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In this paper, we systematically investigate the
stability of an axisymmetric shell and the snap-
through eversion induced by indentation through a
discrete numerical approach. To capture the intricate
interplay between the geometric and boundary
nonlinearities during contact actuation, we employ
the discrete axisymmetric shell model accompanied
by the incremental potential formulation for our
analysis. Our results reveal that the indentation
response of a spherical shell can be classified
into three groups, i.e. monotonous, monostable
and bistable behaviours, whose boundaries can be
characterized by a simple scaling law. We further
discover that, for bistable shells, the snap-through
eversion happens at a critical state where the
configurations are universal, which is independent of
the indenter size and can be captured by a simple
geometric model. One interesting prediction of our
model is that, with increasing indenter size, the
contact state between the shell and indenter changes
from conformal contact to partial separation, which
is validated by a finite element method simulation.
Our findings may provide explanations for some
biophysical phenomena (e.g. cell fusion) and can also
guide optimal designs of intelligent structures (e.g.
soft actuators and soft robots).
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1. Introduction
Axisymmetric shell structures are prevalent in many areas, ranging from fruit skins and
biological vesicles in nature, to engineered structures such as submarines, biomedical devices
and space capsules [1]. Study of their mechanical behaviours is essential for their applications
[2]. Especially, predicting the ways these shells deform and fail under various loading is key to
ensuring their intended functionalities and safety.

The stability of shell structures has been a significant focus for many decades due to its
critical importance across a broad spectrum of engineering applications. This importance is
particularly noted in shell design and construction [3]. Based on their stability, shell structures
exhibit varying mechanical behaviours and offer potential for diverse applications. For instance,
bistable shells have been utilized to develop innovative structures with new functionalities [4,5],
such as nonlinear mechanical responses [6], shape-morphing [7,8] and pattern formation [9,10].
Specifically, a key phenomenon in bistable shells is snap-through (or ‘snapping’) instability,
that is the sudden transition from one equilibrium state to another [3]. This instability occurs
in various scenarios, including, e.g. during the abrupt closure of Venus flytrap leaves [11] and
pneumatic-actuated soft jumping robots [12]. Snap-through of shells can be triggered through
different stimuli, including indentation [13–16], pressure [9,10,12], magnetic actuation [17,18],
chemical diffusion [19], strain mismatch [20] and mechanical contact [21], etc. In recent years,
there has been growing interest in exploring snap-through instabilities due to their significant
potential for applications such as robotic actuation [12,22].

Despite the distinct advantages offered by shell snapping, its underlying mechanisms
remain largely unexplored, particularly in scenarios involving geometric and boundary
nonlinearities. Over the past decades, the critical conditions for buckling have been delinea-
ted through shell theory [23–26], including instances with geometric imperfections [24,27–29].
Furthermore, the rate-dependent buckling behaviours of viscoelastic shells have also been
examined [30–33]. However, most shell theories rely on the premises of small strain and
moderate rotation [34], assumptions that are invalid in cases of shell snapping or eversion,
where large strain and rotation are present as the shells turn inside-out. Additionally, directly
solving the ordinary differential equations (ODEs) of shell theory through functional variation
proves to be complex or even unfeasible, particularly when the shell faces intricate loading
conditions such as nonlinear contact indentation. While the finite element method (FEM) can
accommodate large deformations and finite rotations with its geometrically nonlinear formu-
lation [3,6,12,20,23,35,36,36–38], the method’s significant computational demand hinders its
applicability for large-scale numerical exploration.

Recently, benefiting from advancements in discrete differential geometry (DDG) theory, a
new numerical framework has emerged. Initially employed in computer graphics, the DDG-
based method has recently been applied to the structural analysis of mechanical systems,
particularly for slender elastic structures such as rods and shells [39–41]. This approach
is valued for its computational efficiency and numerical robustness [42]. Due to its physi-
cal accuracy, numerical robustness and computational efficiency in handling geometrically
nonlinear deformations, the DDG-based method is naturally suited for the simulation of
thin elastic structures. Moreover, the node-based formulation in DDG can easily deal with
complex interactions with the external environment, e.g. frictional contact, fluid–structure
interactions and multi-physical actuations, which would be hard for traditional finite element-
based methods. Recently, a novel, DDG-based one-dimensional discrete axisymmetric model
has been developed and has shown extraordinary performance in simulating the thin elastic
shell undergoing large deformation, contact indention and magnetic actuation [43]. Here, we
employ this newly developed numerical framework to systematically investigate the stability
and snap-through eversion of an axisymmetric shell under contact indention.

