlinearity-induced mutual synchronization whereby the two oscillators transition

suddenly from amplitude death to synchronized oscillations.

As a measure for synchronization enhancement, we can calculate the ‘total bandwidth’
by integrating the synchronization bandwidth from n = 0 to some 1 = 1.y, which can

then be evaluated asymptotically for large nmax (compared to A). This gives (assuming

Nmax > A)

A Thmax 1 1
B\, max) = / dnn+ / dn\/A(2n — ) = 6)\2 + 3 AL/2 (2N max — )\)3/2
0 A

2V/2
%l)\l/Qng’/Q (4.53)

3 max ?

which increases as A'/2. Since B has the geometrical interpretation of the area covered



Chapter 4. Quantum synchronization effects induced by
strong nonlinearities 74

by the synchronization region in the parameter space (A,7), this means that the

synchronization region grows with the vdP nonlinearity .

4.4.2 Quantum case

Two dissipatively coupled vdP oscillators (i.e. no Duffing nonlinearity) can be described
by the Lindbladian

L =Ly + Ly —iAabay, ] +nDlay — as] (4.54)

where £ (k = 1,2) is the Lindbladian for oscillator k, defined by setting a to ax
and = F = 0in (4.15) and (4.16). We have assumed the oscillators to be identical
(i.e. same A and r) except for an initial detuning of A, and denoted their coupling

strength by 7.

In this case, frequency locking occurs when the observed frequencies of the two
oscillators become identical at steady state. As before, the observed frequency of
oscillator k is given by the location at which its spectrum is peaked, i.e. where
Splw) = [ dt exp(iwt)(al (t)ax(0)) is maximized, and where the two-oscillator steady
state is to be used. For a fixed n, we define the synchronization bandwidth to be the
range of A for which the two oscillators lock frequencies. It will also be interesting to

look at position correlations in the two oscillators at steady state, defined by

T2) , (4.55)
)

where 7, = a5 + &,JL. Note that frequency locking implies a nonzero >, but not vice

versa.

In addition to frequency locking, dissipatively coupled oscillators can also cease to
oscillate. If the oscillators are classical, then this may happen for a range of 1 provided
that A is sufficiently large. And if both oscillators stabilize to the same phase-space
point, which may be taken to be the origin without loss of generality, then the effect
is termed amplitude death [SPR12, KVIK13|. To define amplitude death in quantum
oscillators we generalize the notion of P-bifurcations from classical stochastic systems
to the steady-state Wigner function of a reduced state (see Ref. [CMNK22| and other
references therein). In this case, amplitude death is said to occur if the single-oscillator

Wigner functions peak at the origin in quantum phase space. This approach is
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consistent with previous studies on amplitude death in coupled quantum oscillators
[BKBB20, AKLB18, BKB21, IK17].
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Figure 4.5: Regions of frequency locking and amplitude death (as defined in the
text by the power spectrum and Wigner function) for two dissipatively coupled vdP
oscillators [subplots (a)—(d)] along with contours of ¥ [subplots (a) and (c)|. All
subplots have A on the vertical axis, and 7 on horizontal axis which we also indicate
in subplot (c). (a) Large r (semiclassical regime). Note the region on the left does
not correspond to any identifiable effect and is demarcated using a solid line while
the boundary between frequency locking and amplitude death is a Hopf bifurcation,
which we denote by a dash-dotted line. As r is increased, the classical boundary is
recovered. (b) Effect of varying A on synchronization for r = 1. Boundaries of the
frequency-locking region and its corresponding A are shown (i.e. the frequency-locking
region is the area underneath each curve). Increasing A can enlarge the synchronization
bandwidth and induce frequency locking from a state of amplitude death. (c) Small
r (deep quantum regime). At small r, amplitude death occurs even at zero initial
detuning, which is a quantum effect. Note that ) in (a) and (c) are approximately
equal, leaving the differences between the two plots only as a result of quantum effects.
(d) Shifts in amplitude-death boundary as ) is increased (quantum-to-semiclassical
transition). Copyright 2023, Phys. Rev. A, no permission needed for thesis purpose.

In Fig. 4.5 we work out regions of frequency locking and amplitude death in the (1, A)
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parameter space for (4.54), along with ¥, shown as a contour in Fig. 4.5(a) and (c).
Two especially interesting scenarios are—when the limit cycles are relatively large
compared to quantum noise [Fig. 4.5(a)|; and when they become small, being more

susceptible to quantum noise [Fig. 4.5(c)].

In Fig. 4.5(a) we have indicated the boundary between frequency locking and amplitude
death by a dash-dotted line, while no identifiable phenomenon occurs to the left of the
solid line. Note the dash-dotted line is a Hopf-bifurcation curve because the transition
from amplitude death to frequency locking is facilitated by a Hopf bifurcation. Clearly,
) is larger inside the frequency-locking region. Especially significant here is the effect
of the vdP nonlinearity on synchronization. Whereas in the single-oscillator case
the vdP nonlinearity had only detrimental effects, it now has a constructive role by
enlarging the (mutual) synchronization bandwidth. We illustrate this in Fig. 4.5(b)
where additional frequency-locking boundaries for different values of vdP nonlinearity
A are plotted. It can be seen that increasing A enlarges the frequency-locking region.
This means that two oscillators in a state of amplitude death with an (n, A) lying
above the Hopf-bifurcation curve in Fig. 4.5(a) will transit suddenly to a state of
synchronized oscillations when A is sufficiently increased. This may be appropriately

called nonlinearity-induced mutual synchronization.

Turning now to the case of a small limit cycle (r < 1) in Fig. 4.5(c), we find frequency
locking to be absent while position correlations become negligible. The blue solid
line delineates the boundary of amplitude death. Most striking is the persistence of
amplitude death at zero detuning (i.e. A = 0). Classically, some frequency mismatch
between the two oscillators must be present in order for amplitude death to occur
[SPR12]. This signifies a clear distinction between classical and quantum dynamics.
A loss of amplitude death at A = 0 may then be expected if we increased either r or
A (while holding the other constant). This is indeed what we find, as illustrated in
Fig. 4.5(d), where such a quantum-to-semiclassical transition is captured by increasing
A= M2

Since we have focused exclusively on the vdP nonlinearity here, we note that incorporat-
ing a Duffing nonlinearity into our model will not in fact change the frequency-locking
boundary. We can understand this from the classical coupled equations of motion,
where we see that [ appears only in the phase dynamics of the oscillators, and that
such terms vanish at steady state for identical oscillators (equal limit cycle radii)
[AEK90].
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Deep quantum limit

We derive here a sufficient condition for amplitude death in two dissipatively coupled
SL oscillators in the deep quantum regime. The density operator for two dissipatively-

coupled oscillators satisfies p’ = Lp where L given by
L£=—iA[ala, -] +r (Dlal] + Dlal] ) +~ (Dlad] + Dlad] ) + nDlar — as) , (4.56)

where A is the detuning between the two oscillators and 7 is the dissipative coupling
strength. Note that we have assumed equal single-photon amplification rates x, and
equal two-photon dissipation rates « for the two oscillators. In the deep quantum limit,
i.e. when v/k — 00, the process of two-photon loss dominates and this confines each
oscillator to the zero- and one-photon subspace. This allows us to treat each oscillator
effectively as a two-level system. After adiabatically eliminating the higher excited
states [LCW14]) we have

L=—iA[6]67,"|+D[6]]+ D6 +2Dl6;] +2D[6,] +7Dl6y — 5]  (4.57)

where A = A/k and 77 = /k. We have also denoted the creation and annihilation
operators for the jth oscillator in the {|0), |1)} subspace by &} and ;. With this
simplification, we can solve for the steady-state density matrix exactly, defined by

Lo = 0. In the basis {|00),|01),]10), |11)} we find

on 0 0 0

0 02 023 O
0= : (4.58)

0 o032 o033 0

0 0 0 o4
The matrix elements are given explicitly by

= [67° + (74 2)*A” + 347> 4+ 6017 + 36] /v,
3

+ (7 +2)* A% + 87> + 217+ 18] /v,
(7+2) 7 7+ 18]/ (450)

023 = 05 = [1(M+ 1)+ 3) +in(7+ 1)A] /v,
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where for ease of writing we have introduced the factor
v =28+ (7+3)*A% +517° + 1087 + 81 . (4.60)

It is straightforward to evaluate the position correlation coefficient

SRR
V0@ — @) [(3) -
_ P23tz 277(
Tr|[o] 8% 4277+

Y —

(4.61)

2)’]
1)
+3

/\3\

+3)A?+ 27

where &; = 67 + 65 (j = 1,2). The maximum correlation ¥ — 1/4 is achieved in
the limit A — 0 and 7 — co. To study amplitude death, we trace out the second

oscillator, giving the single-oscillator density matrix

011 + 022 0
01 = Trafo] = . (4.62)

0 033 + 044

Its Wigner distribution, taken as a function of the radial coordinate r, can then be

calculated explicitly as

Wi(r) = (on + 02) e + (033 + 0aa) (272 — 1) e . (4.63)

We define amplitude death to be the regime where the Wigner distribution possesses a
single peak at the origin instead of being ring like. A sufficient and necessary condition

for this is when o017 + 022 > 3/4, or equivalently,

27 — 1572 — 473

IR} )

(4.64)

Interestingly, when the two oscillators are on resonance (A = A = 0), amplitude death
can still occur as long as 77 2 1.17. This is due to the quantum noise which is significant
in the deep quantum limit, rather than coming from the frequency mismatch between

the oscillators.
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Figure 4.6: Positional correlation (4.55) for two reactively coupled vdP oscillators.
(a) Contour of 3 as a function of A and ¢ for r = 0.3 and A = 0.05. The bottom gap
of zero correlation agrees with the SL limit. (b) Correlations along the three vertical
dashed lines at g = 0.2, 0.4, and 0.8 in subplot (a). Copyright 2023, Phys. Rev. A, no
permission needed for thesis purpose.

4.5 Nonlinearity-induced correlations in reactively

coupled oscillators

4.5.1 Classical case

Let us first consider two classical SL oscillators which are reactively coupled with

strength g. The coupled complex-amplitude equations are

: A .
oy =—iog+=(1—|o*)ag +iglay —ay),

2 \ (4.65)
ayg=—1i(1+A)as + 5(1 —Jaa*) ag +iglay — ay) .

Similar to before, we work in polar coordinates, giving

A

R’1:§R1(1—Rf)+gRgsingp,
A
Ry =3 Ro(l— R3) — g Rising, (4.66)
Ry, Ry
"= A+ <———>cos :
¥ 9 R, R, ¥

At steady state, Ry = Ry, and we see that ¢ = A. In other words, the rate at

which the phase difference grows is exactly the detuning between the two oscillators.
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Thus for reactive coupling, the two oscillators simply cannot synchronize. This result

generalizes to the case two quantum SL oscillators.

What is particularly interesting in the case of reactive coupling is how the oscillators
behave beyond the A — 0% limit. In the main text we have shown that increasing the
nonlinearity in two reactively coupled quantum vdP oscillators increases their position
correlation before a plateau is reached. This result is particularly interesting because
the analogous classical system fails to produce the same effect. Here we show this
explicitly by computing the steady-state correlation coefficient for the positions of two
classical vdP oscillators as a function of their nonlinearities (assumed identical, given
by A) and their coupling strength. The position correlation coefficient in this case is

given by

Yo [21" — 0] [25" — 7]

Y
\/Zn]\f:l [:Egm) - 9?1}2\/2%:1 [zém) - fﬂz

where {(xgl), xgl)), (a:f), :z:§2)), ce (:ch), a:’éM))} are pairwise samples of (z1(t), z2(t)).

Note that since we are interested in how z(t) and z5(t) are correlated in the long-time

, (4.67)

time limit, each pairwise sample must be taken from x;(¢) and z5(t) after all transience
has died out. We have also defined

1 M
_ (m)
Ty = — mE:1 xy . (4.68)

For the two classical vdP oscillators we may simply take (xgm), xém))) = (z1(m 6t), z2(m 6t))

where we have introduced a small time increment 6t. For a sufficiently large sample
size M, (4.67) measures how correlated z;(t) and xo(t) are in the long-time limit (or
steady state). The result of such a computation is shown in Fig. 4.7 as a function of A
and g. As A — 0, we can see that the correlation vanishes, as expected from the SL
model. But more importantly, and omitting the degenerate A = 0 case, we find that
Y. appears to decrease monotonically with A, and decreases sharply to zero when A
exceeds some critical value. It is simply impossible to increase Y by increasing A for
two reactively-coupled classical vdP oscillators at a fixed g. This is in stark contrast
to the same calculation performed for two such quantum vdP oscillators for which X

can increase if A is increased for a given g.
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Figure 4.7: Correlation coefficient of two reactively-coupled vdP oscillators for
A = 0.1,7 = 1. Copyright 2023, Phys. Rev. A, no permission needed for thesis
purpose.

4.5.2 Quantum case

It is known that two reactively coupled SL oscillators cannot synchronize nor share
position correlations. This is true even in the quantum case. However, we show here
that positional correlations between two reactively coupled quantum vdP oscillators
do develop. Here we must use the exact vdP Lindbladian [CKXN20], because under
reactive coupling, the approximate model does not produce any off-diagonal elements
in the steady state, and hence cannot generate correlations in the two oscillators. As
with the dissipatively coupled system, two reactively coupled vdP oscillators can be
modelled by considering two uncoupled vdP oscillators with annihilation operators a;
and as, coupled by the Hamiltonian g(dlég + &J{dg), where ¢ is the reactive coupling

strength. As before, we assume that both oscillators have the same nonlinearity .

