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Abstract

There are many application scenarios where we need to refine an

initial path lying on a surface to be as short as possible. A typical

way to solve this problem is to iteratively shorten one segment of the path at a time. As local approaches, they are conceptually
simple and easy to implement, but they converge slowly and have poor performance on large scale models. In this paper, we
develop an optimization driven approach to improve the performance of computing geodesic paths. We formulate the objective
function as the total length and adopt the L-BFGS solver to minimize it. Computational results show that our method converges
with super-linear rate, which significantly outperforms the existing methods. Moreover, our method is flexible to handle anisotropic
metric, non-uniform density function, as well as additional user-specified constraints, such as coplanar geodesics and equally-spaced
geodesic helical curves, which are challenging to the existing local methods.
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1 1. Introduction

2 Computing geodesic distances and paths is a fundamen-
s tal problem in computational geometry, and it plays an im-
4 portant role in a wide range of applications, including sam-
s pling [1], non-rigid registration [2], surface classification [3],
¢ geodesic Voronoi diagram [4, 5, 6], intrinsic Delaunay trian-
7 gulation [7], shape segmentation [8, 9], texture mapping [10],
s parameterization [11, 12], image segmentation [13], and many
s others. Since polygonal meshes are the dominant shape rep-
10 resentation scheme in computer graphics, solving the discrete
11 geodesic problem [14] draws much attention, where the goal is
12 to find the shortest path between two arbitrary points on a poly-
13 hedral surface. For many applications, the underlying mesh
12 may be also associated with non-uniform density, anisotropic
15 metric and user-specified geometric constraints.

16 There are two major classes of algorithms for computing
17 discrete geodesic paths. Starting from the source point, the
1 global methods propagate discrete wavefront across the faces
19 in a Dijkstra-like sweep until reaching the destination. Repre-
20 sentative works are the fast marching method [15], the Mitchell-
21 Mount-Papadimitriou (MMP) algorithm [16], the Chen-Han (CH)
22 algorithm [17] and their many variants [18, 19, 20, 21, 22, 23].
23 The global methods are able to find the globally shortest path,
2« however they are computationally expensive. The local meth-
25 ods [24, 25, 26], on the other hand, adopt a completely different
26 strategy. Starting from a given initial path connecting the two
27 endpoints, they iteratively shorten the path until it becomes a
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2s locally shortest geodesic. The local methods are easy to im-
2o plement, but they converge slowly and can find only the local
a3 optimal solution. It is worth noting that both the existing global
a1 and local methods are designed for meshes with Euclidean met-
a2 rics only, so they are not able to handle meshes with anisotropic
s metric and user-specified density function and/or constraints.
In this paper, we propose an optimization-driven approach
ss to tackle the above-mentioned challenges. We formulate the
s objective function using the total path length in terms of the
a7 intersection points on the edge sequence containing the path,
a8 SO that anisotropic metric, density function and constraints are
a0 naturally supported. Thanks to the closed-form formula of its
a0 gradient, we are able to adopt the L-BFGS solver [27] to mini-
1 mize the objective function, leading to empirically super-linear
a2 convergence rate. Our method works for both open and closed
a3 geodesic paths, and it is numerically stable so that the results are
a4 insensitive to mesh tessellation and resolution. We demonstrate
s its efficacy on meshes with anisotropic metric, non-uniform den-
46 sity and user-specified constraints, such as coplanar geodesics
+7 and equally-spaced geodesic helical curves. To our knowledge,
ss our method is the first one with all these features.