In this study, we first focus on the mechanical response and stabilities of an axisymmetric
shell under point indentation. We further explore the snap-through inversion of spherical shells
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when indented by a rigid spherical indenter. We then examine two extreme cases of point
loading (where the rigid spherical indenter is assumed to have a radius of zero) and plate
loading (where the indenter is considered to have an infinite radius), and aim to bridge the gap
between them to provide a comprehensive understanding of the contact-induced snap-through
in an axisymmetric shell. We also carried out FEM simulations to validate the analysis derived
from the discrete model.

This paper is organized as follows. In §2, we describe the problem set-up. In §3, we
introduce the discrete numerical model, including the incremental potential contact method. In
§4, the phenomenon of contact-induced shell snapping is systematically investigated. The paper
concludes with remarks and potential directions for future research in §5. The one-dimensional
symmetric FEM simulations and three-dimensional full-scale FEM simulations for validation
are presented in appendix A and appendix B, respectively.

2. Problem set-up
Referring to figure 1a, we consider a spherical shell subjected to indentation by a rigid spherical

indenter. The shell has a radius R, the meridional range angle is ϕ ∈ [ϕ̂, π/2) and the spherical
indenter has a radius of r. The external compressive force was denoted as F. To allow the shell
eversion, we use a sliding boundary condition at the bottom, i.e. the first node at the shell

bottom is fixed along the Ẑ direction but is free to move along the R̂ direction. Due to the
boundary nonlinear contact (the boundary condition will change due to contact and thus needs
to be updated during loading) between the rigid indenter and flexible shell, the system would
experience a nonlinear deformation when the indenter was compressed (figure 1b) and when
the compressive distance is beyond a threshold, the system would undergo a sudden change,
which is known as shell eversion (i.e. snap-through buckling), see figure 1c. In the following
sections, we employ a discrete numerical framework to investigate the nonlinear deformation of
the axisymmetric shell and the associated contact-induced snap-through behaviours.

3. Numerical model
In this section, we discuss the numerical framework for the nonlinear mechanics analysis of
an axisymmetric shell under contact indentation. The geometrically nonlinear deformation of
an axisymmetric shell is formulated based on DDG theory [43], and the contact between the
non-penetration contact is achieved by the incremental potential method [44]. The nonlinear
system is numerically solved by the Newton–Raphson method, as described in Huang et al. [45].

(a) One-dimensional discrete shell model
The one-dimensional discrete shell model introduced in Huang et al. [43] will be utilized for
analysing shell deformation and eversion as follows.

Degrees of freedom. Referring to figure 2a,b, due to the axisymmetric constraint, the
three-dimensional problem considered in the current study can be simplified into a one-dimen-

sional system in the R̂ − Ẑ plane. First, a curvilinear coordinate, s = x(r, z) ∈ R2, is used to

describe the configuration of a rotational symmetric three-dimensional shell system. Next, the
one-dimensional curved contour is discretized into N nodes, such that rise to a vector 2N-sized
degrees of freedom vector,

(3.1)qs = [x0,x1, . . . ,xi, . . . ,xN − 1],
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where xi ≡ [ri, zi]. The edge vector between two consecutive nodes is,

(3.2)ei = xi + 1 − xi,

F

r

R

R̂

φ̂Ẑ

Set-up Deformation Snap

(a) (b) (c)

Figure 1. Schematic for the snap-through buckling of a spherical shell under indentation by a rigid spherical indenter. (a)
Set-up of the system. (b) Indentation-induced deformation of the shell. (c) Eversion of the shell after snap.