In Fig. 4.6(a), we generate a contour plot of X as a function of A and g at r = 0.3 and
A = 0.05. From this we see that for a fixed g, increasing the oscillator nonlinearity
beyond the SL regime leads to stronger correlations. We illustrate this more clearly in
Fig. 4.6(b) by showing how X varies as a function of A for g = 0.2, 0.4, and 0.8, which
are marked in Fig. 4.6(a) by vertical dashed lines. Note this also shows the existence
of an optimal A which maximizes ¥. Such nonlinearity-induced correlations are absent
in the corresponding classical model. At a given coupling strength, the position
correlation in two reactively coupled classical vdP oscillators decreases monotonically

as \ increases.
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Deep quantum limit

We show here that two identical reactively-coupled quantum SL oscillators cannot
share any position correlations. This permits calling the correlations observed in two
similarly coupled vdP oscillators to be nonlinearity induced. For two reactively-coupled

quantum SL oscillators, its Lindbladian (in units where k = 1, A = 0)
L = —ig [ala; + abar, - | + D[al] + D[a}] +~ (P[a}) + Dad]) . (4.69)

To order 1/7, we can truncate the Hilbert space of each oscillator to the first three

levels, and solve for the steady-state density matrix o (again defined by Lo = 0),

0= [g " ng;@} 100) (00| + [g - %1 (01 (011 + 10 (10]) + 5 [02) (02
+ %(\om (02] + (20] (20]) + B - 2(1089#;3)} 11y (11] + %( 112) (12 + [21) (21])
+ Z\Efg(jm (20] + [11) (02| — |02) (11] — [20) (11]) .

(4.70)

It can then be checked explicitly from this expression for ¢ that ¥ is always zero.

4.6 Conclusion

This work goes beyond the well-studied paradigm of weak nonlinearity in quantum
synchronization, and provides the first systematic study of quantum synchronization
effects for strong nonlinearity. We introduced a new quantum oscillator model which
captures intriguing effects induced by two strong nonlinearities. We showed that
a strong Duffing nonlinearity leads to a linear enhancement of the synchronization
bandwidth in driven oscillators. We also reported genuine quantum synchronization
effects exclusive to strong nonlinearity which are not observed previously: Increasing the
vdP nonlinearity enhances the synchronization bandwidth, and revives synchronization
between dissipatively-coupled oscillators in amplitude death. For reactively-coupled
vdP oscillators on the other hand, we find that strong nonlinearity induces position
correlations which are impossible in the weakly-nonlinear limit. This model provides
a new paradigm for studying other strongly nonlinear effects such as chaos [St600,
Strl8, Haa00, Bra0l].



CHAPTER

Quantum synchronization enhanced by

homodyne detection,noise and squeezing

Despite the rapid development in the field of quantum synchronization, few researchers
have studied how to efficiently boost synchronization. Homodyne measurement emerges
as one of the successful candidates for this task, but existing work is confined to the
semi-classical regime. In our work, we focus on the phase synchronization of a harmonic-
driven quantum Stuart-Landau oscillator, and show that the enhancement induced
by homodyne measurement persists into the quantum regime. Interestingly, optimal
two-photon damping rates exist when the oscillator and driving are at resonance and
with a small single-photon damping rate. We also report noise-induced enhancement
in quantum synchronization when the single-photon damping rate is sufficiently large.
Apart from these results, we discover that adding a squeezing Hamiltonian can further
boost synchronization, especially in the semi-classical regime. Furthermore, the

addition of squeezing affects the optimal two-photon pumping rates.

5.1 Homodyne-monitored quantum oscillator model

We study the quantum Stuart—Landau model (also widely accepted as the quantum
van der Pol model in the existing literature) subjected to both harmonic drive and
two photon squeezing drive, with continuous homodyne measurement at the output.

The stochastic master equation of the system under homodyne measurement in the

This chapter is published substantially as "Enhancing quantum synchronization through homodyne
measurement, noise, and squeezing" in Physical Review E 108 (2), 024204, 2023.(No written permission
from APS is necessary for thesis purposes.)

83



Chapter 5. Quantum synchronization enhanced by homodyne
detection,noise and squeezing 84

rotating frame of the drive is given by(with i = 1):

dp ={—i[H, p] + nD[al]p + 1, D[a*]p

+ v3Dlalp}dt + /naysH|ae ] pd W, (5.1)
H =Adta+ iE(a — af) + in(af?e¥® — a2e=%?), (5.2)

where D[L]p = LpL'—3(L'Lp+pLiL), H[L]p = Lp+pLT—Tr[(L+L")p|p, and H[ae |
characterizes the measurement on the quadrature ae™" + afe?, with 71, v, and 73
corresponding to negative damping, nonlinear damping and linear damping respectively.
Without loss of generality we assume a perfect detector and its detection efficiency is
set to 7y = 1 throughout this paper. We denote A = wy — wy as the amount of initial
detuning between the frequency of the drive, wy, and the natural frequency of the
oscillator, wy. E denotes the amplitude of the harmonic drive, with a the annihilation
operator and a' the creation operator. 7 is the squeezing parameter, and ¢ represents
the phase of the squeezing. W represents the Wiener process where E[dIW] = 0 and
E[dW?] = dt, and the measurement record dY = /473 Tr[(ae™ + ale®)pldt + dW.

For simplicity, we scale every parameter in the unit of v, = 1.

As a measure of synchronization, the phase coherence is frequently used in the
literature [LNNT17, KN21a|, defined as

Trfap

/Tr[atap]’

where |S| measures the degree of phase coherence with a range of 0 < [S| < 1. ¢auy

S = |S|eiPevs = (5.3)

represents the average phase of the oscillator. The phase coherence quantifies the
statistic fluctuation in the phase distribution and therefore the tendency for quantum

oscillator to lock phase with the external drive.

The enhancement of phase coherence through homodyne measurement is calculated
as F = |Supl|/|So|, where Sy p is the average phase coherence over N,,; trajectories,
defined by

S _ 1 ZNt'raj Tr[apk]
HD — = )
Ntraj b=l \/ TI'[(ZTCka]

and S is the phase coherence obtained from unconditioned master equation without

(5.4)

homodyne measurements. We will refer to F as the enhancement factor. In our
simulations, we ensure the finite Hilbert space truncation by examining the fock-space
distribution in the steady-states, and we fixed the number of trajectories at Ny,,; = 300.

This allows us to efficiently simulate without utilizing too much computation resources,
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and further increase the number of trajectories does not change the result qualitatively.

5.2 Synchronization in quantum regime
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Figure 5.1: Phase coherence with/without homodyne detection (Top) and enhance-
ment factor F (Bottom) plotted against nonlinear damping rate v, € [0.5, 3], under
different driving amplitude F. Fixed parameters: A = 0,73 = 0.1,0 = 7/2 (optimized
for the highest enhancement factor). Take note that the fluctuations in the curves are
consequences of a finite number of trajectories averaged in the simulations. The same
applies for other plots below.

We first study the phase synchronization of a quantum Stuart-Landau oscillator with
coherent drive but without squeezing Hamiltonian (by simply set n = 0). Quantum
synchronization (i.e. phase locking) has been shown to improve when the system
in semi-classical regime (the definition of different regimes will be provided later in
the section) is continuously monitored by homodyne measurement [KN21a]. Here,
we investigate the enhancing effect of homodyne measurement in a wider parameter
regime and under different driving amplitude. In our simulations, we set zero initial
detuning between the oscillator and drive, i.e. A = 0. This might seem unusual in the

context of classical synchronization, where two systems are definitely synchronized
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Figure 5.2: Enhancement factor at different measurement angle 6. (a) Zero detuning.
(b) Non-vanishing detuning A = 0.05. The curves are smoothed using polynomial
interpolation.

without detuning. But here we are interested in the phase synchronization particularly,
which is not guaranteed by zero initial detuning. This is due to the presence of
quantum fluctuations which prevent the phase-space portrait of the steady-state
from concentrating onto one fixed-point, and consequently cause diffusion around it.
Another reason for choosing zero initial detuning is that, changing =, also changes
the optimal phase 6 of the measurement when the detuning is non-zero. Whereas
with zero detuning, = 7/2 is optimal for all values of v5. As shown in Fig. 5.2(a),
with zero detuning, the optimal enhancement factors are obtained at § = 7/2 and
the corresponding measurement angle do not depend on 7,. One can also see the
optimal enhancement factors do not scale with 75 monotonically, i.e. the highest
points of the curves rise and then drop, in the range of v = 0.05 to 3. In Fig. 5.2(b),
with non-vanishing detuning, the optimal measurement angles shift away from 7/2.
Additionally, the highest enhancement factors are monotonically decreasing with

respect to increasing ;.

In the limit of large mean photon number, the oscillator can be described statistically
by a set of classical equations of motion [WNB14]. This limit is referred to as the
semi-classical regime. On the other hand, in the regime with low mean photon
number, where the classical model breaks down, the oscillator is considered in the
quantum regime. In this regime, quantum noise comes into play and genuine quantum

phenomena arise [MIKH20, SMN*23]. Different synchronization regimes of quantum
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Stuart-Landau oscillator can be characterized in terms of the nonlinear two-photon
damping rate ;. By increasing this rate, the limit cycle of oscillator shrinks and
its mean photon number decreases, signifying a transition from semi-classical regime
(72 < 1) to quantum regime (72 > 1). In order to access different regimes, we assume
the parameter v, can be tuned freely. States in quantum regime will be more prone to
diffusion through quantum fluctuations, causing them to lose phase synchronization
with the driving force. This is shown in the top row panels of Fig. 5.1, where phase

coherence drops with increasing 79, regardless of the driving amplitude.

In Fig. 5.1 we also show the enhancing effect of homodyne measurement on quantum
synchronization, quantified by the enhancement factor F. The presence of homodyne
measurement always enhances the phase coherence even in the quantum regime,
provided that the phase 6 of the measurement is optimized. Larger enhancement is
observed when driving amplitude F is small. Notice in Fig.1, for small 5, there is
an optimal ratio for the enhancement factor to peak at, which only appears at zero
initial detuning between the oscillator and driving force (see Appendix A for non-zero
detuning cases). After that the enhancement factor drops with 7, until asymptotically
reaching a ratio above unity. In addition, later in Section. 5.4, we will show that
this optimal ratio is sensitive to the dissipative noise and squeezing. Additionally,
we numerically simulated the error (standard deviation) in the data of Fig. 5.1, with
100 sample runs and number of trajectories Nyq; = 300. According to quantum
Monte-Carlo simulation method [CA86|, the standard deviation is on the order of
Nt;if.ln Fig. 5.3, we show that the largest standard deviation is below 1% of the data
in Fig. 5.1.

It has been shown that this enhancement F is a consequence of the increase in the
purity of states, defined as P = Tr[p?], as the effective phase space diffusion is inversely
proportional to the purity of states. We note that, on average, homodyne measurement
increases the purity. To this end, we look at the ratio of the purity of the steady state
Pyp at ng =1, corresponding to homodyne measurement, to the purity Py at ny =0
where homodyne measurement is turned off, i.e. Fpyrity = |Pupl|/|FPo]. Fig. 2 shows
this ratio with v,. We see that this ratio is always greater than 1, indicating that
homodyne measurement enhances the purity of states. However, with increasing s,

this ratio tends to unity, regardless of the amplitude £.
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Figure 5.5: Effect of 75 on enhancement factor F at different single-photon dissipation
v3, with fixed parameters A = 0,0 = 7/2. When single-photon dissipation 73 is
small, the enhancement factor F drops after reaching the maximum. However, the
enhancement factor starts to rise even in the quantum regime when a large single-
photon dissipation is present.

5.3 Noise-induced synchronization enhancement

It has been established that classically chaotic systems exhibit noise-induced synchro-
nization in the presence of common Gaussian noise [Z1X02, TMHGPO1], and such syn-
chronization can be enhanced, for instance, by additional dichotomic noise [RENSGO1].
In quantum domain, noise is also reported to boost quantum synchronization, such
as inducing frequency entrainment in quantum Stuart-Landau oscillators [MKH20]
and helping to develop correlation and entanglement between two ends of a quan-
tum spin chain [SL22]. Here we show another example of such noise-induced phase

synchronization of a driven quantum Stuart-Landau oscillator.

We show that more single photon damping can effectively raise the enhancement
through homodyne measurement. In Eq. (5.1), 3 corresponds to the rate of single
photon damping, acting as a dissipative noise for the oscillator. At the same time, it
characterizes the coupling between the measurement device and the monitored system,
since all dissipated photons will be captured by the detector (1 = 1). The damping

rate 3 also scales the back-action of homodyne detection (last term in Eq. (5.1)).
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Figure 5.6: Phase coherence in general vanishes with increasing +,. However, in
the quantum regime, the presence of single-photon dissipation 3 can boost phase
coherence. Homodyne measurement greatly amplifies this boost in the quantum
regime.

Therefore, it is not surprising that increasing 73 results in a more potent homodyne
measurement and thereby improves the enhancement factor. This is shown in Fig. 5.5
where the enhancement factor is plotted against the non-linear damping rate v, at
different single photon damping 3. Dissipative noise increases the enhancement
factor across all values of v,. Especially in the quantum regime where v, > 1, the
enhancement factor receives a greater boost compared to the semiclassical regime.
As a consequence, the enhancement factor increases with non-linear damping rate o,
given a moderate single-photon damping (73 ~ 0.3) is present. We refer to this as
noise-induced synchronization enhancement through homodyne measurement. This is
a significant result; compared to Fig. 5.1, we reverse the effect of increasing s, from

detrimental to enhancing. And this is achieved by simply adding linear damping.

