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Highlights

e A semi-analytical model is proposed to predict stress evolution in coating

systems.

e Thermal gradient, oxide growth and creep relaxation are considered in the
model.

o Creep plays key role in determining stress evolution during thermal cycling.

e Creep in the oxide is beneficial to the durability of the coating system:
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Abstract

A semi-analytical model is developed to predict the stress evolution within a multilayer
coating system during cyclic thermal loading. This model takes,intosaccount the temperature
gradient across the thickness of the system, which is the.common<thermal conditions of the
high-temperature protective coatings. The creep deformation-and the oxide scale growth
processes at the elevated temperature are consideredin the theoretical framework. The cases
of thermal barrier coatings are analyzed, and, finite element analysis is performed for
comparisons. The results show that the\stressyand creep strain fields solved by the
semi-analytical method are consistent with'the finite element predictions, which confirms the
validity of the proposed model. Fhe effects of creep in the system on the stresses and
curvature evolutions are discussed. It is found that the large creep rates in the coatings or
substrate could facilitate theystress relaxation processes in both of them, whereas the stress
evolutions in the oxide’scale are'virtually unaffected. The curvature of the system may reverse
from the concave to convex’shape during the thermal cycling when the fast creep relaxations
occur in the coatings. Furthermore, the creep deformations in the oxide scale provide benefits
in relaxing the huge growth stresses so that the better durability of the system could be

obtained.
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1. Introduction

Multilayer coating systems are widely used in the industry to provide protections for
structural components against harsh environments [1-9]. For example, thermal barrier
coatings (TBCs) are deposited on the superalloy substrate of gas turbine blades to provide the
thermal and oxidation protections against high-temperature gas [4-6] and environmental
barrier coatings (EBCs) are applied to protect SiC/SiC composites from high-temperature
water vapor [7-9]. Such coating systems usually undergo cyclic thermalloading” by
experiencing periodic temperature change in a wide range. The thermal=eycling. inevitably
introduces stresses into the coating layers because of the imposed non-uniform temperature
fields and/or the thermal expansion mismatches among the layers. Assthe operation period
extends, the stresses develop due to processes occurring in the high=temperature environment,
such as the creep relaxation, oxidation, sintering, and phase transformation. Failure of the
coatings takes place when the stresses evolve totsome extents. The high compressive in-plane
stresses may lead to buckling delamination of the coatings, and the tensile stresses could
induce the onset and growth of surface. cracks and interface cracks [10-15]. Therefore,
understanding the stress evolutions during the thermal cycling is important to estimate the
reliability and durability of the.coating system.

The stress evolutionsyin the coating system are affected by the interactions among
various factors,associated with the thermal cycling, of which the thermal conditions, oxide
scale growth, and:creep deformations play the important roles [16-18]. During the cycling, the
top and bottem’surfaces of the system usually operate under different thermal conditions, and
a_thermal” gradient is formed in the through-thickness direction of the system, e.g., the
temperature gradient in the TBCs on the turbine blade is up to 300°C [4]. The thermal gradient
induces the non-uniform expansions of a layer so that its stress distribution is intrinsically
non-uniform. In such case, the stress difference at the interface of two adjacent layers may be
enhanced when compared with the ones of uniform temperature field, which might lead to

premature delamination of the coatings. Moreover, a thin layer of oxide scale could form and



grow between the coatings and substrate at elevated temperature due to the oxidation of the
substrate, e.g., the formed Al,O; layer in the TBCs and the SiO; layer in the SiC-based EBCs
[7, 16]. This growing oxide affects the stress evolutions in the system and usually induces the
degradation of adherence strength of the adjacent layers. Cracking is often observed within or
around the oxide [19]. Furthermore, viscous flows can be significant when the coatings are
exposed to the high temperature [20-22]. Creep relaxation gives rise to the accumulations of
inelastic strains and the redistributions of stresses. It further affects the residual stress fields
when the coatings are cooled down.