Ẑ

ẐẐ

R̂

R̂R̂

φ̂

xb

xi

x0

xN–1

dN–2

dN–1
xi–1

xi

xi+1

ξi

R

π
2
– ηi

(a) (b)

(c) (d)

Figure 2. Basic set up of the one-dimensional discrete shell model for an axisymmetric shell: (a) Three-dimensional view
of the deformation of axisymmetric shell (blue) under loading along its symmetry axis through a rigid spherical indenter
(red). (b) Two-dimensional projection of the deformed shell, in which the blue line represents the deformed shell, the red

half-circle represents the outer surface of the rigid indenter. The Z^-axis is the symmetry axis of the shell whereas R^-axis
is in the radial direction. The shell contour is discretized into N − 1 elements with N  nodes from x0 to xN − 1. (c) Typical
(i − 1)-th and i-th elements depicting their location π/2 − ηi and the relative rotation ξi. (d) The method to calculate the
distance between the boundary of spherical indenter and the shell element.
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and its tangent vector and normal vector can be formulated as:

(3.3)ti = eili and ni ⋅ ti = 0,

where li = ei  is its length. To follow the convention, we use subscripts to denote quantities
associated with the nodes and superscripts when associated with edges. Also, the average is
used to transfer the node-based quantity to the edge-based quantity, e.g. the radius of i-th edge
is denoted as:

(3.4)ri = 1
2(ri + ri + 1),

and the Voronoi length associated with the i-th node is given by:

(3.5)li = 1
2(li − 1 + li) .

Discrete strains. We next formulate the discrete macro strains (stretching strains and bending
curvatures) for the one-dimensional discrete shell system. The stretching strain of i-th edge
along the meridional direction is straightforward,

(3.6)ϵ11
i = lil̄ i − 1,

and the stretching strain of i-th edge along the circumferential is related to the expansion of the
circle,

(3.7)ϵ22
i = rir̄i − 1.

The coupling between the meridional direction and the circumferential direction for shearing is
zero, i.e.

(3.8)ϵ12
i = ϵ21

i = 0.

The bending curvature at a material point i has two components: (i) the curvature along the
meridional direction and (ii) the curvature perpendicular to the meridional direction. The
curvature along the meridional direction is identical to the curvature formulation of a planar
beam, i.e. is related to the relative positions of the three consecutive nodes,

(3.9)κ11, i =
2tan(ξi/2)li ,

where ξi is the turning angle between the three consecutive nodes (figure 2c); the one perpen-
dicular to the meridional direction is determined by the change of direction of the surface
normal, as:

(3.10)κ22, i =
cos(ηi)ri ,

where ηi is the orientation angle, which is evaluated by the surface normal vector, ni, and the R
axis, as displayed in figure 2c. Similarly, the coupling between the meridional direction and the
circumferential direction for bending is zero, i.e.

(3.11)κ12, i = κ21, i = 0.

Discrete energies. Based on the Kirchhoff–Love hypothesis, the total elastic energy of an
axisymmetric shell in discrete form is the sum of stretching and bending energies, as:
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(3.12)W e = ∑i = 0

N − 2
π r̄i (Si ⋅ Ds ⋅ Si) l̄ i + ∑i = 1

N − 2
π r̄i (Bi ⋅ Db ⋅ Bi) l̄ i,

where the discrete local strain tensors are:

(3.13)
Si =

ϵ11
i ϵ12

i
ϵ21
i ϵ22

i and Bi =
κ11, i − κ̄11, i κ12, i − κ̄12, iκ21, i − κ̄21, i κ22, i − κ̄22, i ,

where κ‾ is the curvature of the shell in the undeformed configuration, and the stiffness tensors
are (with Young’s modulus E, Poisson’s ratio ν and shell thickness ℎ):

(3.14)
Ds = Eℎ

1 − ν2
1 νν 1

and Db = Eℎ3

12(1 − ν2)
1 νν 1

.

Here, a linear elastic constitutive law is used to reduce the model from three dimensions to
one dimension, and the three-dimensional shell with no homogeneous constitutive law can
be found in Liu et al. [46]. Also, as the thin shell with a small thickness-to-radius ratio is
considered, the physical strains are of the order of ℎ/R and are generally small, such that the
linear elastic constitutive model can be a good approximation.

(b) Incremental potential contact method
Here, we review the incremental potential formulation [44] for contact between a spherical
indenter and the axisymmetric shell. The spherical indenter of size r is located at xb. The
minimum distance between the i-th node and the spherical indenter is denoted as:

(3.15)di = xi − xb − r,
referring to figure 2d. To achieve a non-penetration condition between the rigid indenter and a
flexible shell, i.e. di > 0, we employ an incremental potential between the approaching elements
[47]. A smooth log-barrier potential Uic with C2 continuity is employed when the i-th node is
within a critical distance with the rigid surface [47]:

(3.16)
Wic =

−Kc (di − d̂)2 log(di/d̂) when 0 ≤ di < d̂ ,

0 when di ≥ d̂ ,

where di is the minimum distance between i-th node and the target object, d̂  is the barrier
parameter and Kc is the contact stiffness. The log-barrier energy is zero when the distance is

larger than d̂ , and the repulsive interaction gradually increases as the distance decreases withind̂ . The repulsive cost goes to infinite if di approaches zero. The total contact potential is the sum
of all contact elements,

(3.17)W c = ∑i ∈ CWic with 0 ≤ di < d̂ ,

where C are the set of contact primitives.