It has also been reported that without any measurements, dissipative noise can
produce an increase in the off-diagonal density matrix elements in deep quantum
regime [MIKH20], which contribute to a higher phase coherence. But such increase is

marginal in amplitude as seen in our results in Fig. 5.6.
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5.4 Squeezing further improves synchronization
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Figure 5.7: Contour plot of enhancement factor F against v, and 73 with (a)n =0
and (b)n = 0.1; (c) differences between enhancement factor F of (a) and (b).
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Figure 5.8: (a)The convergence of optimal 7, with increasing squeezing 7. (b)Top-
down view of the optimal 7, positions in the transition from Fig.5(a)-(b).

Another useful technique to boost quantum synchronization is squeezing [SHM " 18].
However, the measure of phase coherence is no longer appropriate for capturing
quantum phase synchronization when large squeezing is present. The calculation of
phase coherence is valid when the density matrix has only first off-diagonal coher-
ences [LNNT17]|. Therefore, in order to study the effects of squeezing, we only applied
a small amount of squeezing while ensuring the second and higher off-diagonal elements
remain negligible. It is also known that under squeezing the Wigner function of such
system will undergo a pitchfork bifurcation, i.e. the steady-state Wigner function has
two peaks. In the presence of two peaks, the use of phase coherence as a measure is
generally small due to some form of averaging. Such cases are beyond our scope for
this study, therefore we limit the amplitude of squeezing below 1 = 0.1 in the ¢ =0

direction, so that the peak in the Wigner function is not split into two or more peaks.
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Indeed, squeezing is shown to further improve quantum phase synchronization. In
Fig. 5.7, we show that squeezing is more likely to boost synchronization in the
semiclassical regime, while in the quantum regime, squeezing has negligible effects.
The parameter region where squeezing offers the most observable benefits is when
both (vs,73) are small (bottom-left corner of the contour plots). Moving on to the
large (72, 73), the enhancing effect of squeezing vanishes, as illustrated in Fig. 5.7(c).
Squeezing and nonlinear damping appear to be more closely related to each other, as
they are two-photon processes. This is evident from the 3D plots in Fig. 5.7, where

increasing squeezing parameter pushes the landscape along 7, rather than ~s.

In addition to this additional enhancement caused by squeezing itself, adding squeezing
also modifies the enhancement produced by homodyne measurement. Interestingly, the
optimal values of 7, for the highest enhancement factor under various 3 converge to
a narrow region around v, = 0.2, with a small squeezing up to 7 = 0.1. This is shown
in Fig. 5.8(a) where we numerically plot the optimal 75 as a function of the squeezing
parameter 7. Another interpretation of the effect is that additional squeezing makes
the optimal point stronger against dissipative noise v3. As shown in Fig. 5.8(b), the
optimal points v, move closer to the left vertical axis when the pressure increases, and
eventually become independent of 3 when 1 = 0.1. This effect is interesting as it

provides some insights into possible stochastic resonance in the dynamics.

5.5 Conclusion

To conclude, our study has made the following observations in quantum synchro-
nization: First, in the presence of homodyne measurement, enhancement in phase
synchronization persists to the quantum regime. Next, optimal two-photon nonlinear
damping rates (72) exist in which the enhancement factors are maximum, with small
single-photon damping rates (7y3;) when the oscillator is driven at resonance (A = 0).
This phenomenon is unusual as it only appears with zero initial detuning. On the other
hand, moderate single-photon damping rates (v3) allow higher enhancement factors
to be achieved even in the quantum regime, despite acting as a source of dissipative
noise. Additionally, adding a small amount of squeezing can further enhance quantum
phase synchronization, especially in the semi-classical regime. More strikingly, with
additional squeezing, the optimal nonlinear damping rates (72) become insensitive to

dissipative noise (73).

In this study, we show several practical techniques that can be employed to enhance

quantum synchronization and are readily achievable in experiments. Homodyne mea-
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surement is a fundamental technique developed in quantum optics. Yet, it plays a
pivotal role in quantum information and technology. Several continuous variable quan-
tum key distribution protocols respond to homodyne detection to extract quadrature
information encoded in the signal [GG02, GVAW 03], which have been demonstrated
experimentally [JICJL 13, ZHCT19]. Tt has also been proposed to improve the sensitiv-
ity of quantum sensors [CLL"23]. The open quantum system monitored by homodyne
measurement can be modeled by a master equation conditioned on the measurement
record [WM93], also known as quantum trajectory theory [WNMO09, Car09]. It has also
been shown that additional squeezing can produce stronger frequency entrainment than
harmonic drive [SHM " 18]. Recently, the well-studied field of classical noise-induced
synchronization [ZK02, HSS03, RENSGO1, TMHGPO1]| has also been extended to

quantum regime [S[.22].

The Stuart-Landau model used in this work is implementable using the state-of-the-
art superconducting circuits, where the two-photon dissipation and squeezing can
be engineered using parametric conversion process in Josephson junctions [DDI0G,
LTP*15]. Twill further discuss the implementation of such oscillator model in Chapter 8.
As a future direction, it would be interesting to explore the effects of homodyne
measurement and squeezing on a true van der Pol oscillator [(IKKN20], where a modified
quantum Stuart—-Landau oscillator provides a phase space plot that closely resembles

the classical diamond-like phase space plot of a van der Pol oscillator.






CHAPTER

Mixing oscillations: Two Oscillators of the

Same or Different Kinds.

Nonlinear oscillators play a fundamental role in various areas of physics, ranging from
classical mechanics to quantum systems. These systems exhibit rich dynamics, often
leading to complex and fascinating behaviors. In recent years, significant attention
has been devoted to the understanding of the behavior of nonlinear oscillators that
are mutually coupled, especially in the quantum domain. The study of such coupled
systems has provided profound insights into the emergence of synchronization, collective
phenomena like amplitude death and chaos, as well as the interplay between classical

and quantum dynamics.

While the study of coupled oscillators has a long history in classical physics, the
exploration into such self-sustained mutually coupled oscillators in the quantum
settings remains relatively unexplored. The dynamics of nonlinear oscillators are greatly
influenced by their mutual interactions, leading to a wide range of intriguing phenomena
that have yet to be fully understood. The reader may refer to papers on coupled vdP
and Duffing oscillators in [WCEF96, VK08, KST09, RKTT22, CEFWDO01, KCK*12].

In classical systems, the study of coupled nonlinear oscillators has revealed a plethora of
fascinating phenomena, such as synchronization, amplitude death, and chaos. However,
the extension of these investigations to the quantum regime introduces entirely new
challenges and possibilities. The quantum nature of the oscillators introduces novel
features, including quantum entanglement. Understanding the dynamics and properties
of these coupled oscillators in the quantum realm presents an exciting frontier for
research, with potential applications in quantum information processing, quantum
sensing, and quantum communication. Exploring the behavior of coupled quantum
nonlinear oscillators provides valuable insights into the interplay between classical and

quantum dynamics, shedding light on the boundaries between these two domains.

95
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6.1 Oscillator models

In this chapter, some of these quantized nonlinear oscillator models, namely the
quantum Stuart-Landau, Rayleigh, van der Pol and Ditzinger oscillators, are considered.

The models are described in the form of Lindblad master equations with A = 1.

For the quantum Stuart-Landau model [WNB14]:
p = —ilH, p] + 1 Dla']p + 7Dla’]p, (6.1)

where H = wa'a and the coefficients v, and 7, describe negative and nonlinear damping

of the oscillator.

The quantum Rayleigh and van der Pol model share the same formalism in terms of

master equation and Hamiltonian [CIKN20]:

p=—ilH, p] + u(qg — 1)Dla']p,

1
+ %D[cf]p + pDla'a — ian]p (6.2)
H = wa'a + i(a'a® — aa) +ip(a* — a')
—in(a® — a'?). (6.3)

But the difference between these models lies with the nonlinear coefficients (6.3).

In the Rayleigh model,

whereas in the Van der Pol model,
Y A Y (Rl )
(=5 p=-L n= L0 (65)

There is also another nonlinear oscillator called the quantum Ditzinger model. The
Ditzinger model describes a self-sustained oscillator with a circular limit cycle, which

unlike the Stuart-Landau oscillator, has a non-uniform phase flow around the limit
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cycle. In polar coordinates (r, ¢). The classical equations of motion are given by

"= (o =r) (6.6)
¢=b—rcoso

where 7 is the radius of the limit cycle and b is the position of the vertical nullcline
(in the usual Cartesian coordinates). The system exhibits a (non-uniform) limit cycle
for b > ry and a stable fixed point for b < ry. The Ditzinger model reduces to the

Stuart-Landau oscillator in the limit b — oco.

Following a similar quantization procedure as in Ref. [CKN20] for the van der Pol
and Rayleigh oscillators, we denote the complex amplitude a = rexp(i¢) and write
down the corresponding quantum equation of motion for & — (a) (normal ordering is
assumed): A .

%@ = rj(a) = {a'a®) = 5(a*) — S (ala) + ib(a) (6.7)
The next step is to seek a master equation which produces the above quantum equation

of motion. It is easy to check that the following master equation is a valid choice:

p=—ilH,p)+ Y (2" + 1)Dlal]p + Dlai]p

k=12
1
+ 5 Dliax + alaxlp (6.8)
1
H = Z Z(alai + a’a) — bralay, (6.9)
k=1,2

6.2 Pearson correlation of coupled homogeneous

oscillators

The system of dissipatively coupled quantum Rayleigh / van der Pol oscillators is

governed by the master equation [CKN20]:

p=—ilH,p]+ Y mla* —1)Dlaflp

k=1,2
3MkD 2 Diat L 4 D
+ = Dlaglp + wDlagar — ai’lp + VDlay — az]p, (6.10)
H= Z wakay +iCe(alal — al’ay) + iB(ap — al)
k=1,2

— (a2 — al?), (6.11)
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where the coefficients (y, B, nx are defined in (6.4)&(6.5).
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Figure 6.1: Pearson correlation coefficient of mutually coupled homogeneous os-
cillators, i.e. two Rayleigh or two van der Pol oscillators, plotted with increasing
nonlinearity p and limi cycle radius ¢p.

To quantify the degree of synchronization between two oscillators, Pearson correlation
emerges as a viable candidate. The Pearson correlation coefficient is primarily used to
measure the linear relationship between two variables. While the Pearson correlation
coefficient may exhibit some correlation when oscillators are synchronized, it does
not provide a comprehensive measure of synchronization capturing the dynamics and
temporal relationships essential for synchronization. Other measures such as mutual

information and entanglement entropy can be exploited in the future works.

In Fig. 6.1, the Pearson correlations between two homogeneous oscillators. Two inter-
esting phenomena can be observed: 1) for both types of nonlinear oscillators, increasing

coupling strength reduces the effects of nonlinearity; 2) while the nonlinearities in
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the Rayleigh model always weaken the correlation, the vdP model can actually take

advantage of nonlinearity to enhance correlation, but only when coupling strength is

high.

6.3 Joint-probability distributions of coupled het-
erogeneous oscillators

In this section, we investigate the steady-state properties of the coupled oscillator
system, by calculating the Wigner functions W (x;, p;) of each oscillator in steady state,
and the joint-probability distribution P(z1,x9) for the position basis of the oscillators.
The joint-probability distribution P(z1,z5) is defined by

P(x1,x9) = (x1, x| p|T1, 22). (6.12)
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6.3.1 Admixture of Quantum Rayleigh and Stuart-Landau
oscillators
We first consider a system of two coupled quantum Rayleigh oscillators, with one of

the oscillators in ‘Stuart Landau limit’, by setting puy = 0.1, o = 0.01 in the master
equation given by (6.2).
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Figure 6.2: A Rayleigh oscillator (u; = 0.1, qél) = 1.5) and a Rayleigh oscillator in
Stuart-Landau limit(u; = 0.01, q((f) = 1.5) coupled by dissipative interaction. (left
column) Wigner function of first oscillator, (middle column) Wigner function of
second oscillator, (right column) joint-probability distribution P(zq,xs). Different
rows corresponding to coupling strengths V' = 0, 0.1, 10.
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6.3.2 Admixture of Quantum vdP and Stuart-Landau oscilla-

tors

Likewise a quantum vdP oscillator is coupled to its "Stuart Landau limit" counterpart,

with g1 = 0.1, gz = 0.01 in the master equation given by (6.2).
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Figure 6.3: A vdP oscillator (u; = 0.1, qél) = 1.5) and a vdP oscillator in Stuart-
Landau limit(u; = 0.01, q(()l) = 1.5) coupled by dissipative interaction. (left column)
Wigner function of first oscillator, (middle column) Wigner function of second oscillator,
(right column) joint-probability distribution P(z1,x2). Different rows corresponding
to coupling strengths V' =0, 0.1, 10.
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6.3.3 Admixture of Quantum Rayleigh and vdP oscillators
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Figure 6.4: Inter-species coupling between a quantum Rayleigh oscillator (u =
0.1,g0 = 1.5) and a quantum vdP oscillator (u = 0.01,qo = 1.5). Different rows
corresponding to coupling strengths V' = 0,0.1, 10.
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Figure 6.5: Inter-species coupling between a quantum Rayleigh oscillator (u =
0.1,go = 1.1) and a quantum vdP oscillator (z = 0.1,¢g0 = 1.5). Different rows
corresponding to coupling strengths V' = 0,0.1, 10.
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6.3.4 Admixture of Quantum Stuart-Landau and Ditzinger

oscillators
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Figure 6.6: Inter-species coupling between a quantum Stuart-Landau (v2/v; = 100)
and quantum Ditzinger oscillator with a limit cycle(b = 200,79 = 1), with increasing

coupling strengths V' =0, 1, 10 respectively.