The remaining of the paper is organized as follows: Sec-
so tion 2 reviews the related works on discrete geodesics, followed
st by background knowledge in Section 3. Then Section 4 docu-
s2 ments our method in details and Section 5 reports the experi-
ss mental results and showcases a few applications. Finally, Sec-
s« tion 6 concludes the paper and points out future directions.
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55 2. Related Work

56 There is a large body of literature on the discrete geodesic
s7 problem. Due to space limit, we review only the most relevant

ss work on computing geodesic paths.

ss Global Wavefront Propagation Methods. This type of methods
e is often used to compute a distance field rooted at a given source
et point or a globally shortest path between two given points. Most
e of them (e.g., [28, 16, 17, 15, 18, 29, 20, 21, 22, 23]) adopt
es Dijkstra’s framework to propagate discrete wavefronts. Due to
e« the global nature, these methods are able to find the globally
es shortest path, but at a high computational cost. Moreover, these
e methods are designed for meshes with Euclidean metrics only,
e7 and it is difficult to extend them for meshes with non-uniform
es density function and/or anisotropic metric.

e PDE Methods. Crane et al. [30] proposed a heat equation based
70 method that initializes the source point with a unit of heat, d-
71 iffuses it in a very short time and finally rebuilds the geodesic
72 distance field using the gradients of the heat field. The heat
73 method enables information reuse and outperforms the discrete
7« wavefront propagation methods in terms of performance. It also
75 works for point clouds and meshes with anisotropic metric [31].
76 However, it computes only approximate solutions which are
77 highly sensitive to mesh triangulation and resolution. Solomon
78 et al. [32] showed that the earth mover’s distance (EMD) be-
7o tween two delta distributions reduces to geodesic distance. Their
s method is able to compute a family of distances ranging from
st geodesic distance to bi-harmonic distance [33]. However, the
g2 high computational cost diminishes its applications to large-
e scale models. It is also not clear whether the PDE approaches
s« can solve constrained geodesic problems.

&5 Graph-based Methods. Graph-based methods solve the discrete
ss geodesic problem by constructing an undirected graph G so that
&7 a geodesic path on the mesh M is (approximately) equal to a
ss shortest path on G. Aleksandrov et al. [34] suggested adding
s a logarithmic number of Steiner points along each edge of the
% mesh, which are placed in a geometric progression along an
ot edge. Then it takes O(mnlog(mn) + nm?) time to compute a
o (1 + &)-approximation geodesic path, where m is the total num-
s ber of Steiner points. Xin et al. [35] adopted a different strat-
o egy by adding m (specified by the user) uniformly distributed
o5 auxiliary points on the mesh. Then they constructed a graph
o With O(m? + n) edges in O(mn”logn) time. Such a graph en-
o7 ables computing geodesic distance between any pair of points
s (unnecessarily mesh vertices) in constant time O(1). However,
s the price to pay is the quadratic space complexity of the dense
100 graph, resulting poor scalability. Both saddle vertex graph and
101 discrete geodesic graph are sparse graphs. Observing that most
102 geodesic paths on real-world meshes can be partitioned into
103 shorter segments by saddle vertices, Ying et al. [36] proposed
104 the saddle vertex graph (SVG) to compute geodesic distances
105 in a divide-and-conquer manner. Recently, Wang et al. [37]
16 developed discrete geodesic graph, which enables direct error
107 control.

1 Local and Iterative Methods. There are many applications where
100 one already has an initial path and intends to refine it to a geodesic
1o at a little computational cost. A typical technique is to iter-
11 atively shorten the path by local perturbation like shrinking a
112 rubber band [24, 25, 26]. These approaches are easy to imple-
113 ment, however they have only linear convergence rate, and their
14 performance is highly sensitive to initialization. In this paper,
115 we propose a better iterative scheme with an explicit objective
e function whose gradient can be evaluated in closed-form for-
17 mula. This allows us to adopt the efficient L-BFGS solver to
11s minimize the function. This seemingly minor change brings at
19 least two benefits. On one hand, it significantly improves the
120 performance due to its superlinear convergence rate. On the
121 other hand, the new algorithm is purely optimization driven,
122 hereby it naturally supports anisotropic metric, user-specified
123 density function and constraints.