(c) Numerical solver
Finally, we formulate the discrete equations of motion of an indenter-shell system. The total
degrees of freedom vector is the sum of nodes on the shell and the position of an indenter,

(3.18)q = [qs,xb],
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and we use the principle of virtual work to determine the governing equations for the nonlinear
system,

(3.19)δW e + δW c − δWext = 0,

where Wext is the work from the external actuation. With the principle of virtual work, we can
find the global residual vector,

(3.20)R = ∂W e
∂q + ∂W c

∂q − ∂Wext

∂q ,

and the system is in equilibrium when the residual vector is zero,

(3.21)R = 0 .

We use gradient descent to iteratively optimize the discrete system until the relative error is
with the tolerance [45]. Also, to deal with the discontinuous fold point that is associated with
snap-through, the inertial and damping terms are included in the discrete system, known as the
dynamic relaxation method. It is worth noting that we use Mathematica symbolic manipula-
tion to derive the closed-form formulations of the gradient vectors and the Hessian matrices of
the discrete potentials, such that our numerical solver is fully implicit.

4. Results
In this section, we present the findings from our numerical exploration. We first discuss the
mechanics of a spherical shell under point indentation, and next extend to the contact-induced
indention by a rigid spherical indenter with finite radius. A simple geometric model for the
contact-induced indention is later formulated. Finally, we bridge the gap between the point-loa-
ded snapping and the plate-loaded snapping of a bistable axisymmetric shell.

(a) Shell mechanics under point indentation
We first examine the nonlinear mechanical response of a spherical shell under a concentrated
load at the pole (inset of figure 3a), during which the spherical indenter is assumed to be a
single point. The mechanics of a spherical shell is determined by its material properties as well

as geometric parameters, including meridional angle, ϕ̂ and normalized shell thickness, ℎ/R
[3,7]. We use shell radius R = 1.0 m, Young’s modulus E = 1 MPa and Poisson’s ratio ν = 0.5,
and the resulting bending rigidity D = Eℎ3/12(1 − ν2). The shell contour is discretized along its
meridional direction into N = 200 nodes and the relative tolerance error for the stop is 1e − 6. To
achieve the shell eversion, we use an axisymmetric condition at the top and a sliding boundary
condition at the bottom.

Figure 3a shows the normalized force, Fℎ/2πD, as a function of relative midpoint displace-

ment, w/R, at various meridional angles ϕ̂ and ℎ/R = 0.02. For deep shells with ϕ̂ < 1.1, bistable

behaviour is observed with a minimum load below zero. At ϕ̂ > 1.1, the shell behaviour
transitions from bistable to monostable, with a local load minimum above zero. At a very large

meridional angle, e.g. ϕ̂ = 1.3, the normalized force increases monotonically without snap-
through behaviour. Figure 3b shows the force–displacement relations with different normalized

shell thickness, ℎ/R, ranging from 0.01 to 0.08 at a given meridional angle, ϕ̂ = 1.0. Similarly, the
force–displacement curves exhibit bistable, monostable and monotonic behaviours of the shell
with increasing ℎ/R.
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To highlight the differences between a deeper shell and a shallower shell, we present the
loading and unloading processes of the spherical shell. Figure 4a,b show the relationship
between the normalized force and the normalized pole displacement of monostable and bistable
shells, respectively, for both the loading (solid red curve) and the unloading (dashed blue
line) cases, in which the shell thickness is fixed as ℎ/R = 0.02, and the meridional angles are

ϕ̂ = 0.8 and 1.2, respectively. The associated configuration evaluations are also given as the
zoom-in figures in figure 4. We can see the force–displacement responses during the loading
and unloading processes are different for the two shells. For the shallow shell, i.e. the shell with