Accurate predictions of stress evolutions in the coating system~should, account for the
aforementioned important factors of thermal gradient condition,.oxide scale growth, and creep
relaxation. It is desirable to have a comprehensive analytical modelthat can efficiently predict
the stress evolutions during the thermal cycling. However, there are few analytical works that
attempted to address this issue. Most of the previous investigations focused on the analytical
analysis of thermoelastic stresses in the linearelastic multilayer film/substrate system [23-27].
For instance, Hsueh [26] developed an exact closed-form solution to evaluate the thermal
stresses in elastic multilayer systems, in which only three boundary conditions are required to
solve the stress fields regardless of the number of layers in the system. Hsueh's method has
been widely employed to analyze residual stresses within various systems, such as thermal
barrier coatings, multilayer films/substrate system, and multilayer beams [28-31].
Nonetheless, their works are limited to the cases of linear elastic system, in which the factors
of creep relaxation, oxide scale growth, and temperature gradient are not considered. Though
a few works devoted to the issues of stress relaxations in the multilayer films [32-34], a
uniform temperature change with a single heating or cooling process is commonly imposed
and the growth of oxide scale is not taken into account. Hence, the roles of oxide growth and
creep deformations on the stress evolutions within multilayer coating system during thermal
cycling have not yet been well understood.

This work aims to present a semi-analytical model to evaluate the stress evolution in the



multilayer coating system during the thermal cycling. The thermal gradient condition, oxide
scale growth, and creep relaxation are taken into account in the theoretical framework. The
model is derived in Section 2. In Section 3, comparisons between the semi-analytical and
finite element predictions are made to validate the proposed model. In Section 4, the effects of

creep in the layers on the stress evolutions are discussed. Conclusions are made in Section 5.

2. Model development
2.1 Problem description

A typical multilayer coating system is schematically shown in Fig: 1(a)=The n layers of
coatings are bonded sequentially to a substrate and a thin oxide scale is formed between the
substrate and the first coating layer. The interfaces between the layers are considered to be flat
and perfectly bonded. The thicknesses of the substrate, oxide,scale, and individual coating are
denoted as hs, hy and h; (i=1, 2,..., n), respectively. The coordinate axis x is located at the
interface between the layer 1 and the oxide, and the z-axis is along the thickness direction of
the system. The z coordinates of the upper_and lower interfaces of layer i are, respectively,

denoted as z; and z;4 (zo = 0), in whichia relation of h; = z; — z;; is derived.

(a) ZA
layer n Zn hy
P Zn—l :
Iayer i : h;
layer 1 ;1 hl , X
oxide 2 h, |
substrate hs

Fig. 1. Schematic diagrams showing: (a) a multilayer coating system (h; = z; _ z;; and z, = 0)



and (b) bending induced by the asymmetric stresses.

When the in-plane dimension (x-y plane) of the multilayer coating system is much larger
than its thickness, the system curves spherically under thermal loading and an equal biaxial
in-plane stress state is formed. However, when the system is assumed to be a strip, the
stresses in the width direction (o, herein) vanishes and the system is in a uniaxial stress state.
In the most realistic geometrical condition, the coating system has a large planar geometry.
Therefore, the equal biaxial in-plane stress state (o = ¢y) is assumed in the model. In addition,
all layers are considered to be isotropic.

The imposed cyclic thermal loading and the corresponding deformation are qualitatively

described as follows. For an initially stress-free system, its top.and bottom surfaces are,
respectively, heated up to the elevated temperatures T,"*¢, and T,™ (with T™ >T™), as

depicted in Fig. 2(a). The thermal gradient is introduced-in‘the through-thickness direction of
the system. In this process, the arising asymmetric thermal stresses induce the bending of the
system and a bending curvature is formed. Then, the thermal gradient is held for a period of
time, during which the creep deformations of the layers occur to induce the stress relaxations.
As the holding time extends, the stress fields are redistributed and thus the bending curvature
varies, as illustrated in”Fig.22(b). The growth of oxide scale may contribute to such
redistributions and.variations: After that, the system is steadily cooled down to the ambient
temperature. The euryvatlre may change again and some stresses and deformations remain in
the system. Above thermal loading process may be periodically imposed and the stresses and

curvature vary with the cycling.
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Fig. 2. Schematic diagrams showing: (a) variations of temperature T with time t and (b)
variations of curvature of the system with the thermal cycling.