From all the cases above, we can conclude that, in the two coupled heterogeneous

nonlinear oscillators, the ’"dominant’ oscillator would generally cause one of the oscillator

to ’halt’, and after that correlations would start to build up. The ’dominant’ oscillator

is the one with either larger nonlinearity p or is more 'macroscopic’ (larger oscillation

amplitude qo).
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6.4 Amplitude death

Coupling two or more self-oscillating systems may stabilize their zero-amplitude rest

state. This phenomenon is termed “amplitude death”.

In this section, we study the amplitude death of coupled oscillator system by calculating
the limit cycle radius of the oscillators, given by the highest point in the Wigner
function. The occurrence of amplitude death is indicated by the limit cycle radius

collapsing to 0, and the Wigner function becoming a blob centered at 0.

6.4.1 Two SL oscillators

For simplicity, let us consider the case of v¥ = 5, 75 = 5. In the deep quantum limit
where /71 — 00, the states of both SL oscillators are confined within the subspace
spanned by |0) and [1) [LCWI14, MKH20|. Tracing out one of the SL oscillators, the
density matrix of each SL is effectively given by p; = diag(po, p1) with (setting 7, = 1)

1
po = 8[7V3 + (V+2)(V +3)A% + 42V? + 81V + 54

1
pr= VOOV 4 (V4 3)A? 427V 4 27) (6.13)

d=8V?+ (V +3)2A* + 51V* + 108V + 81

Since the density matrix is diagonal, the corresponding Wigner function must be
rotationally symmetric. In polar coordinates, the Wigner function for the Fock state
In) is given by W, (r) = 2(—1)"L,(4r%) exp(—2r?), where L,(r) are the Laguerre
polynomials. We define the onset of amplitude death to be the case where the radial
Wigner function W (r) transitions from being unimodally peaked at the origin » = 0 to
being peaked at some r > 0. This is analogous to the notion of stochastic P-bifurcation.

It is easy to show that amplitude death occurs when
AV (V= 1)(V +3)A% +15V? — 27 > 0 (6.14)

which gives us the Hopf bifurcation curve

27 — 15V2 — 4V/3
A:\/ V-1V +3) (6.15)

Interestingly, this result tells us that in the deep quantum limit, V' > 1 is a necessary

condition for amplitude death, which is also true for the classical case. What is
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different however, is that the quantum SL allows for amplitude death even for zero

detuning A = 0, something that is impossible in the classical case.

We can also interpret the results from a quantum perspective. Assuming the entan-
glement between the two SL oscillators is weak, we can approximately factorize the
density matrix for the two SLs p ~ p; ® ps. Tracing out one of the oscillators as usual,

the effective master equation for a single SL reads
ﬁl = —i[Heff, pl] + VD[al]pl (616)

with the effective Hamiltonian Hes = Aala; + X ({as) al — (al) ay) [MKH20]. Noting
that (as) =~ 0 from the rotational symmetry of the uncoupled SL, we can thus interpret
the effect of mutual coupling as an effective single-photon loss on the SL. When this
effective single-photon loss rate exceeds a critical value, the population of the SL
decreases below threshold which causes a qualitative change of the Wigner function.
More quantitatively, in the deep quantum limit, we find that the effective single-photon

loss rate kg is given by
V(5V + 9+ A?)

P T TV 3+ A2

This reduces to kg &= V for small V' or very large A, both of which are consistent

(6.17)

with the aforementioned assumption of negligible entanglement.

In the deep quantum limit, the entanglement can be quantified by calculating the
negativity analytically. The maximum negativity is attained in the limit of A — 0

and V' — oo which gives

V10— 3
Nmax = T

~ 0.0203 (6.18)
which justifies our assumption of weak entanglement. The boundary between entangled
and separable oscillators in the A —V space is also distinct from that of the amplitude
death boundary, which seems to suggest that there is no close connection between

amplitude death and entanglement.

The joint probability distribution between two dissipatively coupled SL in the deep

quantum limit can also be worked out (assuming resonant oscillators) to give

V—oco

1
lim P(zy,x2) = 4—6_(:”21)”5)[3 + (21 + 29)?] (6.19)
m

which gives a Pearson correlation coefficient of r = 0.2.
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Figure 6.7: Limit cycle radius of two dissipatively coupled Stuart Landau oscillators.
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6.4.2 Reactive coupling

Apart from the dissipative coupling between two oscillators, we also consider the
reactive coupling. In the quantum case, this is realized by adding to the Hamiltonian
a hopping interaction g(alas + ala;) between the two SLs. Truncating the Hilbert
space dimension of each oscillator to three dimensions (which is valid for large va/71,
the steady-state density matrix can be solved exactly. Imposing the condition that
O*W (r = 0)/0r? < 0 for amplitude death, we can find the critical coupling g. where

amplitude death occurs. The exact expression is too complicated and not shown here,
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but we can expand it in powers of 1/ (setting 73 = 1 as usual) which gives:

V3 2 5 ap  9AP =271 4

v o el + O~ 6.20
9e= 30 T 275 (7277) (6.20)

We can make some interesting remarks about this result: (i) In contrast with dissipative
coupling, the AD for reactive coupling does not exist in the deep quantum limit where
Y2/71 — 00, since g, — oo in this limit. (ii) For sufficiently small detuning A, the
critical coupling g. is almost independent of A, since it only appears in the second
correction term to g. ~ \/37,/2. (iii) Classically, it is known that reactive coupling of

the SLs alone cannot lead to AD, hence this is a genuine quantum effect.
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6.4.3 Two vdP oscillators
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behaviour to two coupled SL case.

In terms of amplitude death, the Stuart-Landau captures similar quantum-to-classical

transition as the exact vdP. This transition is solely driven by the limit-cycle radius,

not the nonlinearity. Hence this transition is a quantum phenomenon caused by

quantum noise.

6.5 Conclusion

The study of coupling heterogeneous quantum oscillators, while being less explored, is

of enormous importance and provides exciting possibilities for many applications in
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quantum information and dynamics. The coupling of heterogeneous oscillators, each
with unique properties and dynamics, enriches our understanding of complex quantum
systems and allows the exploration of new phenomena and behaviors not achievable in
homogeneous systems. In quantum information processing, the coupling of different
oscillators can be used to enhance quantum communication, quantum sensing and
quantum computation capabilities. In addition, research into coupled heterogeneous
oscillators goes beyond the scope of quantum information processing. Synchronization
phenomena are relevant to various scientific disciplines such as physics, biology and
complex systems. Understanding and controlling synchronization in quantum systems
has pave the way for advances in quantum metrology, quantum sensor, and collective

behavior analysis in biological and neural networks.



CHAPTER

GHZ-like states in the Qubit-Qudit Rabi
Model

In order to observe quantum synchronization in an experiment, e.g. on cQED platform,
one needs to achieve large coupling strengths between the system components. In the
current state-of-art cQED experiments, the light-matter interaction is described by the
famous Jaynes-Cummings(JC) model, which is only valid when the coupling strength
is weak. Whereas the more general quantum Rabi model can be used to describe
larger coupling strengths, In this Chapter, a new model based on the quantum Rabi

model is exploited and its dynamics studied.

The quantum Rabi model (QRM) describes the interaction between a two-level system
and a single quantized harmonic oscillator mode. It is one of the most celebrated models
in atomic physics for light-matter interaction [CTDRGI8|. In quantum technology,
Rabi-like models are widely employed to describe the effective physics emerging in
a variety of different contexts ranging from spintronics [DD90, MSBO1] to trapped
ions [HJG'98], and from cQED [BGW'07] to atom-superconducting qubit hybrid
schemes [XAYN13]. Despite its simple form, the Rabi model was solved exactly only
recently [Brall, BCBS16]. The ground state of the quantum Rabi model consists of
a non-classical highly entangled state of two-level system and bosonic mode [Brall,
BMST17]. In ¢cQED, different regimes of interaction between the two-level system and
the bosonic field can be explored. In particular, weak and strong coupling regimes
are routinely exploited for read-out and coherent state transfer [BGGW21]. Recent
research has demonstrated the possibility of reaching the ultrastrong and deep strong
coupling regimes, too [NDH 10, YFAT17].

This chapter is published substantially as "GHZ-like states in the qubit-qudit Rabi model"
in SciPost Phys. 11, 099 (2021). (No written permission from scipost.org is necessary for thesis
purposes.)
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Here, we formulate and study a Rabi-type minimal model describing qubit-qudit
interaction mediated by a single mode quantum bosonic field. This type of models
has emerged recently in several studies of specific systems where atoms, solid state
devices (such as superconducting or quantum dot qubits) are assembled together to form
hybrid quantum networks [XAYN13, YVH 16, YKADI17, YLVT16, YVHT16, YLIKT18,
YKADIS, FLB712]. In this context, entangling quantum systems of heterogeneous
nature is sought intensively |[CZGT15, JZIKT 14, MPCT20], as such hybrid entangled
states could become useful in converting quantum information between different
encodings [ANNVLE15].

We shall see that the physics of our model is particularly interesting in the ultrastrong
coupling regime [KFR ™15, YKADI7, CIZGN 18, FDLR ™19, SCN20]. In particular,
the ground state of the system turns out to be defining a Greenberger-Horne-Zeilinger
(GHZ) entangled state. GHZ states present great significance among all types of
multipartite entanglement [GHSZ90|. These states exhibit maximal correlations
between three or more quantum systems. GHZ states have been considered a key
resource in fundamental physics since the early stages of quantum information. They
have also been proven useful in various quantum technologies, including quantum error-

correcting codes [Kni05] and quantum metrology beyond the Heisenberg limit [GLM11].

7.1 The qubit-qudit Rabi model

We investigate the physical system schematically pictured in Fig. 7.1. The scheme
features a qubit (two-level quantum system) and a qudit (d-level quantum system)
individually coupled to a common quantum resonator described by bosonic degrees of
freedom. The Hamiltonian reads (here, and in the rest of this manuscript, we work in
units h = 1)

~

H = wa'a — %&Z + Qi+ (9160 + g2(J + J7)) (@' + a). (7.1)
Here, 6, . are the Pauli matrices for the qubit with transition frequency 2y, jj’i
are the spin (d — 1)/2 operators with level spacing 2, and a(a') is the annihilation
(creation) operator for the bosonic field with frequency w. The coupling strengths
g12 in Eq. (7.1) quantify the vacuum-Rabi splittings. Employing a jargon that is
widely used in the literature, we will denote the qubit and the qudit as "artificial
atoms". For d = 2, our model is equivalent (up to a sign convention) to the two-qubit
quantum Rabi model [ARE12, CRLI13, PRBT14, Donl6]. In contrast to the single
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Figure 7.1: Model schematics. The system is composed of a qubit with level spacing
)1, an harmonic oscillator (resonator) with characteristic frequency w, and a d-level
quantum system (qudit) with level spacing 5. The qubit and the qudit are coupled
to the resonator through the coupling constants g; 2. Copyright 2021, SciPost Phys.,
OA, no permission needed for thesis purpose.

qubit Rabi model, this generalized model is not integrable for general parameter
values [CRL13, PRBT14].

The eigenvalues and eigenstates of H can be readily obtained numerically. Here,
we devise analytical approximation schemes both in the weak-coupling and in the

ultrastrong coupling regimes.

The weak coupling limit (g, go < w), in the presence of strong qubit/qudit-resonator
detuning (€, < w), can be treated by means of a Schrieffer-Wolff transforma-
tion [BGW 07, MCGT07]. In particular, we apply the following unitary transformation
to the Hamiltonian Eq. (7.1):

V = exp(9)
= explei(aloy —ag ) + &i(ale- —aoy)
teo(al T —aJ7) + &0t T — aJ)) (7.2)
where we choose

9 g
€= — QA (7.3)

i i
- = 4

In the weak coupling limit considered here ¢;, §; < 1. In particular, at the lowest order
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in the expansion, the effective Hamiltonian Hos = VHV' reads:

N N 1 R ~ A . . A
Heff =~ HU - 5 |:[910'x + gQ(Jd+ =+ Jd )](aT =+ CL), S:|

Q R R
= oa'a — 715—2 + 0o Ji — genbo(JF + J7)
1 d* -1 22 7+)2 7—\2
—592(52‘*‘52) 5 =203+ () + (Jy)
1
- 591(61 + &) (7.5)
with renormalized frequencies '
O=w+gi1(e1 —&1)05 + 2g2(€2 — 52)j5 (7.6)
Ql = Ql — 91(61 ) (77)
Qy =y — gafea — &) (7.8)

and effective coupling geg = [g1(€2 + &2) + g2(€1 + &1)]/2. In Eq. (7.5), Hy = wala —
L5, +Q, JZ is the uncoupled Hamiltonian and |..., ...] denotes the commutator. Within
our approximation, the energy spectrum consists of different manifolds characterized by
a fixed value of resonator photon number operator N = ata (the interactions between
different manifolds can be neglected due to the large resonator frequency compared to
other energy scales). For the qubit (d = 2), we have (J;)2 =0, (J5)? = 1/4, and the
spectrum of the Hamiltonian in Eq. (7.5) can be found by diagonalizing a 4 x 4 matrix
consisting of two 2 x 2 blocks. In the lowest manifold (N = 0), the four eigen-energies

are given by

Eg—y = i\/i(@l +09)2 4 g% — 1212 %gi(ei +&). (7.9)
In the general qudit case (d > 3), the eigen-energies can be obtained by computing
the roots of the product of two degree d characteristic polynomials of submatrices of
dimension 2 x d. Simplified expression can be obtained by neglecting the (j 2:)2 terms
in Eq. (7.5), and performing an approximation similar to the standard rotating wave
approximation 6$(jj + jg ) ~ &Jg + &_jj , valid for ©Q; ~ Q,. The approximate
results in the N = 0 subspace for the qutrit and the ququart are reported in [SMC™21].

