
1

Explicit Construction of q-ary 2-deletion
Correcting Codes with Low Redundancy

Shu Liu, Ivan Tjuawinata, Chaoping Xing

Abstract—We consider the problem of efficient con-
struction of q-ary 2-deletion correcting codes with low
redundancy. We show that our construction requires
less redundancy than any existing efficiently encodable
q-ary 2-deletion correcting codes. Precisely speaking,
we present an explicit construction of a q-ary 2-deletion
correcting code with redundancy 5 logn+10 log logn+

3 log q+O(1) where q is assumed to be a constant with
respect to n. Using a minor modification to the original
construction, we obtain an efficiently encodable q-ary 2-
deletion code that is efficiently list-decodable. Similarly,
we show that our construction of list-decodable code
requires a smaller redundancy compared to any existing
list-decodable codes.

To obtain our sketches, we transform a q-ary code-
word to a binary string which can then be used as
an input to the underlying base binary sketch. This is
then complemented with additional q-ary sketches that
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the original q-ary codeword is required to satisfy. In
other words, we build our codes via a binary 2-deletion
code as a black-box. Finally we utilize the binary 2-
deletion code proposed by Guruswami and Håstad to
our construction to obtain the main result of this paper.

Index Terms—Insertion and Deletion, Efficient Con-
struction, Error Correction

I. INTRODUCTION

We consider the construction of a q-ary 2-deletion
correcting code. A q-ary 2-deletion correcting code
is a set of strings of a fixed length n over an alphabet
Σq of size q, C ⊆ Σn

q such that for any two distinct
codewords c1, c2 ∈ C, they do not have any common
subsequence of length at least n − 2. A natural
question is whether we can efficiently construct such
q-ary 2-deletion correcting code with as large size
as possible. Equivalently, this can be formulated as
the problem of designing efficient construction of q-
ary 2-deletion correcting code with minimum amount
of redundancy. Here we define the redundancy of
the code to be the additional bits required during
the encoding to facilitate the error correction. More
specifically, we define the redundancy of a q-ary code
C ⊂ Σn

q of size M to be n log2 q − log2M. Denote
by RD(q, n, 2) (and RS(q, n, 2), respectively) to be
the smallest redundancy of q-ary 2-deletion (and
substitution, respectively) error correcting codes of
length n. Throughout this work, for simplicity, the
notation log(·) is used to denote the logarithm base
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2. It was shown in [1] that

2 log n+ 2 log q + o(log q log n)

6 RD(q, n, 2)

6 4 log n+ 2 log q + o(log q log n).

It is then interesting to see if an efficient construc-
tion of q-ary 2-deletion correcting code with redun-
dancy approaching the optimal redundancy provided
above can be designed.

A. Related Work

There have been numerous studies on low redun-
dancy Hamming metric codes with fixed Hamming
distance (see [2] for instance). In particular, we have
RS(q, n, 2) = 2 log n + o(log n) for q = 2, 3, 4 and
2 log n+o(log n) 6 RS(q, n, 2) 6 7

3 log n+o(log n)

for q > 4.
There have been various works on the construction

of t-deletion codes. The study of t-deletion code
construction was first considered in the construction
of the binary Varshamov-Tenengolts codes (VT codes
for short) [3], [4] which was extended to q-ary codes
in [5]. VT codes, which can correct one deletion
error, was then further extended to the binary Helberg
code [6], which can correct multiple deletions. Hel-
berg code was further extended to be defined over
alphabets of size q in [7]. All these constructions
are based on the concept of sketch where codes
are constructed by collecting all solutions to a pre-
defined system of equations. Asymptotically, the re-
dundancy of the resulting code equals the size of the
corresponding sketch.

Although Hamming metric codes with logarithmic
redundancy have been studied for many years, study
on deletion correcting codes with logarithmic redun-
dancy was initiated in [8] recently, which proposed
binary codes capable of correcting multiple deletions.
More specifically, they construct binary k-deletion
codes with redundancy O(k2 log k log n). There have
been some improvements on this construction, espe-
cially in the case when k = 2. In [9], a binary 2-
deletion codes with sketch of size 7 log n + 6 bits
was proposed while a binary 8 log n + O(log log n)

was proposed in [10]. A more general improvement
on binary k-deletion codes was proposed with re-
dundancy 8k log n + o(logN) in [11] as long as
k = o(

√
log log n). A binary 2-deletion codes was

more recently constructed with the help of both
sketch and regularity assumption in [12] to produce
a binary code of redundancy 4 log n+O(log log n).

In contrast to the previous constructions, the work
of [12] provides a smaller sketch size by requiring
that the codewords satisfy a regularity assumption. In
order to enforce such assumption while maintaining
the rate of the code, an explicit encoding process
to regular strings is proposed. Recently, there have
also been some works on the construction of codes
capable of correcting both deletion and substitution
[13], [14]. In their work [14], a binary t-deletion cor-
recting code has also been proposed with redundancy
(4t− 1) log n+ o(log n).

There have also been some works on the construc-
tion of q-ary 2-deletion codes following the line of
work previously discussed. In [15], a q-ary 2-deletion
codes was constructed with existing binary 2-deletion
codes as the underlying base. In the proposed con-
struction, an additional 3 log n + Oq(log log n) bits
of sketch is required. The work has also consid-
ered a simpler construction which produces a code
with redundancy 6 log n+Oq(log log n) that can list
decode any 2 deletions with list size 2. In [16],
they consider the case when q > 2 is even and
also constant with respect to n. In such case, they
proposed a q-ary 2-deletion codes with redundancy
5 log n+O(log q log logn). In [14], a q-ary t-deletion
s-substitution correcting systematic code was pro-
posed where q is at most logarithmic with respect to
the code length. In such construction, when s is set
to be 0, the construction provides a q-ary t-deletion
correcting code of redundancy 4t logq n+ o(logq n).