124 3. Preliminary

(b)

Figure 1: (a) A discrete path can be encoded using the face sequence containing
it. (b) A path (P;_1, P;, Pi+1) passes through vertex P; and it splits the cone
angle at P; into two parts. To be an exact geodesic path, both angles Z?:l a;
and Z?Zl B are greater than or equal to 7. In contrast, our algorithm computes
an approximate geodesic path by relaxing such a constraint.

125 Denote by M = (V,E, F) a connected, manifold triangle
126 mesh, where V, E, F are the vertex, edge and face sets respec-
127 tively. A vertex is called spherical, Euclidean or saddle if its
128 cone angle is less than, equal to, or greater than 27. Given two
120 points p,q € M, the geodesic path between p and g is denot-
120 ed by y(p, ). Since geodesic paths are not unique in general,
131 unless otherwise specified, y(p, q) refers to the global shortest
132 geodesic path in this paper. Mitchell et al. [16] showed that a
133 geodesic path on a mesh is an alternating sequence of vertices
134 and (possibly empty) edge sequences such that the unfolded im-
135 age of the path along any edge sequence is a straight line seg-
13s ment and the angle of y passing through a vertex is greater than
137 or equal to m, as shown in Figure 1(a).

138 The existing local geodesic methods [25, 24, 26, 38] are
139 mainly designed based on this property. They generally require
140 tWo common operations, shortening the path and updating the
141 edge sequence containing it. Commonly used path shorten-
12 ing techniques are graph refinement [25], Laplacian smooth-
13 ing [24] and edge sequence unfolding [26, 38], in which the
144 angle checking rule is strictly enforced at each iteration, i.e.,
145 both of the angles split by the path are greater than or equal
16 to 1. However, they lack a clear objective function defined on
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17 the whole path, which is crucial to optimization. When the base
12s mesh is equipped with anisotropic metric and non-uniform den-
149 sity function or user-specified geometric constraints, the desir-
1s0 able path does not follow the angle checking rule and therefore
151 the existing local methods cannot deal with these complicated
152 cases. This motivates us to develop an optimization driven ap-
13 proach to refine the intimal path without any angle checking
154 Operations.

155 4. Algorithm

156 4.1. Formulation

Let S be a triangulated polyhedral surface in R?, defined by
158 @ set of vertices, edges, and faces. Given two points 5,7 € S,
159 there are infinitely many paths between them. Our task is to
160 refine an initial path to an as-short-as-possible path that meets
11 given requirements. Let’s assume the base mesh have a unifor-
12 m density and identity metric at this moment. We will extend
163 the algorithmic framework to non-uniform density setting and
164 @anisotropic metric in Section 4.3.
As Figure 1 shows, the initial path (shown in red) through
the face sequence I' can be described by (s, p1, p2,--+ , P> 1),
where p; is the intersection point between the path and the i-
th edge ¢; £ (vﬁ}),vg)) in the face sequence. Then p; can be
represented by a scalar A; € [0, 1] so that p; = (1 —Ai)v£:)+/livg).
The total path length is

157
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Suppose that the user-specified constraints can be represented
by HT; A1, A2, -+, 4) = 0. To this end, our task is to find a
face sequence I, as well as a collection of numbers A1, Ay, - - , A,
S0 as to

minimize LAy, Aoy, 4) + M X HX T A4, Aoy -+, )

subject to
0<Ai<1,1<i<k,

s where M is a sufficiently large coefficient. In general, a large
166 penalty parameter M leads to solutions satisfying the constraint,
167 but it often increases the fluctuation of the objective function.
1es In our setting, we empirically set M so that the penalty term is
169 about 10 times the total length.

10 4.2. Implementation

Different from general optimization problems, the as-short-
172 as-possible path problem needs to update the face sequence in
173 the optimization process. Our basic idea is that during each

171

(a) (b)

Figure 3: If the current path passes through one of the vertices, say, p;, then we
update the face sequence from (a) to (b).