ϕ̂ = 1.2, the loading and unloading curves are fully overlapped, while the significant hysteresis

behaviour can be found for the deep shell (ϕ̂ = 0.8).
The effects of geometric parameters on shell mechanics can be systematically presented by

a phase diagram shown in figure 5. By sweeping the parameter space, a phase diagram can

be constructed as in figure 5b, in which the ϕ̂ - ℎ/R space is divided into three regions, i.e.
bistable (red), monostable (blue) and monotonic (green) regions. Note that here we employ a
displacement boundary condition, i.e. the pole is manually moved from top to bottom, such
that the negative force may be achievable during loading. The three states are classified based
on the force–displacement curve, i.e. (i) monotonous is when the force always increases with
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Figure 3. Dependence of the normalized reaction force on the indenter, Fℎ/2πD, as a function of the normalized relative
midpoint displacement, w/R, for a spherical shell with different geometric parameters: (a) with fixed shell thickness ofℎ/R = 0.02 and different meridional angles in the range of ϕ^ ∈ [0.6, 1.3]; (b) with fixed meridional angle of ϕ^ = 1.0
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increasing displacement, (ii) monostable is when the force may decrease as the displacement
increases, but the force is always positive, and (iii) bistable is that the force can be negative
during the displacement loading.

The two cases depicted in figure 5a (which are also the cases presented in figure 4) are
labelled in the phase diagram. It is interesting to see that the boundaries separating different
zones in the phase diagram can be accurately captured by the relationship derived based on the
ratio between the bending and stretching energy of the shell [3,7], given by:

(4.1)ℎR = 1λd 12(1 − ν2) (π
2 − ϕ̂)2,

φ = 1.2, h / R = 0.02,ˆ

φ = 0.8, h / R = 0.02,ˆ
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Figure 5. Three characteristic snap-through behaviours of a spherical shell. (a) Configurations of a (i) monostable and (ii)
bistable shell. (b) Phase diagram of the stability in the space of ℎ/R - ϕ~: monotonous (green), monostable (blue) and
bistable (red). Note that the deformed configuration in (i) is randomly selected and is not equilibrium, while the shape in (ii)
is within the equilibrium.
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where λd is a dimensionless fitting parameter, and λd = 5.65 gives rise to the boundary between
the bistable phase and monostable phase that is consistent with the result from Taffetani et
al. [3]. In Taffetani et al. [3], the diagram for a shell cap was divided into two phases: (i)
monostable and (ii) bistable, and the boundary is due to the ratio between the bending energy
and stretching energy, and is by equation (4.1) with λd = 5.65. Our result is consistent with this
finding, i.e. the boundary between monostable and bistable regions in the current study follows
the same equation with λd = 5.7. Moreover, we here find one more phase, monotonous, and
the boundary between the monostable and monotonous regions is also accurately described by
equation (4.1) with λd = 3.65.

(b) Shell snapping under contact indentation
We now turn our attention to the snap-through behaviour of axisymmetric spherical shells
under indentation by a rigid spherical indenter (inset in figure 6a), where the boundary
nonlinear contact is involved. With our model, it is straightforward to incorporate the indenter

wb / R = 0.00

r / R = 0.5

r / R = 0.8

r / R = 1.1

wb / R = 0.15 wb / R = wb
s / R snap

(i) (ii) (iii) (iv)

(i) (ii) (iii) (iv)

(i) (ii) (iii) (iv)

(a)

(b)

(c)

Figure 7. Configurations of a spherical shell under indentation by a rigid spherical indenter. (a) r/R = 0.5. (b) r/R = 0.8.
(c) r/R = 1.1. The indentation depth is increasing from (i) to (iv). Note that the configurations in column (iii) are the critical
snapping state.
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shape with a contact model to study the contact-induced snapping of a spherical shell. The
radius of the rigid spherical indenter is taken to be r, the spherical shell has a radius R, thick-

ness ℎ, meridional angle ϕ̂, Young’s modulus E and Poisson’s ratio ν. The contact interface is

assumed to be friction-free, and the contact parameters are Kc = 1e8 Pa and d̂ = 1e − 3 m after a
convergence study. Again, the shell contour is discretized into N = 200 nodes, and an axisym-
metric condition at the top and a sliding boundary condition at the bottom are employed.

For this contact problem, the mechanical response of the shell is nonlinear. The indentation
force F can be calculated for the given displacement of the indenter, wb. As wb increases, the
shape of the shell evolves until wb reaches a critical value, at which the spherical shell would
suddenly evert and snap to another equilibrium configuration.