B. Our Result

In this work, we consider a general construction of
q-ary sketch which is based on sketches of binary 2-
deletion codes. Based on this construction, we show
that the resulting construction can be used to con-
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struct q-ary 2-deletion codes with lower redundancy
compared to the previously best known result. We
further note that the encoding and decoding algorithm
of such codes are linear with respect to the code
length and the square of the logarithm of the alphabet
size (Theorem IV.2). Such construction is also used
to construct q-ary deletion codes that can list decode
against any 2 deletions with smaller redundancy com-
pared to the previously best known result. Again, we
show that the encoding and decoding complexities of
such code is linear with respect to the code length
and the square of the logarithm of the alphabet size
(Theorem IV.7). These two results are summarized
in the following.

Theorem I.1. For any positive integer q > 2,

there exists an explicit and efficiently encodable q-
ary 2-deletion correcting code C ⊆ ΣN

q of size
qn with N ≤ n + 8 log n + 3 log q + O(log log n)

with redundancy 8 log n+3 log q+O(log log n) with
encoding complexity O(n) and decoding complexity
O(n+ log2 q).

Furthermore, there is an explicit and efficiently en-
codable q-ary 2-deletion correcting code C ⊆ ΣN

q of
size qn with N ≤ n+4 log n+3 log q+O(log log n)

and redundancy 4 log n+ 3 log q+O(log log n) with
encoding complexity O(n) which is list decodable
against any 2-deletions with list size 2 and decoding
complexity O(n+ log2 q).

Lastly, there is an explicit and efficiently encodable
q-ary 2-deletion correcting code C ⊆ ΣN

q of size
qn with N ≤ n + 3 log n + 2 log q + O(log log n)

with redundancy 3 log n+2 log q+O(log log n) with
encoding complexity O(n) which is list decodable
against any 2-deletions with list size 4 and decoding
complexity O(n+ log2 q).

In order to take advantage of the construction
of the binary 2-deletion codes proposed in [12],
we further modify our construction to allow for
the regularity assumption to again be satisfied. This
results in q-ary deletion codes with better redundancy
compared to the general construction we have previ-
ously discussed (Theorem V.4). Here we note that

although the redundancy of the constructed codes is
reduced, it comes with the increase of encoding and
decoding complexity. More specifically, the resulting
codes have encoding complexity of poly(n) while
the efficiency of the decoding complexity relies on
the efficiency of the inversion of the encoding pro-
cess. The main result of this paper is given below.

Theorem I.2. For any positive integer q > 2, there
exists an explicit and efficiently encodable q-ary 2

deletion correcting code of length n with redundancy
5 log n+ 10 log log n+ 3 log q +O(1).

Furthermore, there exists an explicit and efficiently
encodable q-ary deletion code of length n with
redundancy 4 log n + 10 log log n + 2 log q + O(1)

that can be list decoded against 2 deletions with list
size of at most 2.

In both cases, the encoding complexity is
poly(n). Furthermore, assuming that the complex-
ity of the inverse of the message encoding algo-
rithm is TΠq,D(n), then the decoding complexity is
2TΠq,D(n) +O(log2 q + n).

Remark I.3. As we mentioned in the earlier subsec-
tion, the lowest redundancy of q-ary 2 deletion cor-
recting codes of length n with explicit construction
in literature is given by 5 log n+O(log q log log n) in
[16]. It is easy to see that our redundancy is smaller
than that of [16].

C. Our Technique

In order to construct our sketch, we define a
function that transforms our q-ary codewords to a
binary string which can then be used as an input
to the underlying base binary sketch. This is then
complemented with additional q-ary sketches that
the original q-ary codeword is required to satisfy.
Having these two steps of sketches, the decoding
algorithm can also then be designed in two separate
steps. First, based on a received q-ary string, the same
transformation function can be applied to generate
the corresponding binary string, which can then be
shown to be obtainable by deleting 2 elements from
the binary string obtained from the sent codeword.
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This, together with the binary sketches, allows us to
recover the original binary string corresponding to
the sent codeword. We can then utilize such binary
string as well as the q-ary sketches to recover the
original codeword. An observation to be made in
such decoding algorithm is that the last step of the
decoding algorithm, which requires 2 log q-bits of
sketches can be removed and this results in a list
decoding algorithm with list size of at most 2. This
provides us with the list-decoding variant of our
construction with smaller sketch size.

In order to utilize the binary 2-deletion code pro-
posed in [12], we require that our message is encoded
to a q-ary string with some regularity assumption.
Similar to [12], we show that such encoding algo-
rithm can be designed explicitly and the encoding
process has a sufficiently large domain size to main-
tain the redundancy size.

D. Organization

The remainder of the paper is organized as follows.
In Section II, we review some basic definitions and
existing results that will be useful in the discussion
in the following sections. Section III focuses on a
general construction of q-ary 2-deletion correcting
code from existing binary 2-deletion correcting code
with specific form. Such construction is then realized
using previously proposed binary 2 deletion correct-
ing codes, the resulting redundancy is considered
and compared in Section IV. In the same section,
we also consider a variant of such construction to
allow for list-decodable 2-deletion codes with smaller
redundancy. Lastly, a specific construction based on
the binary 2-deletion correcting code proposed in
[12] is considered and analyzed in Section V.

II. PRELIMINARY

Let q be a prime number, n be positive integers
such that q is constant with respect to n and for any
positive integer m, let Σm = {0, 1, · · · ,m − 1} ⊆
Z. Given a string x = (x1, · · · , xn) and a positive
integer m 6 n, a string y = (y1, · · · , ym) is said to
be a subsequence of x if there exists 1 6 i1 < i2 <

· · · < im 6 n such that yj = xij for j = 1, · · · ,m.
Furthermore, y is said to be a substring of x if it is
a subsequence of x and for any j = 2, · · · ,m, ij =

ij−1 + 1.

Definition 1. 1) Let α = (α1, · · · , αn) ∈ Σn
q .