In the ultrastrong coupling regime, the numerical results to be presented below are

!Here our notations is slightly abusive, since @ contains the operators &, jj However, since
we focus on the N = 0 subspace of the resonator degree of freedom, this notation simplifies the
subsequent discussion.
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Figure 7.2: Hamiltonian energy spectrum with qudit dimensions d = 2, 3,4. (a)-(f)
Low energy spectrum vs coupling strength g obtained through numerical diagonal-
ization of the full Hamiltonian Eq. (7.1) (solid). The numerical results are com-
pared to the low coupling approximations (black dotted-dashed) of Eq. (7.9) , and
d-order perturbation approximation Eq. (7.11) in the ultrastrong coupling regime (red
dashed), for ¢ = g2 = ¢ and (top panels) Q; = 0.15w, Q5 = 0.1w, (bottom panels)
Q1 = 0.55w, 25 = 0.5w. Copyright 2021, SciPost Phys., OA, no permission needed for
thesis purpose.

corroborated by an analytical approach combining the adiabatic approximation in
the displaced oscillator basis [[GBMS05] and degenerate perturbation theory. More

precisely, we first obtain the exact spectrum of the reduced Hamiltonian

H=wi'a+ gi16,.(6" + a) + g (JF + J7) (@' + a), (7.10)

neglecting the free Hamiltonian of the qubit and qudit in the limit where €2,y < w,
and g1, g2 < w. Then, these terms are restored within a perturbative expansion. The
cigenstates of H are product states |0 m Ny,,) = |0) @ |m) @ | Ny.m). Here, 0 =7,
are the eigenstates of 6, with eigenvalues +1, |m =0,1,...,d — 1) are the eigenstates
of the qudit operator (JF + J;) with eigenvalues A, = —(d — 1) + 2m, and |N,,,)
are displaced Fock states [[GBMS05, ARE12, CRL13]. The system yields a two-fold
degenerate ground state, obtained from a displacement of the vacuum state in the
vesonator {[1,+,014), 4, —,0,, )}, with energy Ey = —[g; + (d — 1)gs]?/w, where
|+) (]—)) is the eigenstate of the operator (J; +.J7) with the largest (lowest) eigenvalue,
i.e., d — 1(—d +1). The corrections to the spectrum of H are then evaluated through
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perturbation theory in H' = —1 M6, + Q,.J. The lowest (second) order corrections

to the energy are obtained as:

Ei—Fp—— Y
Y 16(d - Dgigs
(d — 1) 02 —4g3 Jw?

B uj16(d —2)g2 + 1691 9> 2¢

legg _92[g2 _1\2,.2 2
4 5172 o —2[gi (A1) g5 /w 711
28(d— Dggs (7.11)

where d; ; is the Kronecker delta *. Notably, the two-fold degeneration of ground state
is only resolved at d-order perturbation theory in H , with a correction proportional
to 2,Q¢7' . The corresponding eigenstates read

|qji> = H Ta +aOT,+> + | \La _70¢,—>+

Z CU,m(gla.QQ) |0-7ma00,m>} (712)
(Uvm)#m\v"")v(iv_)

aQl

where C is the normalization factor, and the functions C, ,,(g1, g2) e=9i/ w2, e =93/
are exponentially suppressed with the coupling strengths. As discussed above, the
analytical expression in Eqgs. (7.11)-(7.12) are expected to hold in the regime where
the free Hamiltonian terms of the atoms are treated as perturbations to the interacting

system, i.e. 2,8 < w, g1, go.

In Fig. 7.2, we display the low-energy spectrum of the Hamiltonian in Eq. (7.1) as a
function of the coupling strength (with g; = g9) for d = 2 (panels a,d), d = 3 (panels
b,e), and d = 4 (panels c,f). For visualization purposes, we plot the energy as a
function of dg; (with d number of levels in the qudit), since the ground state energy for
g1 = go scales as Ey/w ~ —(dg;/w)? for large values of g;. The analytical expressions
obtained in the low-coupling limit (dotted-dashed) and through perturbation theory
in the ultrastrong coupling regime (dashed) are compared with the solutions obtained
through numerical diagonalization (solid). In the low coupling regime, the analytical
expression of Eq. (7.9) gives a very accurate description of the spectrum for dg; < 0.4Q
(see Fig. 7.2a), and Fig. 7.2d)). For the general qudit case, the expressions obtained
through RWA approximation reproduce the numerical results in a less satisfactory

way. Still, they correctly reproduce the spectrum for dg; < 0.3€).

2We have verified that for d = 2, when both equations (7.9) and (7.11) are applicable (that is,
when taking g;, ©; — 0) they agree at next to leading order.
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For 1 = 0.15w, Qs = 0.1w (top panels), an excellent agreement between the strong
coupling regime approximations and numerical solutions arises for dg;,dgs = 0.3w.

For higher €, and €5 values (27 = 0.55w, 25 = 0.5w, bottom panels), the adiabatic
approximation breaks down below dg;, dgs ~ 0.75w (Fig. 7.2b).

With increasing coupling strength ¢, g2, the higher order correction terms in Eq. (7.12)
are suppressed exponentially, and the states |W.) approach the GHZ-type states.
Note that the states |044) = DT(@)\W and |0, _) = DT(—MHO) are
coherent states with opposite displacement in the phase space, which are asymptotically
orthogonal in the limit g;, go — 0o0. As a result, the ground state under such large

coupling assumption can be approximated as:

1

Venz) = \/§(| T4, 0r4) £ 4, —,0,,-)). (7.13)

The validity of this approximation is investigated in Fig. 7.3, where the fidelity between
the GHZ state and the ground state of the Hamiltonian obtained through numerical
diagonalization is plotted as a function of the coupling strength g; = ¢o. In this
manuscript, we define the fidelity between two pure states |¢) , [¢) as F = | (¢[¢) |. In
agreement with our perturbative calculation, the fidelity of the ground state with the

GHZ state approaches the unit value in the limit g, > €2y, Q5.

7.2 Negativity of entanglement

In our scheme, it is interesting to investigate the bipartite entanglement between
the qubit and qudit. We choose to compute negativity [VW02| as the measure of
entanglement. For a bipartite pure state |p)4p in a d ® d'(d < d') quantum system,
the negativity is defined as

1
Meas = §(|||90>AB<SO|TB||1 -1 (7.14)

where |0) 45 {p|T5 is the partial transpose of |p) a5 (p| and || - ||; is the trace norm. To
extract bipartite pair-wise entanglement in a tripartite system, we use the reduced

density matrix of |¢) apc on subsystem A ® B by tracing over subsystem C: pap =
Tre ) apc(el.
Figure 7.4 displays the density plot of the negativity as a function of the coupling

strengths g1, go in the qubit (Fig. 7.4a), qutrit (Fig. 7.4b), ququart (Fig. 7.4c) cases,
for 21 = ()5 = 0.1w. Note that the negativity is clearly symmetric under the exchange
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Figure 7.3: Ground state vs GHZ state for g; = go and different qudit sizes d = 2, 3,4
(top to bottom at g; = 0). Fidelity between the Hamiltonian ground state (obtained
through numerical diagonalization) and the GHZ state Eq. (7.13) as a function of
the coupling strength for (a) ©Q; = 0.15w, Qs = 0.1w, (b) Q; = 0.55w, 2y = 0.5w.
Copyright 2021, SciPost Phys., OA, no permission needed for thesis purpose.
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Figure 7.4: Coupling dependence of the groundstate negativity between the qubit
and the qudit. (a)-(c) Density plot of the groundstate negativity as a function of g;
and g for the (a) qubit-qubit, (b) qubit-qutrit, (¢) qubit-ququart cases. The plots are
obtained by numerical calculations for 2; = Q5 = 0.1w. (d) Cuts of the density plots
for go = 0.2w, indicated by the dashed lines in panels (a)-(c). The results obtained
through numerical calculations (solid) are compared with the approximate expression
of the negativity Eq. (7.16) (dashed), obtained in the ultrastrong coupling regime.
Copyright 2021, SciPost Phys., OA, no permission needed for thesis purpose.

g1 <> g2 in the qubit case (since 1 = €2s), and it becomes gradually more asymmetric

by increasing the number of levels. The bipartite entanglement between the two
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artificial atoms has a nontrivial response to the coupling strengths between subsystems.
In particular the negativity is maximum for intermediate values of the couplings,
and it is strongly suppressed at large couplings. The position of the maximum
depends on the number of levels in the qudit and reads: g; = g ~ 0.24w (qubit),
g1~ 0.21w, go ~ 0.17w (qutrit), g3 ~ 0.21w, g» ~ 0.14w (ququart).

For a better visualization, in Fig. 7.4d we consider cuts of Figs. 7.4a-c at a fixed value
of go = 0.2w. The negativity first rises to a maximum with increased coupling strength
g1, before decaying to zero exponentially (as we will discuss below). This phenomenon
is reported in [LLI.13] where an approximate expression is derived to explain the
curve at weaker coupling. Here, we obtain an analytical expression for the decaying
curve. In addition, our approach demonstrates that the entanglement suppression
is a consequence of the structure of the entanglement encoded in the ground state
[see Eq. (7.13)]: the tripartite GHZ state at large coupling limit(g;, g2 — 00), hinders
the bipartite entanglement obtained after tracing out one of the subsystems, that
asymptotically vanishes. This property of the GHZ states results in a counter-intuitive
implication: the strong coupling can destroy entanglement between the two quantum

systems connected by the resonator.

Now we show that the approximate expression of the ground state, i.e., the GHZ state
of Eq. (7.13), leads to an accurate prediction for the entanglement at large coupling;
we can easily calculate the negativity for those states. Indeed, the corresponding
reduced density matrix p’ with resonator degree-of-freedom traced out is a (2d x 2d)
matrix and has only four non-zero matrix elements:

1 ... K

K ... 1

with K = exp{—2[g1 + (d — 1)¢2])?/w?}. Therefore the analytical expression for the
negativity of the ground state in Eq. (7.13) is

N = 51| = S exp{ =2l + (4 Dgaf /) (7.16)

These approximate expressions are displayed (dashed) in Fig. 7.4. Note that the
approximation describes very accurately the exponential decay of the negativity at

large coupling.
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We close the section by noting that the negativity measure is not a sufficient test of
entanglement for systems with dimensions beyond 2 x 3. Under such circumstances, a
state with zero negativity could possibly be a PPT or “bound entangled” state, which
is argued to be metrologically useful [TV18, T620, HLLMHI§]|.

7.3 Dynamics

7.3.1 Quench dynamics

Fidelity [{wo|w(t))| Expectation values

=2

Qubit d

=3

Quitrit d

—— Numeric
[T=--Approximation
L

=4
(a*a)

Ququart d

t (2n/w) t (2n/w)

Figure 7.5: Dynamics after quenching the interaction strength. a)-b)-c) Fidelity
between the initial state of the system and the instantaneous state for qubit (a), qutrit
(b) and ququart (c) cases. The initial state is the ground state of the uncoupled
system. The numerical expressions (solid) are compared to approximations (dashed)
derived in the main text Eq. (7.18). d)-e) -f) Dynamics of the expectation value of d)
the qubit population, e) qudit population and f) mean photon number. The dashed
lines in panel f) are given by Eq. (7.19) Parameters are 21 = 0.12w, Qs = 0.1w, and
g1 = go = 0.3w. Copyright 2021, SciPost Phys., OA, no permission needed for thesis
purpose.

We start by discussing the dynamics of the system under non-adiabatic switching
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of the interaction. We consider the system initially prepared in the ground state of
the uncoupled Hamiltonian Hy, i.e. |to) = |g00). For simplicity, we consider an
instantaneous quench of the coupling constant to the final values g; = g = 0.3w. In

this case, the time-evolved state reads

[ (t)) = e Maho). (7.17)

Due to the non-adiabatic control, the state of the system is different from the ground

state of the interacting Hamiltonian after the quench, and evolves in time.

Figures 7.5(a)-(c) display the time evolution of the fidelity between the initial state |1y)
and the time evolved state [1)(t)) = e—ift |19) in the qubit, qutrit, and ququart cases,
respectively, for 1 = 0.12w and Qs = 0.1w. We note that the dynamics of |¢)y) involves
multiple frequencies, and displays a clear dependence on the number of levels of the
qudit. An approximate description of the evolution can be obtained by neglecting the
free terms of the atoms in the Hamiltonian. Namely, we set €2; 5 = 0, and expand |¢y)
in the eigenstates basis of H, i.e., |th) = 3., (0mM Nyp|g00) |0 m N,,,). For the

qubit case, we obtain
1| .
FI2 = 2|7 e B NG JO) [+ e B (N [0) P (718)
N=0

where By = w(N —a2) and | (N; 1[0} ]2 = e *%a2N /NI, with ay = (g1 £ ¢2)/w.
For the qutrit and the ququart case the summation in Eq. (7.18) involves d terms.
Such approximated dynamics is displayed ® in Figs. 7.5(a),(b),(c). We note that the
approximate expressions capture the initial decrease in fidelity and the amplitude of

its oscillations, as well as the main frequency components of the evolution.