Figure 6a shows the normalized reaction force, FR/2πD, as a function of the normalized

indentation displacement, wb/R. In these simulations, the meridional angle ϕ̂ = 0.8, the shell
thickness ℎ/R = 0.02 and a range of indenter sizes r/R ∈ [0.1, 2.0] are considered. For all values
of r/R, when the force reaches zero, which occurs at a critical displacement wbc, the shell
suddenly snaps and transitions to another equilibrium configuration. This transition occurs
at a critical displacement, denoted as wbc. When the indenter size is small compared with
the shell radius (e.g. r/R < 0.8), the critical displacement is constant and independent of the
indenter size. However, when the indenter size exceeds a critical value (e.g. r/R > 0.9), the
critical displacement decreases with increasing r/R. Figure 6b shows, on the left side (blue), the
critical indentation displacement wbc as a function of the corresponding indenter size r/R, clearly
exhibiting a transition highlighted by the vertical dashed line.

To gain deeper physical insights, we illustrate the shape evolution of the deformed shells
under the compression by spherical indenter in figure 7, in which three characteristic cases with
different indenter sizes (i.e. r/R = 0.5, 0.8 and 1.1) are highlighted. We observe that the indenter
size plays an important role in the shell behaviour. When the indenter radius is small (case withr/R = 0.5, figure 7a), the shell pole always remains in contact with the indenter until snapping.
However, for larger indenters (case with r/R = 1.1, figure 7c), the shell pole detaches from the
indenter upon reaching a certain indentation displacement before snapping. This detachment
is accompanied by the change of the contact point from the pole towards the outer edge. The
case with r/R = 0.8 (figure 7b) shows a peculiar situation where the shell pole slightly detaches,
then comes back into contact before snapping. Intuitively, we recognize that the limiting case
must be true, i.e. for an indenter of infinite radius of curvature (flat punch), it is much more
likely that detachment between the shell pole and the indenter would occur before snapping.
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Our quantitative study here provides a detailed characterization of this phenomenon. We plot
the separation distance between the shell pole and the indenter tip (ΔH) in figure 6b (see the
red curve) as a function of the normalized indenter size (r/R). It is clear that the critical indenter
size causing the transition in behaviour for both wbc/R and ΔH coincide, providing evidence that
such transition is attributed to the detachment between the indenter and the spherical shell at
the snapping point. Three-dimensional FEM analysis using ABAQUS for both frictional and
frictionless contact is also carried out for cross-validation. Details of the FEM model can be
found in appendix A.

For bistable shells, figure 8a shows the normalized curvature at the pole, κpR, as a function
of the normalized indentation displacement, wb/R for different indenter size. It shows that the
pole curvature varies significantly during indentation, but reaches the same value at snapping.
Figure 8b shows the detach distance between the shell pole and the indenter, ΔH/R, as a
function of displacement, wb/R for different indenter sizes. It confirms that, depending on the
size of the indenter, there are three contacting modes before snapping: (i) continuous contact
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(r/R ≤ 0.5), (ii) contact followed by detachment and then recontact (0.6 ≤ r/R ≤ 0.8), and (iii)
contact followed by detachment (r/R ≥ 0.9).

Interestingly, for a shell with prescribed meridional angle, ϕ̂, and relative thickness, ℎ/R, its
critical pole position and deformed shape at snapping are identical for different sizes of the
indenter. This similarity arises because, at the snapping point, the externally applied force is
zero, making the configuration independent of contact position and contact force. Instead, it is
intrinsically determined by the shell itself.