Define a = (a1, · · · , an) ∈ Σn
2 such that for

i = 1, · · · , n,

ai =

{
1, if i = 1 or αi > αi−1

0, otherwise
.

We denote such map by ϕn : Σn
q → Σn

2 where
it applies to any length n. We observe that ϕn

can be calculated in O(n) time. Here when n
is clear in the context or the discussion applies
to any length n, we write ϕ instead of ϕn.

2) Suppose that α ∈ Σn
q is associated to a =

(a1, · · · , an) ∈ Σn
2 by the definition above. Re-

call that a run in a is defined to be a substring
of a with the same symbol. More specifically, a
has a run from position i to position j for some
1 6 i 6 j 6 n if ai = ai+1 = · · · = aj ∈ Σ2,

either i = 1 or ai−1 = 1 − ai and either
j = n or aj+1 = 1− aj . We can define a as a
sequence of runs. More specifically, assuming
that a has r runs, there exists b ∈ Σ2 such
that a = (1`1‖0`2‖ · · · ‖b`r ) where `i > 0 and∑r

i=1 `i = n and

b =

{
1, if r is odd

0, otherwise
.

For non-negative i, we define

ji =

{
0, if i = 0

`i + ji−1, otherwise
.

For i = 1, · · · , r, we define the i-th
run of α associated to a by the vector
(αji−1+1, · · · , αji). It is easy to see that for
any i = 1, · · · , r, the i-th run of α is either
decreasing or non-decreasing. Lastly, we define
βi = αji−1+1 + αji−1+2 + · · · + αji . In the
following, given α ∈ Σn

q and a = ϕn(α),

we denote by rα the number of runs of a.

Furthermore, for i = 1, · · · , r, we call βi by
the i-th run sums of α. We again note that such
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βi can be computed in O(n) given the value
of ϕn(α).

Next, we provide an observation on ϕ with respect
to a deletion operation.

Claim II.1 (See for example [5]). Let m be a positive
integer, α ∈ Σm

q and a = ϕm(α) ∈ Σm
2 . Suppose

that α′ ∈ Σm−1
q is a subsequence of α by deleting

one of its entries and suppose that a′ = ϕm−1(α′) ∈
Σm−1

2 . Then a′ is a subsequence of a.

Note that by applying Claim II.1 multiple times,
we obtain the following corollary.

Corollary II.2. Let m < n be a positive integer,
α ∈ Σn

q and a = ϕn(α). Suppose that α′ ∈ Σm
q is a

subsequence of α by deleting n−m of its entries and
suppose that a′ = ϕm(α′). Then a′ is a subsequence
of a.

We will briefly discuss some results in [12] that
will be useful in our discussion. First, we discuss the
definition of regular binary string.

Definition 2. Let d be a positive integer. We say that
a string x ∈ Σn

2 is d-regular if each substring of x
of length at least d log2 n contains both 00 and 11

as substrings.

We can further extend this definition to a q-ary
string. More specifically, we say that x ∈ Σn

q is d-
regular if its associated binary string a ∈ Σn

2 is d-
regular. This corresponds to the requirement that any
substring x′ of x of length at least d log2 n must
contain a substring of length three (y1, y2, y3) such
that y1 > y2 > y3. Furthermore, we also require that
it contains a substring (z1, z2, z3) such that z1 6

z2 6 z3 unless x′ contains the first entry of x. In
the case that x′ contains the first entry of x and it
does not contain any substring (z1, z2, z3) such that
z1 6 z2 6 z3, then we require that x1 6 x2 to allow
for the first two entries of a to all be 1.

In this work, we consider constructions of codes
with the use of sketch functions. We note that by
the Pigeonhole Principle, the construction of a q-ary
sketch function with output size of `-bits that can be

used to correct up to 2 deletions implies the existence
of a q-ary 2-deletion codes with redundancy of at
most `. When explicitness of the code is required,
the redundancy required is larger. More specifically,
similar to the discussion in [12, Lemma 2.1] and [15,
Lemma 1], we can obtain the following relation.

Lemma II.3. Fix an integer k ≥ 1. Let s : Σn
q →

Σ
c1 log n+c2 log q+O(1)
2 be an efficiently computable

function such that for any x ∈ Σn
q , given s(x) and

any y ∈ Σn−2
q , a subsequence of x, the original x

can be efficiently and uniquely recovered. Then there
exists an efficiently encodable and decodable code
C ⊆ ΣN

q of size qn with length N ≤ n + c1 log n +

c2 log q + O(log log n) such that C is a 2-deletion
correcting codes.

Intuitively, this can be achieved by the use of the
given q-ary sketch s as well as a binary sketch s̄ with
output length O(log(n′)) given any input length n′,
which can be satisfied by sketches proposed in [8],
[10], [9]. The encoding is then done by appending the
message m by the sketch s(m) followed by repeating
the sketch s̄(s(m)) three times. The decoding can
then be done by first recovering s̄(s(m)), followed
by using s̄(s(m)) to recover s(m). Lastly, having
s(m),m can then be recovered.

We can then see that the encoding complexity
equals the complexity to calculate s given an input
of length n and to calculate s̄ with input of length
c1 log n + c2 log q + O(1). Note that since s̄ is as-
sumed to be efficiently computable, its complexity is
polynomial in the input length. Hence in our case, the
complexity is polynomial in O(log n+log q). Hence
the encoding complexity asymptotically equals the
complexity of calculating s with input length n,

which is again assumed to be efficient.

Similarly, the decoding process contains three
steps. The first step includes the decoding process
of repetition code with length O(log(log n+ log q))

which is then sub-linear with respect to n and q. The
second step is the decoding process of s̄ with input
length O(log n+ log q). Since the decoding process
of s̄ is polynomial in its length by assumption, its
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complexity in our application is hence poly(log n+

log q). The last step is the decoding process of s
with input length n. Hence, the dominating factor
of the decoding complexity is the complexity of the
decoding process of s with input length n.