174 iteration we perform the following operations: (1) compute the
175 value and the gradients of L+ M x H?, (2) update A;, A, - -+ , A
176 according to the direction and the step size recommended by L-
177 BFGS, (3) pull each 4; to [0, 1], and (4) update the current face
178 sequence where 4; = O or 4; = 1.

We use Figure 2 to demonstrate a refining process on a 2D
180 mesh. It can be seen from the plots of path length and its gradi-
11 ent norm that our algorithm has a desirable convergence rate
12 and greatly outperforms the existing iterative algorithm pro-
183 posed by [24]; See the length and gradient-norm decreasing
184 plots in this figure. We will evaluate its performance in detail
1es in the next section. The pseudo-code is shown in Algorithm 1.
186 As one of the key routines, we have to update the face se-
17 quence when A; reaches 0 or 1. Taking Figure 3 as an example,
18 the current path pass through p; that is a mesh vertex. p; is
19 on the left side of the current triangle strip (whose boundary
190 consists of two sequences of vertices). We traverse the face se-
191 quence from beginning to end and change the face sequence
12 such that p; is on the right side of the new face sequence.

179

Input: A triangle Mesh S; two points s,¢ € S and an
initial path between them; A error tolerance e.
Output: A geodesic path between s and ¢.
1 while the length difference between two successive
iterations is larger than € do
Compute the length of L(I") + M x H*(I');
Compute the gradient V(L(T') + M x H*('));
Get the resulting path;
Collect the vertices {v;} on the path;
Traverse and update the face sequence such that each
v € {v;} is on the other side of the new face sequence.
7 end
Algorithm 1: A optimization based method for computing an
as-short-as-possible path.

A A W N

193 Remark: Our algorithm has two differences from the con-
194 ventional iterative scheme. First, the conventional iterative al-
15 gorithm does not update face sequence until the path constrained
15s on the current face sequence has been found, while our algo-
17 rithm performs face sequence updating when 4; = O or A; = 1.
158 Second, when updating the face sequence, the conventional iter-
199 ative algorithm needs to check the angles passing through each

3
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Figure 2: An example on a 2D mesh. (a) shows the initial path. (b) Three intermediate results for iteration 5, 10, and 20. (c) Our algorithm terminates after 30
iterations, with the gradient norm less than 107%. The resulting path has a relative error less than 107, (d) and (e) show the plots of objective function and its
gradient norm. (f) shows three intermediate results of Martinez et al.’s algorithm [24]. (g) After 350 iterations, their algorithm produces the path with relative error
0.3%. As shown in (h) and (i), their algorithm has rather low convergence rate comparing to ours.

200 Vertex to guarantee that at the conclusion of the algorithm, the 23 faces) and Buddha (600K faces) respectively to see how the
201 angles on both sides are greater than or equal to r, as Figure 1(b) 214 density setting influences the geodesic paths. It can seen that
20 shows. However, our goal is to find an as-short-as-possible path 215 the density-weighted geodesics (shown in blue) tend to pass

203 and thus our algorithm does not include such a step of angle
204 checking.

205 4.3. Meshes with Non-Uniform Density and/or Anisotropic Met-
206 ric
First, we will discuss the case where the base mesh has a
non-uniform density function defined on the surface. Typically,
each polygonal face f; has a constant density value p(f;). In this
case, the total path length is given by

k=1

—_— N 5
LT3 A1, Az, 5 ) =p(sp)lIspill + Zp(pipi+1)llpipi+1ll+
i=1

é ﬁ
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3
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O vV PP, - p(pihED). ik,
)

207 Where p(zﬁ) denotes the density in the face containing the line

208 SEZgMent zﬁ It’s easy to know that if the density is uniform
200 o0 the surface, then the above formulation degenerates into E-
210 . (1) and Eq. (2). Otherwise, the path tends to go through the
211 area with a low density. As Figure 4 shows, we locally set a
212 Gaussian density function to Bimba (400K faces), Horse (40K

through the area with low density.