(c) Geometric analysis for the contact-induced snapping
We also examine the underlying reason for the critical indenter size that marks the transition
in snapping displacement in figure 6b. Since the shape of the shells at the snapping point
is universal and independent of the indenter size, we can expect the critical condition for
snapping to be purely geometric. Therefore, a simple geometrical model can be constructed
for the analysis of contact-induced snapping. Figures 6b and 7 show that the difference
between the constant critical indentation regime and the decaying regime is the contact point
at snapping, i.e. changing from full contact (e.g. figure 7a(iii),b(iii)) to partially detach (figure
7c(iii)). This geometric feature is depicted by the inset in figure 9a; because the configuration
of the deformed shell at the critical snapping point is known and universal, we can compute
its rotation orientation and the associated perpendicular line for any given point; then, its
intersection with the vertical axis is defined as the circle centre, and the corresponding radiusr~ and height ℎ~ can be easily determined based on geometric analysis. In figure 9a, we plot
the relative distance between the circle radius and its centre height, r~ − ℎ~, as a function of
the shell arc-length parameter, s, which is starting from the shell pole. The illustration of the
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corresponding geometric relation for four different states (marked by symbols in figure 9a) is
also given in figure 9b. If r~ − ℎ~ > 0 (i.e. case ii–ii), the indenter would penetrate the shell, which
is physically impossible, such that the indenter can only make contact with the pole of the shell
by moving upwards slightly, and the loading curvature is identical to the point indention; on
the other side, once r~ − ℎ~ < 0 (i.e. case iv–iv), the indenter can contact the intermediate region
of the shell but stays separate from the pole point, and, as a result, a detached distance can
be found and the critical snapping point shows a variation compared with the ideal point
indention, in which the force can only be applied at its midpoint. Therefore, r~ − ℎ~ = 0 (corre-
sponding to the case of iii–iii) could be used as the criterion for judging the form of contact at
the critical snapping state, and consequently, the critical indenter size regarding the transition of
the critical indentation displacement can be determined.

Figure 10a presents the shape of shells with a fixed meridional angle ϕ̂ = 0.8 at snapping
for various thicknesses, ℎ/R ∈ [0.1, 0.4]. The dependence of the critical indenter size, rc/R, on
the shell thickness, ℎ/R, is shown in figure 10b, where both discrete simulations and geometric
analysis results are provided, showing quantitative agreement. Notably, the critical indenter
size exhibits an almost linear relationship with the shell thickness when the shell is thin (i.e.ℎ/R ≲ 0.035). This indicates that the thickness effect on the snapping behaviour of spherical
shells is linear, at least for small thicknesses.

On the other hand, the effect of the meridional angle of the shell, ϕ̂, on the critical indenter
size—see figure 11a, which shows the critical snapping configurations of the shells with a

fixed thickness, ℎ/R = 0.02—varies noticeably with the meridional angle, ϕ̂ ∈ [0.6, 1.0]. Similarly,
figure 11b shows the dependence of critical indenter size, rc/R, on the shell meridional angle,

ϕ̂, in which good agreement between the geometric analysis and our discrete simulation is

evident. Interestingly, even though the relationship between rc/R and ϕ̂ is nonlinear, we can

easily shift it to a linear relation if the critical indenter size is normalized by (1 − sin ϕ̂) (see
figure 11d), simply because the configurations of the shells with different meridional angles
show the self-similarity, which can be confirmed by normalizing the configuration at the R
direction by cos ϕ̂ and the Z direction by 1 − sin ϕ̂, respectively, as shown in figure 11c.

(d) From point indention to plate indention
All examples we have investigated so far involved finite indenter size. We now extend the
range of the indenter radius, r, to two extreme cases: the point indentation mode (r → 0)
and the flat plate indentation mode (r → ∞). The characteristic behaviours (the configuration
evolution) for these two extreme cases are illustrated in figure 12a,b, respectively, together with
the limiting critical indentation displacement and the limiting detachment distance bounding
the behaviours of the intermediate indenter size shown in figure 12c. Specifically, figure 12c(iii)
depicts the relationship between the normalized critical snapping displacement, ws/R, and the
relative indenter size, r/R, as shown by the solid lines, in which circles represent the cases with
varying finite indenter radius. It is clearly shown that those two extreme cases cover the upper
and lower bounds of the cases with finite indenter radius. Similarly, figure 12c(ii) shows the
dependence of the midpoint distance, ΔH/R, on the normalized indenter size, r/R, and again,
the upper and lower bounds for the cases with finite indenter radius are covered.
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5. Conclusion
In this paper, we investigate the contact-induced snap-through of an axisymmetric shell by
employing a recently developed order-reduced one-dimensional discrete model. Our numerical
framework is comprised of two components: (i) DDG-based method for the geometrically
nonlinear description of a rotational symmetric thin shell and (ii) incremental potential-based
formulation for the boundary nonlinear contact between a rigid indenter and a flexible shell.
The nonlinear system is later numerically solved by using the classical Newton–Raphson
method. With the help of our computationally efficient and numerically robust framework,
we find that the behaviour of thin spherical shells with different thicknesses and meridional
angles can be categorized into three groups: (i) monotonous, (ii) monostable, and (iii) bistable.
These different behaviours can apparently be uniquely characterized by the ratio of the shell’s
stretching energy to its bending energy, and by a simple scaling law that sets the boundaries
between different regimes. Furthermore, we demonstrate that even a seemingly simple problem
like spherical shells under a rigid spherical indenter loading exhibits interesting phenomena.
Our results show that the tip of the indenter is not always in contact with the pole of the
shell during deformation, but will create a gap when the radius of the rigid indenter is larger
than the threshold value, leading to decreasing critical everting displacement. We also discover
that, for bistable spherical shells, their deformed shape at the point of snapping is universal,
independent of the type of loading (e.g. point load or rigid indenters of different radii), and can
be captured by simple geometric analysis. We hope our findings can support the mechanical
analysis and design of shell structures in both natural environments and engineered systems,
e.g. cell fusion, tube necking and submarine collapsing.