Due to the relation described in Lemma II.3, in the
remainder of this work, we focus on the construction
of such sketch function and its output length, which
can be directly seen as the asymptotic redundancy
of the resulting explicit q-ary 2-deletion correcting
code.

III. GENERAL CONSTRUCTION

Here we construct a q-ary sketch function that
can correct up to 2 deletions from an existing bi-
nary sketch function capable of correcting up to 2

deletions. Suppose that there exists a sketch function
s̄ such that for any x ∈ Σn

2 , given s̄(x) and any
subsequence y ∈ Σn−2

2 of x, the original x can be
uniquely determined.

Let s̃ be a function that takes a q-ary string
x as an input, computes x̄ = ϕ(x) and outputs
s̄(x̄). We further define the following three sketches
s(1), s(2), s(3) : Σn

q → Z such that for α =

(α1, · · · , αn) ∈ Zn
q with rα runs and run sums

β1, · · · , βrα ,
1) s(1)(α) =

∑n
i=1 αi,

2) s(2)(α) =
∑n

i=1 α
2
i , and

3) s(3)(α) =
∑rα

i=1 iβi.

It is easy to see that for the three sketches defined
above, they can be computed in O(n).

Lemma III.1. For any α ∈ Σn
q , given the val-

ues of s(1)(α) (mod q), s(2)(α) (mod q), s(3)(α)

(mod nq), s̃(α), and any subsequence α′ =

(α′1, · · · , α′n−2) ∈ Σn−2
q of α, the original α can

be uniquely recovered.

Proof. Let a′ = (a′1, · · · , a′n−2) = ϕ(α′). By Corol-
lary II.2, we have that a′ is a subsequence of a. So
we have a′ ∈ Σn−2

2 , a subsequence of a obtained
by deleting two entries. Furthermore, we also have
s̃(α) = s̄(a). Hence by assumption, given these,
we can uniquely determine a = (1`1‖0`2‖ · · · ‖1`rα )

where b = 1 if rα is odd and b = 0 otherwise. This
means that we also obtain the runs of a as well as
their lengths `j where `i > 0 and

∑rα
i=1 `i = n. In

particular, we also obtain the values of 1 6 k1 6

k2 6 rα that determines the runs where the two
entries of α are deleted from.

Suppose that the deleted symbols from α in the
k1-th and k2-th runs are v1, v2 ∈ Σq respectively. By
assumption, we know the values of s(i) ≡ s(i)(α)

(mod q) for i = 1, 2. Given α′, we can also compute
ŝ(i) ≡ s(i)(α′) (mod q). Then for i = 1, 2, we have
vi1 + vi2 ≡ ∆i (mod q) where ∆i , s(i) − ŝ(i)

(mod q). Hence we have the following system of
equations{

v1 + v2 ≡ ∆1 (mod q)

v2
1 + v2

2 ≡ ∆2 (mod q)
(1)

Squaring the first equivalence and subtracting the
second from it yields 2v1v2 ≡ ∆2

1 − ∆2 (mod q).

Since q is an odd prime, 2−1 (mod q) exists and
define ∆0 ∈ Zq such that ∆0 ≡ 2−1

(
∆2

1 −∆2

)
(mod q). Hence treating the equations over
Zq, we have v1 + v2 = ∆1 and v1v2 = ∆0.

This implies that v1 and v2 are roots of the
quadratic equation x2 − ∆1x + ∆0 = 0. Define
S = {a ∈ Zq : ∃b ∈ Zq, b

2 ≡ a (mod q)} be the
set of quadratic residues modulo q. Note that by
definition, given that b2 ≡ a (mod q), we must also
have (q − b)2 ≡ a (mod q). Hence for any a ∈ S,
there exists a unique b ∈

{
0, 1, · · · , q−1

2

}
⊆ Zq

such that b2 ≡ a (mod q). We denote such
b, if it exists, by

√
a. Now note that under

the condition that b ,
√

∆2
1 − 4∆0 exists, we

have that v1, v2 are different elements of the set{
2−1 (∆1 + b) (mod q), 2−1 (∆− b) (mod q)

}
.

However, note that by definitions of ∆0 and ∆1,

we have ∆2
1 − 4∆0 = (v1 − v2)2. Hence b is the

unique element in {(v1 − v2) (mod q), (v2 − v1)

(mod q)} ∩
{

0, 1, · · · , q−1
2

}
. This shows that

provided that the square root function
√
· can be

efficiently computed, we can compute {v1, v2}
efficiently.

Note that although we have learned the set
{v1, v2}, which we denote by θ1 and θ2, unless
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θ1 = θ2, we need to determine whether (v1, v2) =

(θ1, θ2) or (v1, v2) = (θ2, θ1). Here with the help of
s(3)(α) we prove that given {θ1, θ2} and k1, k2, the
run numbers where the two deleted entries are from,
we can uniquely recover α. Note that if k1 = k2,

since θ1 6= θ2, there is a unique way to place θ1

and θ2 in the k1-th run to satisfy the run definition.
Hence, it remains to show that with the possible
help of s(3)(α), we can uniquely recover α from
{θ1, θ2} and k1, k2 given that k1 6= k2 and θ1 6= θ2.

Without loss of generality, when seen as positive
integers, assume that θ1 < θ2 and k1 < k2. Note
that here θ2 − θ1 < q and k2 − k1 < n. Hence
0 < (θ2 − θ1)(k2 − k1) < nq. We divide the case
depending whether the number of runs of α and α′

are different.

• Case 1 : Both the k1-th run and k2-th run
also exist in α′. This implies that after the
re-insertion, both k1-th and k2-th run contain
elements from α′. For i = 1, 2, let α(i) be the
word obtained from α′ by adding θ1 to the ki-
th run of α′ and θ to the k3−i-th run of α′.

Then s(3)(α(1)) ≡ B + k1θ1 + k2θ2 (mod nq)

while s(3)(α(2)) ≡ B+k1θ2 +k1θ1 (mod nq).