2.2 Temperature fields

In the analysis of temperature fields, three assumptions are made for simplification: (1)
the heat conduction during the entire thermal cycles is steady; (2) no thermal convection or
radiation occurs; (3) no interfacial thermal resistance exists.

For the multilayer coating system shown in Fig. 1(a), the heat“flux density, g, can be

written as follows:

t)-T,(t . nho h
q=- t() b() , with Rtoml:i=1z:+ﬂ_g+%s, 1)

total 0
where T, (t) and T, (t) are the imposed temperatures as.functions of time t at the top surface
and bottom surface of the system, respectively. R IS the thermal resistance of the system, n
the numbers of coating layers, and 1 ‘thesthermal conductivity. The subscripts i, g and s
denote the i-th layer of the coatings, oXide scale and substrate, respectively. It is assumed that
the thermal conductivities are constant during the cycling.

Note that the net-heat,flux at any material point is zero. Thus, the heat flux density q can

also be written based,on a given location z as follows:

_T(®-T(zY) h<7<0 @)

where T(z, t) is the temperature at the location z.

Using Egs. (1) and (2), the solutions of temperature distribution in the z-direction at any



instant of the thermal cycles are given as follows:

T(t)_w anﬁﬁL—zi_z ) z.<1<1
t Rtotal j=i+l /1]- //LI i-1 = i
T()-T,()( & h
T(zt)= T&t)—% -1%_%} ~h,<2<0 . 3)
total i=1 74 g
T(t)_Tt(t)_Tb(t) Z”:ﬁ+h_g+—hg—z , (h +h )<z< h
t Rtotal |:1ﬂ1 A’g ﬁ’s

2.3 Stress fields
The total strain in the system can be decomposed into a uniform component and a
bending component [26]. The concept of bending axis is used, which'is.defined as a reference

plane in the system where the bending strain is zero. Hence, the.total-strain is expressed as

g(z,t):c(t)+z_rtb(t)  withe=(heh )<z <z, (4)

where ¢(z, t) is the total strain as functions of coordinate z and time t, c(t) the uniform strain
component, z = ty(t) the position of bendingaxis, and r(t) the radius of curvature of the system
at the bending axis position. The'radius is defined to be positive (r(t) > 0) when the system
bends in a convex shape (Fig. 2(b)), and vice versa. Note that the bending axis differs from
the conventional neutral axis in classical beam bending theory, which is defined as the axis
where the normal stress is zero.

The general formulations for the stresses in the x-axis direction at any instant of the

thermal.cycles can be written as follows:

6, (2t)=E [ e(z.t)-aAT (z,t)- & (2.t)], z,,<21<z
o,(z,t)=E [g(z,t) a, AT (z,t)—¢,(2,t)—¢, (t)] —h, <z<0 , (5)
GS(Z,t =ES[5 z,t —aSAT(Z,t)—gC(Z,t)], —(hs+hg)£2£—hg

where ¢, E and « are stress in the x-axis direction, biaxial modulus, and coefficient of thermal

expansion (CTE). E=E"/(1-v), where E is the Young's modulus and v is the Poisson's ratio.

AT(z, t) is temperature change related to the initial ambient temperature To, AT(z, t)=T(z, t)-T,.



& 1s the accumulated creep strain and &g is the growth strain induced by the lateral growth of
the oxide, both of which are initially zero.

It is seen that the calculations of stresses depend on the solutions of c(t), r(t) and ty(t).
Three boundary conditions are used to solve these variables.

(i) The resultant force due to the uniform strain component is zero, which is written as

J.:(:img)Es[C( —a, AT (z,t)—&.(z,t) ]dz+ZI E [c(t)-aAT (z,t)- gc(z,t):ldz

. X(6)
+j E,[c(t) - AT (z,t)— &, (2,t) - £4(t) |d2.= 0

(ii) The resultant force due to the bending strain component is zero, which is written as

“hy z-t,(t) o _ z-t,(t) 1 2o ty(t)
f_(m)Es r(t) dz + _%Eg ) dHi:lL._lE‘ ) — W7 -0.