The right column of Fig. 7.5 displays the time evolution of the expectation values of
7, (panel d), jj (panel e), and the mean photon number a'a (panel f) for the qubit,
qutrit and ququart cases. Consider first the qubit population (6,(¢)): in all the three
cases, the evolution is non-harmonic, and the number of relevant frequencies increases
by increasing the number of levels in the qudit. In particular, for precise modeling
of the dynamic in this regime different Fock number states must be included in the
calculation and neglecting the off-diagonal terms in the basis of H would provide a

poor description of the physics (see the above discussion).

3In the infinite sum of Eq. (7.18), we retained terms up to Npy.x = 10, since we verified that the
convergence is quite rapid for our parameter values.
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Consider for instance, the time evolution of &, in the qubit case (blue curve in Fig. 7.5d).
We can work within the approximation exploited above for the strong coupling regime.
Namely, we approximate H = H, and we write [tp) in the basis of H. By performing
the calculation, it is possible to derive a simple expression for (5.) when g; = g5 (as in
the plot of Fig. 7.5d), namely (G,(t)) ~ cos (4g192t/w). This approximate expression
is displayed in Fig. 7.5a (dashed). Note that the approximate expression fails to
reproduce correctly both the frequency and the amplitude of the time oscillation,
which turns out smaller in the numerical calculation (solid blue). A similar analysis
can be performed for the time evolution of the expectation value of (jz> For the qubit
case, the approximation H ~ H predicts an evolution (J,(t)) ~ — cos(4g1gat/w)/2.
We note that this approximated analytical expression overestimates both the frequency

and the amplitude of the oscillations.

Notably, the dynamics of the mean photon number (a'a) is much more regular, as
displayed in Fig. 7.5; for visualization purposes, the various curves are offset by the
quantity d — 1. Note that the main frequency of the oscillations is independent of the
number of levels in the qudit; the amplitude of the oscillations, instead, increases with
d. These features can be discussed retaining the approximation H~H. In particular,

iHt iH

by applying the Baker-Hausdorff expansion to the operator e'*afae=*, we derive

(W(t)ataly(t)) = 4lg? + (d — 1)g3] sin®(wt/2). (7.19)

The validity of this approximation is investigated in Fig. 7.5(f) (dashed curves). While
we find a good agreement for the qubit and the qutrit cases, the deviations are more
relevant for the ququart. This feature indicates that the presence of additional levels
is beneficial to inducing non-adiabatic photon generation in the ultrastrong coupling

regime.

7.3.2 Adiabatic state preparation

In this section we demonstrate how the state in Eq. (7.13) can be prepared with high
fidelity by adiabatic evolution:

~ ~ A

H(t) = [1 = p(t)] Hin + p(t)H (7.20)

The initial state and the final state correspond to the ground state of the Hamiltonians
Hy, = H(t = 0) and H, respectively, and x(t) is a function that goes from 0 to 1 when

t goes from 0 to the final evolution time ts; p(t) is chosen to be a linear function in
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our simulations. Here we propose two simple schemes to prepare the hybrid GHZ
state: 1. switch on the couplings at fixed frequencies; II. change the frequencies at
fixed couplings. In both schemes, the final Hamiltonian H is set to be the Hamiltonian

of the qubit-resonator-qudit system in Eq. (7.1).
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Figure 7.6: Adiabatic state preparation of the GHZ state in the qubit, qutrit, and
ququart cases. (a) Time evolution of the fidelity between the instantaneous state and
the hybrid GHZ state in Eq.(7.13). The coupling terms gy, g2 are adiabatically switched
on at t = 0 and linearly increased to 0.5w, as shown in the inset. (b) State fidelity
with the GHZ state vs time in the adiabatic process where the atoms frequencies are
linearly reduced from the initial value €2, Qs = 2w to 0.1w, as displayed in the inset.
Copyright 2021, SciPost Phys., OA, no permission needed for thesis purpose.

I. In the first approach, the system is initialized without coupling terms g¢;(t = 0) =
g2(t=0)=0, ie., H, = Hy = wata — %63 + Qij. During the adiabatic evolution,
the coupling terms are gradually switched on to the final value g; = 0.5w, reading

g1(t) = g2(t) = u(t)gy, see the inset in Fig. 7.6a. The main panel of Fig. 7.6a displays
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the evolution of the fidelity between the instantaneous state of the system under
the time-dependent Hamiltonian H (t) and the expected GHZ state at the final time,
obtained by setting ¢g; = g = 0.5w in Eq. (7.13). The different curves corresponds
to the qubit, qutrit and ququart cases. In all the cases, the fidelity is minimum at
t = 0 and grows monotonically with time, reaching the unit value (within numerical
accuracy) for t =ty = 500/w. Note that for a given time the fidelity is maximum in

the qubit case, and typically decreases by increasing the number of levels in the qudit.

II. Here, we keep fixed the coupling terms g¢i, go, while tuning the characteristic
frequencies of the artificial atoms. Specifically, the system is initialized to Hy =
wala — 6. /2 + Q. J% + g16.(a" + @) + go(JF + J7)(a + @), with the initial transition
frequencies satisfying €] > Q; and ), > . In the adiabatic preparation, the artificial
atoms frequencies Q;(t), Q(t), are linearly reduced to the final values ; = Qs = 0.1w
(see the inset of Fig. 7.6(b)). The corresponding evolution of the fidelity with the
final GHZ state is shown in Fig. 7.6(b). As in the previous case, the fidelity grows
monotonically to 1 as time approaches t; in all the cases. Notably, the presence of
additional levels in the qudit is displayed to be beneficial to the process: for a given
t > t;/2, the fidelity is larger in the qutrit and ququart case with respect to the qubit

case.

7.4 Conclusion

We formulated and studied a quantum Rabi type model describing the interaction
between a two-level and a multi-level system mediated by a single mode bosonic field
(in quantum technology such bosonic field is realized by a resonator). In the weak and
in the strong coupling limits, we devised two different analytical schemes. In the weak-
coupling limit, the effective Hamiltonian is obtained through a suitable Schrieffer-Wolft
transformation. Assuming the qudit degenerating in a two-level system, the spectrum
of the effective Hamiltonian has been obtained exactly. In the strong coupling limit, the
ground state of the system is provided by a tripartite-entangled state of the GHZ type.
A known feature of the GHZ states is that they do not allow bipartite entanglement
between the three partners. As a result, qubit and qudit cannot be highly entangled,
and the correlation between them drops exponentially with increasing coupling in
the ultrastrong coupling regime. Such analysis is corroborated by the study of the

negativity providing the sufficient condition for the qubit-qudit entanglement.

We analyzed the system dynamics both under quenching and adiabatic switching of

the couplings between the atoms and the resonator. The non-adiabatic nature of
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the quantum quench leads to the generations of photons in the resonator, with a
magnified effect by increasing the number of levels in the qudit. By this procedure,
the GHZ states can be adiabatically prepared with high fidelity. Both the analysis of
the spectrum and the dynamics indicate that the interaction is effectively magnified
by the number of the levels of the qudit. The study of the dynamics gives preliminary
information on the qubit-qudit coherent state transfer. Our work provides relevant
information for applications in quantum technology, particularly for hybrid quantum
networks design [ANNVLEF15, JZK" 14, CZGT 15, HLIM19].






CHAPTER

A survey on synchronization in cQED

platform

Circuit QED provides a well-controlled and scalable platform for studying the interac-
tion between superconducting qubits and electromagnetic fields, making it suitable for

investigating quantum synchronization phenomena.

In cQED systems, superconducting qubits can be coupled to one or multiple microwave
resonators, which act as channels for mediating the interactions between qubits. These
interactions can lead to the entanglement of qubits, allowing for the emergence of
quantum synchronization. By carefully controlling the coupling strength between

qubits and resonators, as well as the parameters of the qubits themselves.

Quantum synchronization in cQED systems has potential applications in quantum
technologies, such as building robust quantum communication networks, improving
the performance of quantum gates, and developing quantum error correction schemes.
For example, synchronized qubits can be utilized to create highly sensitive detectors or
more efficient quantum gates, and the synchronization phenomenon can be harnessed

to improve the overall coherence and stability of a quantum system.

In this chapter, the most-recent attempts towards quantum synchronization in circuit
QED are reviewed. A quantum Stuart-Landau oscillator is realizable in superconduct-
ing cavities thanks to the engineered nonlinear dissipation [[LTP"15]. Another path
to achieve quantum synchronization is digital simulation on a quantum computer.
Current NISQ-era quantum hardware is already capable of simulating driven quantum
harmonic oscillator [BKBP19] and demonstrating quantum synchronization using
qubits [[XBR20].

127
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8.1 Quantum Stuart-Landau in superconducting

cavities

In Ref. [LTP"15], the authors managed to confine the microwave mode in a super-
conducting cavity into a stablized manifold through carefully engineered two-photon
loss. The setup comprised two superconducting microwave cavity coupled through a
Josephson junction in a bridge transmon configuration as shown in Figure 8.1. Pump
and drive microwave tones are applied to the readout cavity, creating the appropriate
nonlinear interaction which generates a coherent superposition of steady states in the
storage cavity. The dynamics of the storage cavity is governed by

H, = e(a + (al)*) — x(al)%aZ, (8.1)
with loss operators \/k2a2 and \/k,G,. Both squeezing and two-photon loss causes the
steady-state in the storage cavity relaxes into a stable manifold. This steady-state
resembles a quantum Stuart-Landau oscillator with squeezing drive, except for the

thermal excitations which are inevitable in experiments.

In Ref. [CKN20], a truly nonlinear quantum van der Pol oscillator has been proposed.
This oscillator has a Wigner function that resembles the classical phase space plot of a
van der Pol oscillator. Yet, no attempt has been made to study this modified quantum

oscillator as it is still challenging to construct experimentally.
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Figure 8.1: Experimental realization of the quantum van der Pol oscillator (or more
accurately, the quantum Stuart Landau oscillator). Figure adapted from [LTP"15].
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8.2 Synchronization of spin-1 on IBM-Q

In a recent paper by M. Koppenhofer, C. Bruder and A. Roulet, quantum synchro-
nization by a digital quantum simulation was demostrated experimentally [[KKBR20].
The quantum limit-cycle oscillator is realized in a single spin-1 system, the smallest
possible system that can host a limit-cycle oscillator [RB18]. In this work, two qubits
of a quantum processor were used to implement the desired spin-1 system while the
remaining qubits play the role of the environment sustaining the oscillation. The
advantage of this approach is that the nonlinear dissipation required to study quantum

synchronization corresponds to easily engineered single-qubit relaxation.
The spin-1 system is described by a quantum master equation under a rotating wave
approximation:

p=—i[AS, + €Hop, p| + T_1 D[S, S.]p + T'10D[S_S.]p, (8.2)

where A = wy — we, 18 the detuning between the spin precession frequency and the
driving frequency. And external driving Hamiltonian H..; describes coherent transition

between spin-1 eigenstates:
Hea:t = t0’15‘251+ — tfl,OngSz -+ t,171‘§_2i_ —+ H.c. (83)

where ¢; ; are complex coefficients determine the relative amplitude and phase of the

transitions.

To map the dynamics of (8.2) onto a quantum computer, the spin levels are encoded

by the product two-qubit states:

| +1) = [1Da @ |0)q0, (8.4)
10} = 10)q1 @ |0) g0, (8.5)
| - 1> — |0>q1 ® |1>q0' (86)

Note that this encoding gives rise to a redundant state | X) — |1),1 ® |1),0 which needs

to be isolated from the subspace.

To simulate the unitary time evolution in a quantum computer, the exact time evolution
is approximated by a series of many transformations that propagate the system’s state
for a small time step dt. This technique is referred to as Trotterization. In this work

they chose a symmetric decomposition that is exact up to third-order corrections in
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terms of dt [NC10]:
HA+B)dt _ iAdt/2 iBdt iAdt/2 + O(dt3). (8.7)

In a final step, these abstract unitary transformations of the two-qubit state must be
decomposed in terms of the quantum gates available on the IBM-Q System, namely, a
two-qubit CNOT gate and the three single-qubit gates Uy, Us, and Us.

Simulating the remaining non-unitary dissipative dynamics can be achieved by simu-
lating discrete-time unitary dynamics on an extended system where ancillary degrees
of freedom mimic a dissipative environment. In fact, this environment can be modeled

by s single resetable qubit [LVO1].

Using a quantum circuit compatible with the current NISQ computers, the authors
performed a digital quantum simulation of quantum synchronization dynamics on
the IBM Q System and experimentally demonstrate typical features of quantum
synchronization, such as observing non-zero phase distribution and coherence dynamics

proportional to driving.

8.3 Simulation of driven QHO on IBM-Q

Besides observing quantum synchronization in spin systems, quantum oscillator is
another venue where synchronization can occur. However, due to the discrete nature
of current quantum computing architecture based on qubits, simulations of quantum
harmonic oscillators (QHO) remain challenging. In a recent work [BKBP19]|, the
authors demonstrated a quantum simulation of QHO in the presence of both time-
varying and constant force field for both one and two dimensional case. Though
this work is not directly related to quantum synchronization, it is an important step
towards the possibility of digital simulation of synchronization involving oscillators,

especially on NISQ hardwares.