Hence s(3)(α(1)) ≡ s(3)(α(2)) (mod nq) if
and only if (k2 − k1)(θ2 − θ1) ≡ 0 (mod nq).

However, this is impossible since 0 < (k2 −
k1)(θ2 − θ1) < nq. Hence in this case, there
can only be one of the possibilities that can have
s(3)(α(i)) = s(3)(α).

• Case 2 : Both the k1-th run and k2-th run did
not exist in α′. Note that in this case, after
the re-insertion, both k1-th and k2-th run are of
length 1. Note that because of this, the actual
position of the deleted elements are determined,
say at i1 < i2. Hence we have that the first
symbol is inserted between α′i1−1 and α′i1 while
the second symbol is inserted between α′i2−2

and α′i2−1. Note that if at least one of α(1) or
α(2) does not satisfy the required value of a,

we can directly eliminate such value from the
possible value of α. So we assume that both
a = ϕ(α(1)) = ϕ(α(2)). Then s(3)(α(i)) ≡

B+k1θ1 +2
∑i2−2

j=i1
α′i+k2θ3−i+4

∑n−2
j=i2−1 α

′
i

(mod nq) for i = 1, 2. So we again have that
s(3)(α(1)) ≡ s(3)(α(2)) (mod nq) if and only
if (k2 − k1)(θ2 − θ1) ≡ 0 (mod nq) which is
again impossible since 0 < (k2−k1)(θ2−θ1) <

nq.

• Case 3 : Suppose that the k1-th run did not
exist in α′ while the k2-th run did. We again
note that if there exists i such that ϕ(α(i)) 6=
a, we can directly eliminate such possibility
for α. So we consider the case when a =

ϕ(α(1)) = ϕ(α(2)). Using a similar argument
as before, s(3)(α(i)) ≡ B+k1θ1+2

∑n−2
j=i1

α′j+

k2θ3−i (mod nq). So s(3)(α(1)) ≡ s(3)(α(2))

(mod nq) if and only if (k2−k1)(θ2− θ1) ≡ 0

(mod nq) which cannot happen by our assump-
tion of k1, k2, θ1 and θ2.

• Case 4 : Lastly, suppose that k1-th run existed
in α′ while the k2-th run did not. Using a
similar argument as before, s(3)(α(i)) ≡ B +

k1θ1 + k2θ3−i + 2
∑n−2

j=i2−1 α
′
j (mod nq). So

s(3)(α(1)) ≡ s(3)(α(2)) (mod nq) if and only
if (k2 − k1)(θ2 − θ1) ≡ 0 (mod nq) which
cannot happen by our assumption of k1, k2, θ1

and θ2 which concludes our proof.

It is easy to see that by definition, the sketch we
use, which consists of s̄, s(1)(α) (mod q), s(2)(α)

(mod q) and s(3)(α) (mod nq) can be computed in
Ts̄,E(n) + O(n) where Ts̄,E(n) is the complexity
of calculating s̄. Hence our sketch is efficiently
computable provided that s̄ is efficiently computable.

Next, we consider the efficiency of the decoding
algorithm implied by our proof above. After the
decoding of a from a′, which uses the decoding
algorithm of the underlying binary sketch, the values
of v1 and v2 are determined by solving the System
(1), whose complexity is asymptotically equal to the
complexity of calculating the square root function
over Zq. Hence, if a square root algorithm, for
example, the Tonelli-Shanks algorithm is used [17],
[18], its complexity is O(log2 q). Having k1, k2, v1



8

and v2, the last step of the decoding algorithm is
to identify whether to insert v1 or v2 at the k1-
th or k2-th run. This can be done by considering
both possibilities and calculate the value of s(3)

for both possibilities. Hence, it is easy to see that
such calculation can be done in time linear with
respect to n. So the overall decoding algorithm takes
time Ts̄,D(n) +O(log2 q + n) where Ts̄,D(n) is the
decoding complexity of the underlying binary sketch.

This results in our the following efficiently com-
putable q-ary sketch function.

Theorem III.2. Let s̄ : Σn
2 → Σ

`(n)
2 be an efficiently

computable sketch function such that for any a ∈ Σn
2 ,

given s̄(a) and any subsequence a′ ∈ Σn−2
2 of a, the

original a can be uniquely and efficiently recovered.
We further assume that s̄ can be computed in time
Ts̄,E(n) while the error correction takes Ts̄,D(n).

Then for any positive integer q > 2, there exists an
explicit sketch s : Σn

q → Σlog n+3 log q
2 that can be

efficiently computed consisting of s(1), s(2) and s(3)

such that for any α ∈ Σn
q , given s̄(ϕ(α)), s(α) and

any subsequence α′ ∈ Σn−2
q of α, the original α

can be uniquely and efficiently recovered. In other
words, the total sketch size is `(n) + log n+ 3 log q-
bits. Furthermore, the sketch calculation and the
error correction complexity are Ts̄,E(n) +O(n) and
Ts̄,D(n) +O(log2 q + n) respectively.

Remark III.3. By Lemma II.3, such sketch implies
the existence of a q-ary 2-deletion code of length
N 6 n+ `(n) + log n+ 3 log(q) +O(log log n) with
encoding complexity Ts̄,E(n) + O(n) and decoding
complexity Ts̄,D(n) +O(log2 q + n).

IV. CONSTRUCTION REALIZATION AND

COMPARISON WITH EXISTING CONSTRUCTION

In this section, we use the construction shown
in Theorem III.2 with some existing binary sketch
functions to obtain the actual output length of the
resulting construction. Then, we compare such con-
struction with existing q-ary sketch functions. Fur-
thermore, we also consider the use of our construc-

tion and its variant to construct q-ary sketch functions
capable of list decode up to two deletions.

A. Instantiation using Existing Binary Two-Deletion
Sketch Function and its Comparison

In the following we consider the length of the
resulting sketch function based on various existing
two-deletion codes proposed in [10], [9], [14]. We
note that the code and sketch described in [9] has
O(n) encoding and decoding algorithms, the ones
described in [14] has O(n5) and O(n3) encoding and
decoding algorithms while the one proposed in [10]
does not come with the encoding and decoding com-
plexities. Hence, we no longer have the efficiency
assumption for the construction based on [10].