(")

(iii) The sum of the bending moment with respect to,bending axis is zero, which is

written as

J‘:(tzmg)as (Z’t)[z - (t)]dz +Jig o (Z,t)[Z -t (t)]dz

5 N ERAT) ®

To simplify the expressions, the biaxial modulus and CTE in the layers are, respectively,

written in the forms of piecewise functions as E(z) and a(z), which are

En/z.,<2<1 o, 7,515,
E(z)=1E,, ~h,<z<0 and a(z)=1a, -h,<z<0 . 9)
B/, —(h+h))<z<-h a, —(h+h)<z<-h
By solving the Eqgs. (6)-(8), one obtains
[T E(2)a(2)AT (z,t)dz+E,gy (t) +j & (2,t)dz
o(t) =~ . (10)
Eh +Ejh, +ZEihi
i=1
e (2 -(n+h,))-En7+ Y E (27 -2
= (12)

2| E;h, +Ejh, +ZEihij

i=1



r(t) =" T8 (12)

by, +by, +by;
where
a, =(Eshs VENR +Zn:Eihijtb (), (13)
a, = Et, (t)(h>+2hhy )+ Egt, (1), +Zn:Eitb (t)(z° -z%), (14)
3 :%ES [(hs +h, )3 - h93:|+%Eghgs +%§Ei (Zi3 - Zi—l3) , (15)
= By () Bty +[Eshs FEN, +Zn:Eihthb (t)c(t), (16)

o

by, = (t){ES((hS +h,) -h? )+ Eh SE (3. - zf)] (17)

2 2

Zn

by = [, E@@(@)AT (20) 24, ()]dz [T E(2)a(20)[2-4,(0)]dz. (19)

Due to the difficulty in deriving the closed-form integrations of time-dependent creep
strains, the compound Cotes integration formulation is used to numerically calculate the
integrations associated with &. The detailed solutions of Egs. (10) and (18) are given in
Appendixes A and B. By/substituting Egs. (10)-(12) into Egs. (4) and (5), the stress and strain
distributions in the/system could be solved. The iterative approach is used to calculate the
stress evolution during”the thermal cycling. It should be pointed out that the multilayer
coating system is assumed to be initially stress-free at the initial instant t = 0. For t > 0,
residual stresses would arise at end of the cooling stage of a thermal cycle due to the creep
relaxation occurring at the high-temperature holding period. In the model, the residual
stresses in a thermal cycle are inherently taken as the initial stresses for the next cycle.
Therefore, the effect of residual stresses during the cycling has been included in Egs. (4) and
(5).

In addition, the oxide scale gradually grows both in the thickness and lateral directions

so that the hy and & are monotonically increasing. In some cases, modulus of the oxide scale
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may be very large, e.g., the one in TBCs is about 400 GPa. Hence, according to the above
solutions, the oxidation process may significantly affect the stress evolutions as well as the
variations of curvature of the system. Particularly, the location of the bending axis would vary
with the thickening oxide. This finding differs from the conclusions made in previous
investigations for multilayer system without the oxide scale, who found that the bending axis
keeps the same location during the loading history [32-34]. Moreover, above formulations are
able to reduce to the conventional case for evaluating the thermoelastic stresses'in the linear
elastic multilayers film/substrate system when the creep strains and growth.strains.are ignored

and uniform temperature field is imposed, as given in [26].

2.4 Creep deformation

Steady-state creep deformation is assumed during the cyecling. The Norton's power law
creep relation is employed, which is given as follows:

sign[ oy (z.t) |Bow(z.t)"  z,<z<7

£ (z.t)=4sign[ o, (2,t)]Bjo, (z,t)* —hy<z<0 , (19)

sign[ o (zt) B (z,t)"  —(h +h,)<z<-h

where sign| o(z,t)|=o(Z,t)/lo(zt) is the sign function, £,(z,t) the creep strain rate, B
the creep prefactor, and n the,creep exponent.