(a) Bimba (b) Horse (C) Buddha

Figure 4: We locally set a Gaussian density function to Bimba, Horse and Bud-
dha respectively and observe how the density setting influences the geodesic
paths. The red paths are geodesics assuming the density is uniform on the sur-
face, while the blue paths are geodesics in the non-uniform density setting.

When the input mesh carries an anisotropic metric, we can
assume that each face is associated with two orthogonal vectors
(71,7>) in the discrete setting. In real computation, we assign
each face with a 2 X 2 matrix to denote the anisotropic metric
operator. Let T'(f;) be the matrix on the face f;. The total path
length is given by

k-1
L, Ao, ) = ITGPDI+ Y IT Gl + IT @bl (5)
i=1



(a)

(b)

Figure 5: Anisotropic/Isotropic geodesic paths. The red path in (b) is a geodesic
under the isotropic and uniform metric, while the blue path is computed under
the anisotropic metric shown in (a).

whose gradient with regard to A; is
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R
217 where T'(AB) denotes the 2 X 2 matrix encoding the anisotropic

218 metric in the face containing the line segment AB. As Figure 5
219 shows, the left-side figure shows the anisotropic metric on the
220 surface, while the right-side figure shows two geodesics under
221 the isotropic/anisotropic metrics. To sum up, even if the base
222 mesh has a non-uniform density setting or an anisotropic met-
223 ric, we can still use the same optimization based algorithmic
224 framework to compute the as-short-as-possible path that meets
225 the user-specified constraints.

g L : \
Figure 6: Computing open/closed geodesic using our algorithm. The model in

the left column adopts isotropic metric, whereas the middle and right columns
show the models with non-uniform density and anisotropic metric respectively.

226 5. Results & Applications

We implemented our algorithm in C++ and OpenMP, and
228 conducted the experiments on a PC with a 3.07GHz Intel(R)
229 Core(TM) 17 CPU and 6 GB memory.

227

230 5. 1. Qualitative Comparison

First, we evaluated its performance and compared it to five
representative methods:

231

232

23 o The geodesic algorithm in this paper, where the initial

path is given by FMM [15];

234

The fast marching method (FMM) [15];

235 °

236 L]

The improved fast marching method (IFMM) [26];

237 L4

The iterative method by Martinez et al. [24], where the
initial path is given by FMM [15].

238

The improved Chen & Han’s (ICH) algorithm [20];

239 o

240 o

The fast wavefront propagation (FWP) geodesic algorith-
m [22].

In Table 1, we show qualitative comparison of the above-
23 mentioned five representative methods. In Figure 6, we show
2.0 some examples of open/closed geodesics on the Kitten mod-
2ss el, where the left column doesn’t assume any density setting or
245 anistropic metric, the middle column assumes a non-uniform
2¢7 density function, the right column assumes an anistropic met-
2e8 TiC setting. To summarize, our algorithm is able to compute
249 open/closed geodesics, handle non-uniform density setting and
250 anistropic metrics, and support additional geometric constraints.
25t These merits distinguish our algorithm from the existing geodesic
252 approaches.

It’s worth noting that the iterative method by Martinez et
254 al. [24] cannot support non-uniform density setting or anisotrop-
255 ic metric since it has to perform an angle checking step as Fig-
256 ure 1(b) shows.

242

253

257 5.2. Quantitative Comparison

Now let’s assume that the input doesn’t have non-uniform
250 density or anisotropic metric and observe the performance con-
260 trast. For comparison purpose, we set the termination condition
261 to be [L — L*|/L* < 0.1%, where L* is the exact geodesic dis-
22 tance. At the same time, we randomly sample 10K pairs of
263 vertices to take down the average computation time.