A two-qubit system is implemented to simulate a driven quantum harmonic oscillator
with Hamiltonian:
H =wdla+ F(t)(a+ ah), (8.8)

where wy is the natural frequency of the oscillator, F'(t) o cos(2t + ¢) with driving
frequency €2 and phase ¢. The lowest four energy states of the QHO are encoded
into the four two-qubit product states: |00), |01),|10),|11). Under this encoding, the

creation operator a' can be mapped to a single qubit rotation, followed by a two-qubit
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operation: (I ® X)5(CNOT )9, and similarly the annihilation operator @ mapped to
(I @ X)12(ACNOT)q;, with ACNOT denotes the anti-controlled-NOT operation.

Such method for simulating a QHO can only be justified under assumption of low
excitations. For higher levels of QHO, the requirement for the number of qubits grow
dramatically, and the circuit complexity increases as well, which poses another hurdle
on quantum error correction. However, with the current NISQ hardware available,
the digital simulation of a quantum Stuart-Landau oscillator (in deep quantum limit)

could be made possible by combining the techniques demonstrated in 8.2 and 8.3.






CHAPTER

Outlook

The study of quantum synchronization in the context of circuit QED has opened
up exciting avenues for both fundamental research and practical applications in the
field of quantum information processing. As we conclude this thesis on quantum
synchronization in circuit QED, it is crucial to highlight the potential directions for

future investigations and developments in this rapidly evolving field.

Experimental Realization and Verification

One important avenue for future research is the experimental realization and verifi-
cation of the synchronization phenomena explored in this thesis. Advancements in
circuit QED technology and experimental techniques offer the potential to implement
and observe various synchronization regimes in coupled quantum systems. Experimen-
talists can explore different physical platforms, optimize parameters, and devise novel
measurement schemes to probe and characterize quantum synchronization in circuit

QED systems with increasing precision and control.

Many-body Synchronization

Extending the study of quantum synchronization to many-body systems is another
promising direction. Investigating the emergence and properties of synchronization
in larger networks of coupled qubits can reveal new insights into collective dynamics,
quantum correlations, and the interplay between classical and quantum effects. Under-
standing and harnessing synchronization in multi-qubit systems will have significant
implications for quantum computation, communication, and quantum simulation. One
interesting top worth investigating is the topological synchronization in large networks,

where the power of topology can give rise to non-trival collective behaviours.

133
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Novel oscillator models

The development and exploration of novel oscillator models offer promising advances in
our understanding of synchronization phenomena in circuit QED systems. The study
of synchronization in these novel oscillator models can unveil new synchronization
phenomena, uncover novel types of phase transitions, and shed light on the interplay
between different degrees of freedom in complex quantum systems. The insights gained
from these investigations can lead to the development of innovative synchronization-
based quantum devices and technologies, and further enrich our understanding of

quantum dynamics.

Synchronization-based Quantum Information Processing

Quantum synchronization phenomena can be exploited for novel quantum information
processing tasks. Exploring the potential applications of synchronization in tasks such
as quantum communication, quantum metrology, and quantum sensing can lead to
significant advancements in these areas. Developing synchronization-based protocols
and algorithms for quantum information processing could enhance the efficiency,

robustness, and security of quantum technologies.

Noise and Decoherence Effects

Quantum systems are inevitably subject to noise and decoherence, which can sig-
nificantly impact synchronization dynamics. Investigating the effects of noise and
decoherence on quantum synchronization in circuit QED systems is an important
avenue for future research. Understanding how synchronization phenomena are affected
by these detrimental factors and developing strategies to mitigate their impact will be
crucial for practical implementation and scalability of synchronization-based quantum

technologies.

Theoretical Advances and Analytical Tools

Advancing theoretical models, analytical techniques, and numerical simulations will
be instrumental in deepening our understanding of quantum synchronization in circuit
QED. Developing new theoretical frameworks, investigating novel synchronization
measures, and establishing connections with other areas of physics can lead to break-
throughs in our understanding of synchronization phenomena and their broader

implications.

In conclusion, the study of quantum synchronization in circuit QED offers immense
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potential for advancing our understanding of complex quantum dynamics, as well as
for practical applications in quantum information processing. The outlook for future
research in this field is bright, with opportunities for experimental advancements,
theoretical developments, and interdisciplinary collaborations. By further exploring
and harnessing quantum synchronization in circuit QED, we can pave the way for
transformative advancements in quantum technologies and unlock new frontiers in

quantum information science.






APPENDIX

Quantum computing

Quantum computing exploits phenomena of quantum nature, such as superposition,

interference, and entanglement, to provide beyond-classical computational resources.

NISQ stands for Noisy Intermediate-Scale Quantum computers. The term "noisy"
refers to the fact that current quantum computing technologies are still prone to errors
due to various sources of noise, such as decoherence and imperfect control of quantum
systems. The term "intermediate-scale" refers to the size of the quantum computers
that are currently available, which are larger than the few-qubit devices of the early
days of quantum computing, but smaller than the fault-tolerant, error-corrected devices

that are predicted to be possible with advances in technology.

The term "NISQ" was coined by John Preskill to describe the era of quantum computing
that we are currently in [Prel8]. During this era, quantum computers are expected to
have a limited number of qubits and a limited coherence time, but they can still perform
useful computations beyond what is possible with classical computers. NISQ devices
are expected to be useful for quantum simulation, quantum chemistry, optimization

problems, and machine learning.

The NISQ era is characterized by the need for new algorithms and techniques that are
specifically designed to work with noisy intermediate-scale quantum devices. These
algorithms and techniques often involve a combination of classical and quantum
computations, and they take into account the limitations of current quantum hardware.
Researchers are actively working to develop new NISQ algorithms and to explore the

potential applications of NISQ devices.

A.1 NISQ hardwares

As the circuit QED platform has been discussed extensively in the main text, the

other mainstream platforms are described in the following:

137
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Trapped ions

Trapped-ion quantum computing is a type of quantum computing that utilizes ions
trapped in an electromagnetic field as qubits [C7Z95, BCMS19, BCO23]. This approach
to quantum computing offers certain advantages such as long coherence times and

high-fidelity quantum gate operations.

In a trapped-ion system, ions are trapped and isolated from their environment using
electromagnetic fields generated by specialized devices called ion traps. The most
common types are the Paul trap and the Penning trap. The trapped ions are typically
held in a vacuum chamber to minimize interactions with other particles and to maintain
their quantum states for coherence time. Laser beams are used to manipulate the
ions and create entangled states, which are essential for quantum computation. The
entangled states are created by applying a sequence of laser pulses to the ions, which

causes them to interact with each other and become entangled.

However, they require a complex system of lasers and vacuum chambers to operate,
and they are more difficult to scale up than other technologies like superconducting
qubits. Their operational speed is also much slower than other quantum computing
architectures. Despite these challenges, researchers continue to explore the potential

of trapped-ion qubits for building practical quantum computers.

semiconductor spin qubits

Semiconductor spin qubits are another type of quantum computing architecture that
utilizes the intrinsic spin of electrons in semiconductor materials to represent and
manipulate quantum information [Kan98, 1.LD98|. In this architecture, qubits are
encoded in the spin states of individual electrons confined in quantum dots or donor
atoms embedded in the semiconductor. Quantum dots are nanoscale structures that
can trap single electrons, while donor atoms are impurities in the semiconductor lattice
that can bind an extra electron. The electron’s spin can be in one of two states,
commonly denoted as "spin up" and "spin down," which correspond to the basis states

of a qubit.

Semiconductor spin qubits offer several advantages, such as they are compatible with
existing semiconductor technology, which makes them easier to integrate and scale
with existing electronics. They also have relatively long coherence times, which means
that they can maintain quantum states for longer periods of time, allowing for more

complex quantum operations.
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However, there are also challenges associated with semiconductor spin qubits. For
example, manipulating and controlling individual electron spins with high fidelity
can be challenging, particularly when qubits are closely spaced. Semiconductor spin
qubits can be sensitive to various noise sources, such as electric and magnetic field
fluctuations or charge noise from nearby defects, which can limit their coherence times

and gate fidelities.

photonic qubits

Photonic qubits are another technology used to build quantum computers [TF19].
Photonic quantum computers leverage the unique properties of photons, such as their
weak interaction with the environment and the ability to encode quantum information
in various degrees of freedom, to perform quantum operations and store quantum

information.

In a photonic quantum computer, quantum information can be encoded in various
properties of photons, such as their polarization, path, time-bin, or orbital angular
momentum. Single qubit operations can be efficiently achieved using linear optical
elements, such as beam splitters, wave plates, and phase shifters. Multi-qubit opera-
tions are typically performed using nonlinear interactions, such as Hong-Ou-Mandel

interference and nonlinear crystals, which are not idealy deterministic.

The advantages of photonic quantum computers include low decoherence, especially
due to the fact that photons only interact very weakly to the environment. Also it
operates under room temperature, which make it favorable for large scale on-chip

integration.

However, there are also challenges associated with photonic qubits. Apart from
the non-deterministic gates mentioned above, due to difficulties in photon detection,
performing measurements in photonic regime is problematic and may introduce extra

noise into the computation.

quantum error correction

Quantum error correction |[Got97, Got09, LB13] is a set of techniques used to protect
quantum information from errors caused by the noise and decoherence in quantum
systems. Unlike classical information, which can be copied and read without being
disturbed, quantum information is inherently fragile and susceptible to errors due to
the quantum nature of the system and cannot be copied with unit fidelity (no-cloning

theorem).
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Quantum error correction is based on the principle of redundancy, where multiple
copies of a quantum state are stored and processed in a way that allows errors to be
detected and corrected. The basic idea is to encode the quantum information into a
larger number of qubits, and to use quantum operations to detect and correct errors

that occur during the computation.

The effectiveness of quantum error correction depends on the quality of the quantum
codes used, as well as the quality of the quantum operations used for error detection
and correction. The development of practical quantum error correction techniques is an
active area of research, and is essential for the development of large-scale fault-tolerant

quantum computers.

Stablizer codes

The stabilizer formalism is a mathematical framework used in quantum computing
to describe and efficiently simulate certain types of quantum states and quantum
operations. It is particularly well-suited for representing quantum error-correcting

codes and studying fault-tolerant quantum computation.

The surface code [FMMC12, Cle22, AAAT23] is an error-detecting code that embeds
some concepts from topology. There are two main parts to the surface code: A
geometric layout for the individual physical qubits, and a sequence of operations that
are carried out in a continuous cycle with these qubits. The combination of these
two parts leads to an error-protected “fabric” in which errors can still occur, but are
corrected with exponentially growing probability as the number of physical qubits is
increased (as long as the operations that make up the continuous cycle are performed
above a certain level of fidelity). Logical qubits can then be defined in this fabric,
with size of the logical qubits (the area of the fabric, or equivalently the number of
physical qubits involved) determined by the rate at which errors occur in the physical
qubits and the rate of errors that can be tolerated at the logical level. The rate at

which logical qubit errors can be tolerated depends on the computational problem.

Quantum Low Density Parity Check (QLDPC) [BBA ™ 15], also called a sparse quantum
code, is another type of stablizer code. Member of a family of [n, k, d] modular-qudit
or Galois-qudit stabilizer codes for which the number of sites participating in each
stabilizer generator and the number of stabilizer generators that each site participates
in are both bounded by a constant as n — oo . A geometrically local stabilizer code is
a QLDPC code where the sites involved in any syndrome bit are contained in a fixed

volume that does not scale with n . As opposed to general stabilizer codes, syndrome
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extraction of the constant-weight check operators of a QLDPC codes can be done

using a constant-depth circuit.

Bosonic qubits

The cat qubits [LIKV 13, MLAT14, OPHT16, Mirl6, PGCIT19] uses the infinite
dimensional Hilbert space to redundantly encode quantum information. The power of
this idea lies in the fact that the dominant decoherence channel in a cavity is photon
damping, and no extra decay channels are added if we increase the number of photons
we insert in the cavity. Hence, only a single error syndrome needs to be measured
to identify if an error has occurred or not. A qubit encoded in a four-component
Schrédinger cat state is represented as |®°) = ¢|0) 7 + ¢1|1), = ¢o|CO™0H) + ¢;|C2medd),

where

Camt) oc o) + | — a) + lia) + | — ia),
[CamM) o o) — | — a) — lia) + | — i),
[Cam™) oc o) + | = a) — lia) — | —ia),

) < ) ) + i) )

|C3mod4
«

X o) — | —a) + |ia) — | —ia). (A.1)
The GKP code [GKPOL, CIET*20, GP21] is another QEC code that encodes a qubit
in the continuous-variable state of a quantum harmonic oscillator. The idea is to
create a "grid" in the phase space (position-momentum space) of the oscillator, where
each cell in the grid corresponds to a distinct logical qubit state. The two logical states
of the qubit are represented by superpositions of position and momentum eigenstates
that are centered on the grid points. The stabilizers of the canonical square grid-state
code are S, = D(a = 2/m) and S, = D(b = 2iy/7), and the Pauli operators are
X = D(a/2),Z = D(b/2) and Y = D((a + b)/2), where D(-) is the displacement
operator. There are other GKP codes with a different grid formation, for example

hexgonal code.