During the heating-and cooling periods of the cycling, the time for the temperature held
in the range where'the creep relaxation can occur is relatively short. Therefore, creep strains
are assumed to accumulate only during the high temperature holding period. At any instant of
the.cycling, the creep strain is updated as

{gc(z,t+At)=gc(z,t)+éc(z,t)Ar 20)

£.(2,0)=0 |

where At is the increment of total time and Ar is the increment of holding time. It can be

expressed as

11



At, during the high-t ture holdi iod
Ar:{ uring the high-temperature holding period 21)

0, duringthe heating and cooling processes

2.5 Growth of oxide scale

During the high-temperature exposure, the oxygen diffusing inward reacts with the
substrate at the oxide scale/substrate interface to form the new oxide, which induces the*oxide
thickening, as depicted in Fig. 3. In the same process, the reaction occurs atsthe grain
boundaries of the oxide to cause the lateral growth. In this work, the oxidationis assumed to
occur only at the high-temperature holding period, which is the same reason for creep

relaxation mentioned above.

Newly formed oxide
(lateral growth)

Coatings

1\ Oxide scale

Newly formed oxide
Substrate (thickening)

Fig. 3. Schematic diagram showing the growth of oxide scale both in the thickness and lateral
directions.

The variations of<oxide “thickness during the high-temperature exposure could be
determined by the‘experimental observations, and it is usually described by an oxidation
kinetics curve., The thickness of oxide is defined as a function of its temperature and the

high-temperature holding time, which is expressed as

hy ={k0pr(t)exp(—%ﬂ g +h;, (22)

where hg is the initial thickness of the oxide, T the temperature of the oxide, R the gas

constant, Q the system specific activation energy, mq the exponent, and ko, the experimentally
determined fitting parameter. The z(t) is the accumulation of holding time, which is z(t+At)=

7(H)+ Az

12



The growth strain rate of the oxide in the thickness direction, &, is formulated as

gt

o 1d(h-h) m, Q" i
€gt(t)—wd—r—h—go|:kopexp(—ﬁjj| T(t) . (23)

]

The lateral growth strain rate, ¢, (t), is defined to be proportional to &, (t), which is

(24)

where 7, is the ratio of growth strain rates in the lateral direction to one in the/thickness

direction. Thus, the growth strain is derived as

(25)

Note that the growth strains &4 and gq in the oxide are assumed to be independent of the
z-axis coordinate and uniform throughout the thickness, due to the very small thickness of the

oxide scale.

2.6 Implementation of the semi-analytical method

The semi-analytical method is implemented in a Fortran code. The procedures of the
method are shown in Fig. 4, in which the iterative approach is used to calculate the stress
evolution during the thermal cycling. The main steps of the implementation are summarized
as below:

e Step O: Initiate the coating system. The creep strain, TGO growth strain, total strain, and

stresses in the system are defined as zero, namely & (z,0)=0, ¢,(0)=0, &,(0)=0,

€(2,0)=0,and o(z,0)=0;
e Step 1: Impose a time increment At;
*  Step 2: Determine the temperature field T(z, t) using Eq.(3);

*  Step 3: Determine the creep strain field &, (z,t) using Egs.(19) and (20);

13



+  Step 4: Calculate the TGO growth strain &, (t) and &, (t) using Egs.(23), (24) and
(25);

e Step 5: Calculate the c(t), tp(t), and r(t) using Egs.(10), (11) and (12). Then, the total
strain field &(z,t) is obtained by Eq.(4);

*  Step 6: Calculate the stress field by Eq.(5);

e Step 7: If it is the end of the analysis, move to Step 1. Otherwise, the analysis is finished.

( Start )

_Time increment
v

Determine temperature field T(z, t)

v

Determine creep strain (z, t)

v

Determine TGO growth strain gy and gy ,
and update TGO thickness hy

Determine total strain,.field &(zy.t)

v

Calculate stress field'o(z, t)

End of the analysis?

Yes

Finish

Fig. 4. Flowchart of the semi-analytical method

3. Verification by finite element analysis
To verify the'validity of the proposed semi-analytical model, a finite element analysis
(FEA) of the TBCs is carried out in ABAQUS and comparisons of the stress and inelastic

strain fields are made with the semi-analytical solutions.