Data accessibility. The code for the main paper are available at [48].
The code for the full three-dimensional FEM simulations is in Appendix B, which is modified from

another open source [49].
Declaration of AI use. We have not used AI-assisted technologies in creating this article.
Authors’ contributions. W.H.: conceptualization, formal analysis, investigation, methodology, software,
validation, visualization, writing—original draft; Z.L.: data curation, software, visualization, writing—
review and editing; M.L.: conceptualization, formal analysis, funding acquisition, investigation, methodol-
ogy, project administration, resources, supervision, writing—review and editing; K.J.H.: conceptualization,
formal analysis, funding acquisition, project administration, resources, supervision, writing—review and
editing.

All authors gave final approval for publication and agreed to be held accountable for the work
performed therein.
Conflict of interest declaration. We declare we have no competing interests.
Funding. W.H. acknowledges the financial support from the startup funding from Newcastle University.
M.L. acknowledges the startup funding from the University of Birmingham. K.J.H. acknowledges the
financial support from Nanyang Technological University, Singapore (Grant M4082428), and the Ministry of
Education, Singapore, under its Academic Research Fund Tier 3 (Grant MOE-MOET32022-0002).
Acknowledgements. We are grateful to Dominic Vella, Yuzhen Chen and Tianzhen Liu for their valuable
discussions, and to Peifei Xu for assistance with the FEM simulations.

Appendix A
The FEM simulation is applied to investigate the deformation mechanisms of spherical shells
under the indentation of rigid spherical indenter of different sizes. The obtained results are
compared with the discrete numerical model to verify the accuracy of the presented model. The
FEM model is the same as the model presented in Huang et al. [43]. The definitions for the
geometry and boundary conditions are identical to the main text. In addition, the models with
a frictionless surface (μf = 0.0) and a roughened surface (μf = 0.8) are simulated to examine the
effect of friction. We found no difference between the frictional and frictionless cases.
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Appendix B
In this appendix, we use full three-dimensional FEM simulations to validate our one-dimen-
sional symmetric simulation results [46]. Three-dimensional FEM simulations allow possible
non-axisymmetric deformation for axisymmetric shells under a point force at the pole. Figure
13 shows the normalized force, FR/2πD, as a function of normalized pole displacement, w/R,

for a shell with different configurations, ϕ̂ ∈ {0.6, 0.9, 1.2}, and the thickness-to-radius ratio is
fixed as ℎ/R = 0.02. Good agreement is obtained for shallow shells, while deviations occur as the
shell becomes deeper. The configuration evolution obtained from the three-dimensional FEM
simulations can be found in figure 14. Not surprisingly, the deformation mode for a shallow
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Figure 14. The configuration evolution of spherical shell cap under pole indention in three-dimensional FEM simulation.

(a) ϕ^ = 0.6. (b) ϕ^ = 0.9. (c) ϕ^ = 1.2. The thickness is ℎ/R = 0.02.
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shell is symmetric, while that for deeper shells may become non-axisymmetric, e.g. ϕ̂ = 0.6. In
three-dimensional FEM, we also observed that the final results were not sensitive to the initial
imperfection of the shell, mainly due to the sliding boundary condition at the bottom, which is
consistent with the existing study [50]. In the current study, we focus on shallow shells thus our

one-dimensional model (e.g. ϕ̂ > 0.9) is valid in this regime.
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