We use the Bunny model as the test model, which is meshed
265 into various resolutions ranging from 20K to 100K faces. Ta-
266 ble 2 shows the timing statistics, from which we can clearly
267 see an performance advantage compared with the existing algo-
2ss rithms, whether local scheme [24] or global ones [20, 15]. See
260 Figure 7(a). We must point out that the approach by Martinez et
270 al. [24] only has linear convergence rate since it is not guided by
2n1 gradients. Our algorithm takes advantage of gradients and ben-
272 efits from the L-BFGS solver. For the Bunny model with 100K
273 faces, our algorithm takes 1.15 seconds averagely to compute
27+ a geodesic path while the iterative algorithm in [24] requires

5
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Table 1: Features of geodesic algorithms

Method Open geodesic | Geodesic loop | Density function | Anisotropy metric | Geometric constraints
Ours v v v v v
FMM v X v v X
IFMM v X X X X
ICH v X X X X
FWP v X X X X
Martinez et al. v v X X X

Table 2: Performance of representative algorithms on the Bunny model in various resolutions

Ours IFMM [26] Our+IFMM

#Faces

Xin-Wang [20]

FWP [22]

Martinez et al. [24]

Time (s) | IL— L*|/L* | Time (s) | IL— L'[/L* | Time (s)

|IL—L*|/L*

Time (s)

|L—L*|/L*

Time (s)

IL—L|/L*

Time (s)

|IL-L*|/L*

20K
40K

0.18
0.25
0.38
0.65
0.98
1.89
3.21
4.96

0.23 1.217
0.43 0.958
0.75 0.786
1.04 0.518
1.63 0.485
3.15 0.366
6.56 0.187
11.12 0.089

0.41
0.68
1.13
1.69
2.66
5.04
9.77
16.08

80K
100K
150K
200K
300K

0.001

0.001

0.65

1.93
4.17
7.24
14.11
23.87
37.11
58.89

0.35
0.62
1.78
2.89
5.16
8.04
14.61
21.78

10.29

18.48

34.46

56.63

83.53

108.86

160.34

246.65

0.001

275 85 seconds in average. We show the length decreasing plots in
276 Figure 7(b). The significant contrast shows that our algorithm
277 has super-linear convergence rate. It’s worth noting that their
278 iterative algorithm converges very slowly especially when the
279 path is close to the exact geodesic. In spite of this, we must
20 point out that both of them depends on initialization and may
281 converge into a geodesic path that is different from the globally
262 shortest path.

23 5.3. Applications

284 In this section, we shall exhibit its uses to three typical ap-
285 plication occasions including (1) closed geodesics, (2) copla-
286 nar geodesics on surfaces and (3) equally-spaced geodesic helix
287 CUI'VES.

28 5.3.1. Geodesic Loops

289 Geodesic loops [38, 39], or closed geodesic curves, are use-
200 ful in mesh cutting, girth estimation, and topology analysis. A
201 closed curve is said to be a geodesic loop if every subpath is an
202 open geodesic. Note that for most problems, “stable” geodesic
203 loops robust to small perturbance are of our interest. Xin et
204 al. [38] proposed a shortening technique to compute geodesic
205 loops but their method has to repeatedly unfold a long face se-
206 quence, which is a tedious and time-consuming step. Wu and
207 Tai [39] suggested finding the level set where the geodesic cur-
208 vature is zero. However, their method doesn’t have a desirable
290 performance according to their timing statistics. Obviously our
a0 algorithm can be naturally extended to compute geodesic loops
a1 without any modification as long as it is initialized by a closed
sz curve, see in Figure 8. Compared with the existing methods,
as our algorithm has a better performance. For example, for the
s« horse model with 20K faces, it only takes 0.19 seconds in aver-
a0s age to compute a geodesic loop, which shows that our algorithm
as can be used to interactive mesh cutting. Besides, we must point

Average Time(s)

Total Length

90

80

701

601

50

401

30

3.5

25

I Our
I Fvv
[ FMM + Our
CJrwp
I Xin-Wang's algorithm
I F\VM + Martinez's methods

20 T Tao 60
#Samples(K)

(a)

80

100

Our

Martinez et al.