Corollary IV.1. • Let C(1)
0 ⊆ Σn

2 be the binary
two-deletion correcting code proposed in [10]
which has a sketch of size 8 log n+O(log log n)

bits. Then we can compute a sketch function s(1)
0

with total output size 9 log n + O(log log n) +

3 log q bits that can be used to correct up to 2

deletions.
• Let C(2)

0 ⊆ Σn
2 be the binary two-deletion

correcting codes proposed in [14, Construction
2] which has a sketch of size 7 log n+ o(log n)

bits.
Then we can efficiently compute a sketch func-
tion s(2)

0 with total output size 8 log n+3 log q+

o(log n) bits that can be used to efficiently cor-
rect up to 2 deletions. Moreover, the sketch can
be computed in O(n5) while the error correction
can be done in O(log2 q + n3).

• Let C(3)
0 ⊆ Σn

2 be the binary two-deletion
correcting codes proposed in [9] which has a
sketch of size 7 log n+ 6 bits.
Then we can efficiently compute a sketch func-
tion s(3)

0 with total output size 8 log n+3 log q+

6 bits that can be used to efficiently correct
up to 2 deletions. Moreover, the sketch can be
computed in O(n) while the error correction
can be done in O(log2 q + n).
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Note that the second point of Corollary IV.1
yields an efficiently encodable and decodable q-ary
2-deletion code, which will be summarized in the
following theorem.

Theorem IV.2. There is an explicit q-ary 2-deletion
correcting code C ⊆ ΣN

q of size qn with N ≤
n+ 8 log n+ 3 log q+O(log log n) with redundancy
8 log n + 3 log q + O(log log n) with encoding com-
plexity O(n) and decoding complexity O(n+log2 q).

Remark IV.3. We note that the construction dis-
cussed above cannot be directly used with the bi-
nary sketch proposed in [12]. This is because such
construction requires the binary string to be regular,
which is not a requirement that can be expressed as
a sketch. So based on Corollary IV.1, the smallest
sketch from our initial construction requires output
length of 8 log n+ 3 log q + 6 bits.

Note that when q > 2 is even and constant
with respect to n, a construction of a q-ary sketch
function that can be used to correct up to 2 deletion
with output 5 log n + (16 log q + 10) log log n bits
was proposed in [16]. It is easy to see that the
regime of q considered in our work is different
where we require q to be an odd prime. Furthermore,
in general, our best sketch requires larger output
compared to the one provided in [16]. However, our
construction is still efficient even when q is no longer
constant with respect to n. Furthermore, when q is
sufficiently large, the output length of our proposed
sketch function is smaller compared to the extension
of the construction provided in [16].

A similar construction of q-ary 2-deletion sketch
function was proposed in [15]. Given an underlying
binary sketch capable to correct 2 deletions with out-
put length ` bits, their proposed construction provides
a q-ary sketch capable to correct 2 deletions with
output length ` + 3 log n + Oq(log log n) bits. It is
easy to see that our resulting sketch has a smaller
output length of `+ log n+ 3 log q bits.

Compared to the q-ary 2-deletion correcting code
implied by [14, Construction 3], we note that it has
the same asymptotic redundancy. However, our re-

sulting construction has a better encoding and decod-
ing complexity, which is O(n) encoding and O(n)

decoding complexities instead of O(n5) encoding
and O(n3) decoding complexities.

B. Construction of Sketch Function for List Decod-
ing from Lemma III.1 and its Simplification

Note that a q-ary sketch function that can be used
to list decode against 2-deletion can be constructed
using a similar approach as Lemma III.1. More
specifically, if the underlying binary sketch function
s̄ is list-decodable against 2-deletion, our resulting
sketch can also be used to list decode against 2-
deletion with the same list size. Alternatively, we
note that without the sketch s(3)(α), the decoding
algorithm discussed in Lemma III.1 yields a list of
size at most 2. Hence, if the underlying binary sketch
function s̄ can be used to correct up to 2 deletions,
this gives a q-ary sketch that can list decode against
2-deletion with list size of at most 2. On the other
hand, if the underlying binary sketch s̄ can be used
to list-decode against 2-deletion errors with list size
L, our construction produces a q-ary sketch that can
list decode against 2-deletion with list size of at most
2L. We summarize this discussion in the following
Corollary, which is stated without proof due to the
similarity of the proof to that of Lemma III.1.

Corollary IV.4. Let s̄U : Σn
2 → Σ

`(n)
2 be a sketch

function that can be used to decode up to 2-deletion
errors. Furthermore, let s̄L : Σn

2 → Σ
`′(n)
2 be a

binary sketch function that can be used to list decode
up to 2-deletions with list size L for some positive in-
teger L. We assume that the complexity of computing
s̄U , s̄L, the error correction using s̄U and the list de-
coding using s̄L are Ts̄U ,E(n), Ts̄L,E(n), Ts̄U ,D(n)

and Ts̄L,D(n) respectively. Then for any q > 2, there
exists:

1) A q-ary sketch function s with output length
`(n) + 2 log q bits that can be used to list-
decode 2 deletions with list size of at most
2L. Furthermore, the complexities of the sketch
computation and the list decoding algorithm
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are Ts̄U ,E(n)+O(n) and Ts̄U ,D(n)+O(log2 q)

respectively.
2) A q-ary sketch function s with output length

`′(n) + 3 log q + log n bits that can be used
to list-decode 2 deletions with list size of at
most 2L. Furthermore, the complexities of the
sketch computation and the list decoding algo-
rithm are Ts̄L,E(n) + O(n) and Ts̄L,D(n) +

O(log2 q + n) respectively.
3) A q-ary sketch function s with output length

`′(n) + 2 log q bits that can be used to list-
decode 2 deletions with list size of at most
4L. Furthermore, the complexities of the sketch
computation and the list decoding algorithm
are Ts̄L,E(n)+O(n) and Ts̄L,D(n)+O(log2 q)

respectively.