A.2 NISQ algorithms

Although a fully universal quantum computer is yet to come, NISQ-level quantum
processors already exisit and are available. In the search for achieving quantum
advantage with these devices, algorithms have been proposed for applications in various
disciplines spanning physics, machine learning, quantum chemistry, and combinatorial
optimization [BCLIT22].
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Deutsch-Jozsa algorithm

The Deutsch-Jozsa algorithm is a quantum algorithm that solves a special type of
problem called the "oracle problem". The oracle problem involves determining whether
an unknown function is balanced (i.e., maps half of the possible inputs to 0 and half

to 1) or constant (i.e., maps all inputs to either 0 or 1).

The algorithm is named after its inventors, David Deutsch and Richard Jozsa, who
developed it in 1992. The algorithm uses a quantum computer to determine the nature
of the unknown function with just one query to the function, whereas a classical

computer would require two queries in the worst case.

The Deutsch-Jozsa algorithm works by first preparing a quantum register in a superpo-
sition of all possible input values. This is done using a series of Hadamard gates. The
quantum register is then passed through the unknown function, which is represented
by a black box oracle. The oracle maps each input to either 0 or 1, and the output is

stored in a separate quantum register.

Next, another series of Hadamard gates is applied to the first quantum register, which
allows us to measure the state of the second register and determine whether the
unknown function is balanced or constant. If the output of the second register is all
0s, the function is constant, whereas if the output is a non-zero value, the function is

balanced.

The Deutsch-Jozsa algorithm provides a quadratic speedup over classical algorithms
for solving the oracle problem, which has important implications for cryptography and

other areas of computer science.

Grover’s algorithm

Grover’s algorithm is a quantum algorithm for searching an unsorted database of N
items. Grover’s algorithm provides a quadratic speedup over classical search algorithms,
making it one of the foundational quantum algorithms that demonstrates the potential
power of quantum computing. In the context of an unsorted database with N elements,
Grover’s algorithm can find the target element with a high probability using only
O(V/N) iterations, whereas a classical search algorithm would require O(N) iterations

on average to find the target element.
The main steps of Grover’s algorithm are as follows:

1. Initialization: Prepare an equal superposition of all possible computational basis

states using an n-qubit quantum register, where N = 2". This can be achieved
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by applying a Hadamard gate (H) to each qubit.

2. Oracle operation: Apply an oracle function (a unitary transformation) that flips
the sign of the amplitude of the state corresponding to the target element (also
known as the marked element). The oracle function encodes the problem-specific

information, and its design depends on the problem being solved.

3. Diffusion operation (amplitude amplification): Perform an operation that am-
plifies the amplitude of the target state while decreasing the amplitudes of the

other states. This is achieved using the following steps:
(a) Apply a Hadamard gate to each qubit.

(b) Apply a conditional phase shift, which flips the sign of the amplitude of

every state except the all-zero state |0...0).
(c) Apply a Hadamard gate to each qubit again.

4. Iteration: Repeat steps 2 and 3 approximately v N times to maximize the
probability of measuring the target state. The exact number of iterations
for optimal probability depends on the problem and can be estimated using

techniques such as the Grover iterate.

5. Measurement: Measure the quantum register in the computational basis. The

measured state with the highest probability will correspond to the target element.

Bernstein-Vazirani algorithm

The Bernstein-Vazirani algorithm is a quantum algorithm that solves a classical
problem of determining the hidden bit string in a black box function. The algorithm
was developed by Ethan Bernstein and Umesh Vazirani in 1993 and has important

implications for cryptography and other areas of computer science.

The problem addressed by the algorithm is as follows: Suppose there is a black box
function f(x) that takes as input a binary string x of length n and returns a single bit,
either 0 or 1. The function is implemented in such a way that the output is equal to
the inner product of x and a hidden binary string s of length n, modulo 2, i.e., f(x) =
sx mod 2, where sx represents the inner product of s and x. The goal of the problem
is to determine the hidden bit string s using the minimum possible number of queries
to the function f(x).

The Bernstein-Vazirani algorithm solves this problem using a quantum computer. It

prepares a superposition of all possible input strings using a series of Hadamard gates,
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applies the black box function f(x), and measures the output. The algorithm then
applies another set of Hadamard gates to the input qubits, which allows it to extract
the hidden bit string s with high probability using a single query to the black box

function.

The key insight behind the algorithm is that the Hadamard gates create a superposition
of all possible input strings, which allows the algorithm to extract information about
the hidden bit string s from a single query to the black box function. By contrast, a
classical computer would need to query the function multiple times to extract this

information.

The Bernstein-Vazirani algorithm has important implications for cryptography, where
it can be used to break certain types of classical encryption schemes, such as the
one-time pad. It also has implications for optimization and machine learning, where it

can be used to speed up certain types of calculations.

Simon’s algorithm

Simon’s algorithm is a quantum algorithm developed by Daniel Simon in 1994 that
solves a classical problem in computational complexity theory known as the Simon
problem. The problem involves finding a hidden period of a black box function, which

has important implications for cryptography and other areas of computer science.

The Simon problem is as follows: Suppose there is a black box function f(x) that takes
as input a binary string x of length n and returns a binary string of length n, such
that f(x) = f(y) if and only if y = = @ s, where s is a fixed, unknown binary string of
length n/2; and @ denotes bitwise XOR. The goal of the problem is to determine the

hidden string s using the minimum possible number of queries to the function f(x).

Simon’s algorithm solves this problem using a quantum computer. It prepares a
superposition of all possible input strings using a series of Hadamard gates, applies
the black box function f(x), and measures the output. The algorithm then applies a
quantum Fourier transform to the measured output to extract information about the

hidden string s.

The key insight behind the algorithm is that the superposition of all possible input
strings can be used to obtain linearly independent equations that involve the hidden
string s. By applying the quantum Fourier transform to these equations, the algorithm
can extract information about the hidden string s with high probability using a

polynomial number of queries to the black box function.
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The Simon algorithm has important implications for cryptography, where it can be
used to break certain types of classical encryption schemes, such as the ones based on
the discrete logarithm problem and the elliptic curve discrete logarithm problem. It
also has implications for quantum computing, where it can be used as a subroutine in

other quantum algorithms, such as Shor’s algorithm for factoring large numbers.

Quantum Fourier transform(QFT)

The Quantum Fourier Transform (QFT) is the quantum analogue of the classical
Discrete Fourier Transform (DFT). It is an essential subroutine in many quantum
algorithms, such as Shor’s algorithm for factoring large numbers and quantum phase
estimation. The QFT allows for the efficient transformation of a quantum state from

one basis to another, namely from the computational basis to the Fourier basis.

Mathematically, the QFT is defined as a unitary transformation that maps an n-qubit

computational basis state |z) to the Fourier basis state as follows:
| Nl
FT|z) = — ) ¥m@u/N gy, A2
QFTle) = 72 3 el (A2

where N = 2" and z,y are integers between 0 and N — 1.

The QFT is performed using a combination of Hadamard gates (H) and controlled
phase rotation gates, which are applied to the n qubits in a specific order. The circuit

implementation of QFT can be expressed as:
1. Apply a Hadamard gate to the first qubit.

2. Apply controlled phase rotation gates to the first qubit, with each subsequent
qubit acting as a control qubit and with phase angles of 7/2, 7/4, /8, ..., 7 /2"~ 1)

respectively.

3. Repeat steps 1-2 for each remaining qubit, but reduce the number of phase

rotation gates applied by one for each successive qubit.

4. Perform a swap operation on the qubits at opposite ends of the register and
work inwards, swapping qubits until the center of the register is reached (this

step is required to reverse the order of the qubits).

5. The QFT circuit has a complexity of O(n?) quantum gates, which is significantly
faster than the classical DFT, which has a complexity of O(nlogn) using the
Fast Fourier Transform (FFT) algorithm.
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The QFT is a fundamental building block of many quantum algorithms and is an
essential tool for quantum computing and quantum information processing. It enables
the efficient manipulation of quantum states and has important implications for the

development of practical quantum technologies.

Shor’s algorithm

Shor’s algorithm [Sho94] is a quantum algorithm that is used to factor large numbers
efficiently. It was developed by mathematician Peter Shor in 1994 and has important

implications for cryptography and other areas of computer science.

The problem of factoring large numbers is considered to be difficult for classical
computers, as the time required to factor a number using the best known classical
algorithms increases exponentially with the size of the number. Shor’s algorithm uses

a quantum computer to factor large numbers efficiently in polynomial time.

The algorithm works by first preparing a superposition of all possible values of the
number to be factored using quantum parallelism. This is done using a quantum
Fourier transform, which is a key component of many quantum algorithms. The
algorithm then applies a modular exponentiation function to the superposition state,

which is designed to extract information about the factors of the number.

The information obtained from the modular exponentiation is then used to find
the factors of the number using a classical algorithm called the continued fractions
algorithm. The continued fractions algorithm is used to find the factors by solving
a set of linear equations that are derived from the information obtained from the

modular exponentiation.

Shor’s algorithm has important implications for cryptography, as it can be used to
break certain types of classical encryption schemes, such as the ones based on the RSA
algorithm. It also has implications for quantum computing, where it can be used as a
subroutine in other quantum algorithms, such as quantum simulations and quantum

chemistry.

One of the main challenges in implementing Shor’s algorithm is the requirement for a
large number of qubits and the need for error correction to maintain the coherence of
the quantum states. However, advances in quantum hardware and error correction
techniques have made it possible to implement the algorithm on small-scale quantum

computers.
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HHL algorithm

The HHL algorithm [HHL09], named after its creators Harrow, Hassidim, and Lloyd,
is a quantum algorithm designed to solve systems of linear equations efficiently. The
HHL algorithm can be applied to various problems, such as optimization, machine

learning, and data processing, where solving linear systems is a core component.

The problem of solving linear systems of equations is considered to be an important
problem in computational science and engineering, with many applications in areas
such as signal processing, machine learning, and physics. The traditional classical
algorithms for solving linear systems of equations have a runtime that is at least
quadratic in the size of the system, which makes them impractical for large-scale

problems.

The HHL algorithm is a quantum algorithm that can solve linear systems of equations
efficiently using a quantum computer. The algorithm works by encoding the matrix
A and the vector b into quantum states and then performing a series of quantum

operations to solve for the unknown vector x.

The algorithm works by first preparing a quantum state that encodes the matrix A
and the vector b. The quantum state is then manipulated using a set of quantum
gates to obtain a state that encodes the solution vector x. The quantum gates used in
the algorithm include quantum phase estimation, quantum linear systems solving, and

quantum measurements.

The HHL algorithm has important implications for quantum machine learning and
quantum optimization, where solving linear systems of equations is a fundamental
problem. However, the algorithm is currently limited by the need for a large number
of qubits and the need for error correction to maintain the coherence of the quantum
states. Nevertheless, the algorithm is an important step towards the development of

practical quantum computing technologies.

Variational quantum eigensolver

The Variational Quantum Eigensolver (VQE) is a quantum algorithm that is used to
find the ground state energy of a given molecule. The ground state energy is the lowest
possible energy state of a molecule, and it is an important quantity in chemistry, as it

provides information about the stability and properties of the molecule.

VQE is a hybrid algorithm that combines classical and quantum computing. The
algorithm works by first encoding the problem of finding the ground state energy of
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a molecule into a quantum circuit. This circuit is then run on a quantum computer,

which produces an output state that approximates the ground state of the molecule.

The output state is then measured, and the resulting measurements are used to
compute an estimate of the energy of the molecule. This energy estimate is then fed
back into the circuit, which is updated to produce a new output state that is closer
to the true ground state energy. This process is repeated until the energy estimate
converges to a minimum value, which corresponds to the ground state energy of the

molecule.

The VQE algorithm is a powerful tool for studying molecular properties because it can
be used to find the ground state energy of molecules that are too large to simulate using
classical computers. Additionally, VQE can be adapted to solve optimization problems
by constructing a Hamiltonian that represents the cost function of the problem. By
finding the ground state energy of this Hamiltonian, VQE essentially finds the optimal
solution to the optimization problem [MBB™18]. VQE can be used to compute the
kernel matrix in quantum machine learning algorithms based on kernel methods, such
as support vector machines or kernel ridge regression. By constructing a Hamiltonian
that represents the inner products of data points in a high-dimensional feature space,
VQE can be used to estimate the kernel matrix elements efficiently. VQE is also proven

to be capable of performing quantum search |Liu23].

Quantum approximate optimization algorithm (QAOA)

The Quantum Approximate Optimization Algorithm (QAOA) is a quantum algorithm
for solving combinatorial optimization problems. It was introduced by Farhi, Goldstone,
and Gutmann in 2014.

Combinatorial optimization problems are those where the objective is to find the
optimal combination of variables that satisfy certain constraints. Examples of such

problems include the traveling salesman problem and the max-cut problem.

The QAOA algorithm is designed to solve such problems by mapping them to a
Hamiltonian, which is a mathematical representation of the energy of a quantum
system. The Hamiltonian is constructed using a set of objective and constraint

functions that describe the problem.

The algorithm then applies a sequence of quantum gates to the quantum state of the
system, which evolves the system towards the ground state of the Hamiltonian. The

ground state of the Hamiltonian corresponds to the optimal solution of the original
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combinatorial optimization problem.

The QAOA algorithm is a hybrid algorithm, meaning that it combines classical and
quantum computations. The classical part of the algorithm involves optimizing the
parameters of the quantum gates in order to minimize the energy of the system. This

optimization problem can be solved using classical optimization algorithms.

The QAOA algorithm has important implications for a wide range of applications in
areas such as finance, logistics, and transportation. However, the algorithm is currently
limited by the need for a large number of qubits and the need for error correction
to maintain the coherence of the quantum states. Nevertheless, the algorithm is an

important step towards the development of practical quantum computing technologies.
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