50 100 150

200

#lterations

(d)

250

300

350

Figure 7: Performance comparison. Our algorithm has an performance advan-
tage compared with the existing algorithms (a), which is due to the super-linear
convergence rate (b). Note that the iterative approach [24] only has linear con-
vergence rate since it is not guided by gradients.



Figure 8: Our algorithm is able to compute geodesic loops.

a7 out even if the base mesh has a background density function or
a0s anisotropic metric, our algorithm still works well, which is a
a0e desirable feature in many practical applications.

a0 5.3.2. Co-Planar Geodesics
In the computer graphic community, there are many prob-
lems that need to find an as-short-as-possible path that meet
the user-specified constraints. For example, given an initial
open/closed curve, can we find a coplanar curve that is as short
as possible? That is to say, we need to minimize the total length

k-1
> —_

LAy, A, -+, ) = |Ispill + Z Ipipisill + lpetll, — (7)

i=1
subject to

Topi—-d=0,
Tpr—d=0,

®)
T pe—d=0.

where d is the signed distance from the origin to the plane, k
is the number of geodesic points, and 7 is the plane normal.
Figure 9 gave a group of examples on co-planar geodesics.

31

31

N

31

@

(a) (b)

(©)

Figure 9: Coplanar geodesics. In (a), (b) and (c), the blue paths are the resulting
coplanar geodesics refined from the initial red paths.

5.3.3. Geodesic Helix Curves

Another example is the geodesic winding problem [40, 41],
where a family of equally spaced geodesic curves needs to be
spread out on the surface of an input 3D object, which is very
useful in the manufacturing field. However, it’s highly non-
trivial to guarantee that the geodesic curves are uniformly dis-
tributed on the surface. Xin et al. [41] pointed out that a geodesic
helix curve tends to pass through the narrow area. Therefore,
we want to find a special density setting such that the curve

314

length gets punished when passing through the narrow area. We
observe that such a density setting is desirable: for each point
p on the surface, we set the density p(p) to be in inverse pro-
portion to its “girth”, denoted by g(p), that is defined to be the
length of the shortest p-constrained geodesic loop [42]. Math-
ematically, the weighted path length is

Lds.

1
fo g(p)

a5 In implementation, we use the method proposed in [42] to pre-
aie compute the girth function, and then generate an N-winding
a7 initial path on the surface. Finally we use the algorithm in this
a1s paper to refine it to be a geodesic. It’s worth noting that Xin
aie et al.’s algorithm [41] does not support user-specified density
a0 function, hereby their result is far from being equally spaced.
a2t In sharp contrast, our algorithm can naturally deal with non-
a2 uniform density function, and produce equally spaced helical
curve. See Figure 10.

)

{ v / { 5
| ()

(a) (b)

Figure 10: Equally spaced geodesic helical curves on synthetic and real-world
models. The density functions (a) and (c) are visualized using color map, where
the warm and cold colors denote high and low densities respectively. In (b) and
(d), the red curves are the quasi-helixes computed by Xin et al. [41] . while the
blue curves are computed by our algorithm.

(d)
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324 6. Conclusions and Future Works

a5 In this paper, we propose an optimization based approach
ass that is different from conventional algorithmic schemes. The
az7 distinguished feature of the new algorithmic framework is that
azs it supports non-uniform density setting, anisotropy metric and
a2e additional geometric constraints at the same time. For example,
a0 the new algorithm enables us to compute co-planar geodesic-
a1 s or equally-spaced geodesic helix curves. Equipped with an
a2 L-BFGS solver, our algorithm exhibits a high computational
as performance. We believe that it has a great potential for many
s computer graphics occasions especially when one wants to find
ass an as-short-as-possible path while meeting some specific geo-
xs metric requirements. In the future, we will keep improving the
a7 performance by advanced parallelization techniques. We will
xs also explore more applications in visual computing.
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