Here we provide instantiations based on existing
constructions of binary deletion sketches in [9], [12].
We note that the complexities of computing the list-
decodable binary sketch proposed in [12] and the list-
decoding algorithm are both O(n).

Corollary IV.5. • Let sU be the binary sketch
function proposed in [9] with output length
7 log n + 6 bits. Then the q-ary sketch func-
tion s(I) generated following the construction
discussed in the first point of Corollary IV.4
can be used to efficiently list decode against
any 2 deletions with list size of at most 2 and
sketch length 7 log n + 2 log q + 6. Further-
more, the complexities of the sketch computation
and the list decoding algorithm are O(n) and
O(log2 q + n) respectively.

• Let sL be a binary sketch function proposed in
[12] that can be used to efficiently list decode
any two deletions with list of size at most 2 and
sketch length 3 log n + O(log log n). Then the
sketch s(II) obtained by following the construc-
tion discussed in the second point of Corollary
IV.4 can be used to efficiently list decode any 2

deletions with list size of at most 2 and sketch
length 4 log n+3 log q+O(log log n). The com-
plexities of the sketch computation and the list

decoding algorithm are O(n) and O(log2 q+n)

respectively.
Furthermore, the sketch s(III) obtained by fol-
lowing the construction discussed in the last
point of Corollary IV.4 can be used to efficiently
list decode any 2 deletions with list size of at
most 4 and output length 3 log n + 2 log q +

O(log log n). The complexities of the sketch
computation and the list decoding algorithm are
O(n) and O(log2 q + n) respectively.

Remark IV.6. The work in [15] also proposed a q-
ary sketch function that can be used to list decode
any 2 deletions with list size of at most 2 and sketch
length 6 log n + Oq(log log n) bits. Recall that our
construction provides a q-ary sketch that can be used
to list decode against 2 deletions with list size of
at most 2 with sketch length 4 log n + 3 log q +

O(log log n) bits. It is then easy to see that as long as
q2 < n3, our construction provides a smaller sketch.

The sketches constructed in Corollary IV.5 yields
a q-ary deletion code that can be efficiently encoded
and list decoded against any 2-deletions. Such result
is summarized in the following theorem.

Theorem IV.7. There is an explicit q-ary deletion
correcting code C ⊆ ΣN

q of size qn with N ≤
n+ 4 log n+ 3 log q+O(log log n) with redundancy
4 log n + 3 log q + O(log log n) with encoding com-
plexity O(n) which is list decodable against any 2-
deletions with list size 2 and decoding complexity
O(n+ log2 q).

Furthermore, there is an explicit q-ary deletion
correcting code C ⊆ ΣN

q of size qn with N ≤
n+ 3 log n+ 2 log q+O(log log n) with redundancy
3 log n + 2 log q + O(log log n) with encoding com-
plexity O(n) which is list decodable against any 2-
deletions with list size 4 and decoding complexity
O(n+ log2 q).

V. CONSTRUCTION OF q-ARY 2-DELETION

CORRECTING CODE FROM [12]

We first note that the general construction dis-
cussed in Lemma III.1 cannot be directly used if we
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use the binary 2-deletion correcting sketch function
s(0) proposed in [12] as the underlying binary sketch.
This is because the proposed construction requires
the binary string considered to be d-regular for some
constant d. Note that in the construction in [12], this
is done by providing a specific efficient encoding Π

of messages to regular strings, which is shown to
have sufficiently large domain. Note that in our case,
we cannot encode ϕ(α) using Π to obtain a since
we can no longer guarantee that the two deletions
in α correspond to two deletions in a. Hence, a
modification to the construction in Lemma III.1 is
required where we further require that α itself is d-
regular. This yields the following lemma

Lemma V.1. Let s̄ be the sketch function
used in [12, Theorem 5.9]. Then for any d-
regular α ∈ Σn

q , given s(1)(α) (mod q), s(2)(α)

(mod q), s(3)(α) (mod nq), s̃(α) and any subse-
quence α′ ∈ Σn−2

q of α, the original α can be
uniquely and efficiently recovered.

This implies that if an efficient encoding function
to regular q-ary string exists, the existence of an
efficiently encodable q-ary 2-deletion correcting code
can then be guaranteed. In the following, we consider
such encoding function. For any positive integer m,
define the set Sm = {α ∈ Σm

q : α is d−regular}.
We further define S

(0)
m = {α ∈ Σm

q : @i ∈
{1, · · · ,m − 2} : αi > αi+1 > αi+2}, F (0)

m =

|S(0)
m |, S(1)

m = {α ∈ Σm
q : @i ∈ {1, · · · ,m − 2} :

αi 6 αi+1 6 αi+2} and F (1)
m = |S(1)

m |.

Lemma V.2. For any m > 3 and q > 2, F
(1)
m <

F
(0)
m < (0.99q)m.

Proof. Note that the first inequality is clear since
S

(1)
m ( T

(1)
m , {α ∈ Σm

q : @i ∈ {1, · · · ,m − 2} :

αi < αi+1 < αi+2} and |T (1)
m | = F

(0)
m .

Now, we note that F (0)
3 = q3 −

(
q
3

)
and it can be

verified that F (0)
3 < (0.99q)3 for any q > 2. Next we

consider F (0)
4 . Note that for a q-ary string of length

4 not to be considered in S(0)
4 , it must have a strictly

decreasing substring of length 3 either in its first 3

or last 3 elements. Hence, there are 2q
(
q
3

)
−
(
q
4

)
of

such strings and F
(0)
4 = q4 − 2q

(
q
3

)
+
(
q
4

)
which

can again be verified to be bounded from above by
(0.99q)4 for any q > 2. Lastly, we consider F (0)

5 .

It is easy to see that if q-ary string of length 5 is
not in F

(0)
5 , then it must have a strictly decreasing

substring of length 3, which can start at either the
first, second or third entry. Noting that the case that a
string has two strictly decreasing substrings of length
3 starting from both the first and third entry must
also have a strictly decreasing substring of length 3

from the second entry, by the Inclusion and Exclusion
principle, we have

F
(0)
5 = q5 − 3q2

(
q

3

)
+ 2q

(
q

4

)
=

7

12
q5 + q4 − 13

12
q3 − q2

2
6 (0.99q)5.

Now we claim that for any m > 6, if F (0)
i <

(0.99q)i for i = m− 3,m− 2,m− 1, then we must
also have F (0)

m < (0.99q)m.

Note that for v = (v1, · · · , vm) ∈ S
(0)
m , it must

satisfy one of the following conditions:

• v1 ∈ {0, 1} and (v2, · · · , vm) ∈ S(0)
m−1,

• v1 > 2, v2 ∈ {0, v1, v1 + 1, · · · , q − 1} and
(v3, · · · , vm) ∈ S(0)

m−2 or
• v1 > 2, v2 ∈ {1, · · · , v1 − 1}, v3 > v2 and

(v4, · · · , vm) ∈ S(0)
m−3.

Hence,

F (0)
m 6 2F

(0)
m−1 +

q−1∑
j=2

(q − j + 1)F
(0)
m−2

+

q−1∑
j=2

j−1∑
i=1

(q − i)F
(0)
m−3

= 2F
(0)
m−1 +

(q + 1)(q − 2)

2
F

(0)
m−2

+
1

3
q(q − 1)(q − 2)F

(0)
m−3

< 2(0.99q)m +
(q + 1)(q − 2)

2
(0.99q)m−2

+
1

3
q(q − 1)(q − 2)(0.99q)m−3 − 1

= 0.99m−3qm−2

(
q2

(
0.99

2
+

1

3

)
+q

(
2(0.99)2 − 0.99

2
− 1

)
+

(
2

3
− 0.99

))
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which can be easily verified to be at most
(0.99)mqm, as claimed.

Let Um be the set of all q-ary strings v =

(v1, · · · , vm) of length m such that it contains
1 6 i, j 6 m − 2 where vi > vi+1 > vi+2 and
vj 6 vj+1 6 vj+2 and Gm be its size. Hence we
have Gm > qm −F (0)

m −F (1)
m > qm(1− 2(0.99)m).

Then we have the following result.

Lemma V.3. For d ≥ 134 and a sufficiently large n,
there exists a positive integer M > qn−1 and a one-
to-one map Πq : Σn−1

q → Sn which can be efficiently
computed.

Proof. Set m =
⌊
d
2 log n

⌋
− 1 and ∆ =

⌊
n
m

⌋
. It is

then easy to see that concatenating ∆ q-ary strings
taken from Um and padding it with an arbitrary (n−
m∆) q-ary string produces an element of Sn, which
is a d-regular q-ary string of length n. Hence the
number of d-regular q-ary strings of length n that
can be constructed in this manner, which we denote
by M is

M = G∆
mqn−m∆ > (qm(1 − 2(0.99)m))∆ qn−m∆

= qn (1 − 2(0.99)m)∆ .

Note that 2(0.99)m ≤
(

1
2

) 3d
400 log n− 203

200 . Hence for
a sufficiently large n, 2(0.99)m ≤

(
1
2

)c log n
where

c > 1 if d ≥ 134. So we have 2(0.99)m = O
(

1
nc

)
for some c > 1. Furthermore, since ∆ = O

(
n

log n

)
,

we have 2∆(0.99)m = O
(

1
nc−1 log n

)
. Hence for

sufficiently large n, 2∆(0.99)m < 1 and we have

(1 − 2(0.99)m)∆ = 1 +

∆∑
j=1

(
∆

j

)
(−2(0.99)m)j

> 1 −
∆∑

j=1

(
∆

j

)
(2(0.99)m)j

> 1 −
∆∑

j=1

(2∆(0.99)m)j

j!

> 1 −
∆∑

j=1

2∆(0.99)m

j!

= 1 − 2∆(0.99)m
∆∑

j=1

1

j!

> 1 − 2∆(0.99)m(e− 1).

We again note that 2(e − 1)∆(0.99)m =

O
(

1
nc−1 log n

)
. Hence for a sufficiently large n, we

have 1 − 2(e − 1)∆(0.99)m > 1
q . This shows that

for a sufficiently large n,M > qn−1. Hence Πq can
be designed and efficiently computed in the same
way as the one proposed in [12, Lemma 5.12] with
computation complexity polynomial in n.

We conclude by summarizing our result in the
following theorem.

Theorem V.4. Let C0 ⊆ Σn
2 be the binary two-

deletion correcting code constructed in [12, The-
orem 5.9]. Then for any positive integer q > 2,

there exists an explicit and efficiently encodable 2

deletion correcting code C1 ⊆ Σn
q with redundancy

5 log n+ 10 log log n+ 3 log q +O(1).

Furthermore, utilizing our list-decodable code
construction described in Corollary IV.4 with C0 as
the underlying binary 2-deletion correcting code,
there exists an explicit and efficiently encodable
q-ary deletion code C2 ⊆ Σn

q with redundancy
4 log n + 10 log log n + 2 log q + O(1) that can be
list decoded against 2 deletions with list size of at
most 2.

In both cases, the encoding complexity is poly(n).

Furthermore, if the complexity of computing Π−1
q

is TΠq,D(n), then the decoding complexity is
2TΠq,D(n) +O(log2 q + n).

Remark V.5. Note that the q-ary 2-deletion correct-
ing code C1 defined in Theorem V.4 outperforms any
of the existing construction of 2-deletion codes for
any q. This includes the code constructed in [16].

Similarly, the q-ary 2-deletion code C2 defined in
Theorem V.4 with list size at most 2 outperforms our
best construction from Corollary IV.5.
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