3.1 Finite element analysis
As shown in Fig. 5(a), the TBCs is composed of four components: two layers of ceramic
coatings (coatingl and coating2), a layer of oxide scale (known as thermally grown oxide,

TGO), and a substrate. The material properties are listed in Table 1, in which the Poisson's

14



ratios are also given. In the semi-analytical model, the role of the Poisson's ratio is to
transform the Young's modulus E” of a layer into the biaxial modulus E (namely E= E"/(1-v)).
In addition to that, the Poisson's ratio in FEA acts as an essential material parameter in
constructing the stiffness matrix for the finite elements.

Ten thermal cycles are imposed in the analyses. Each single cycle includes 5 min heating,
10 h high-temperature holding, and then 5 min cooling, as illustrated in Fig. 5(c). The'system
is initially stress-free at 20°C. During the high-temperature holding period,<the imposed
temperature at the top surface and bottom surface of the model are 1400°CG.and 950°C,

respectively, such that a gradient of 450°C is formed across the entire system.

|
T
Coating2  h,=200pm |
Coatingl ~ hy =200 pm i
1
|
I
|

TGO hg =1 pum
z
Substrate  hy=2 mm
(@) s x| ()
f————L=15mm———+|
T(°C)
1400

950

() 20

5min 10h 5min

Fig. 5. Schematic showing: (a) geometry of the finite element model, (b) FE meshes, and (c)
thermal lgading history.

Table 1. Material properties of the TBCs layers [21, 35, 36].

Young's . . Thermal Thermal Creep
Poisson's L . Creep
Layer modulus ratio conductivity expansion prefactor exoonent
(GPa) (W-(m-°0)Y) (x10%°CY)  (MPa™s?) P
Coating? 60 0.25 0.81 8.2 5.0x107%° 1
Coatingl 48 0.1 1.88 9.0 5.0x10%° 1
TGO 400 0.23 23.0 8.0 5.0x10° 1
Substrate 184 0.3 30.0 16.0 5.0x10° 1

The FE model is meshed with two-dimensional 8-node biquadratic element, the type of

15



which are DC2D8 in thermal analysis and CPS8R in stress analysis. The nominal mesh size in
the thickness direction and length direction are 0.025 mm and 0.075 mm, respectively, as
shown in Fig. 5(b). Four layers of elements are contained in the TGO layer to accurately
calculate the stresses along its thickness direction. The total element numbers of the FE model
are 20000. The mesh sensitivity study has been performed and revealed that the meshes are
sufficient to achieve the mesh size independent results.

In the FE simulations, the sequentially-coupled method is used to analyze the stress
fields. This method considers that the stress fields depend on the temperature fields, but the
reverse is not significant. In the mechanical analysis, the symmetric”boundary condition is
applied on the left edge of the model, and the node at bottom of this edge-is fixed to constrain
the movement of the model along the z-axis direction. The SLIDER type multiple point
constraint (MPC) in ABAQUS is set on the right edge to-keep'the nodes on it to deform and

move along a straight line, which is used to model the infinite-length system.

Table 2. Parameters of oxidation growth kinetics.

Kop (um°/h) Q (kJ/mol) R (J/(mol-K)) mg My

3.15x10° 206.273 8.314472 1/2 0.1

Note: The ko, and 7, are selected/in this work, and other parameters are taken from literature [37].

TGO thickness hg (m)
N

Experimental results [37]:  Fitting curves:

2 e 1038°C 1038 °C
= 1093°C ——1093°C
4 1149°C —1149°C
1 T T T T
0 200 400 600 800 1000

Oxidation time 7 (h)

Fig. 6. Temperature-dependent oxide growth Kkinetics

The oxide growth is simulated in the FEA by considering all the TGO elements swell

16



both in the thickness direction and the lateral direction (via the subroutine UEXPAN in
ABAQUS). The parameters of the oxide growth kinetics are listed in Table 2, in which the
parameter ko, is fitted in this work. Fig. 6 shows the experimentally measured
temperature-dependent Kinetics (taken from [37]) and the corresponding fitting curves using

the parameters in Table 2. The comparisons indicate that the selected k,, works quite well.

3.2 Comparison between FEA and semi-analytical predictions

The temperature distribution in the z-direction is shown in Fig. 7. Thesanalytical results
are consistent with the FEA predictions. Ceramic coatings provide a total"of 379°C thermal
insulation. The temperature gradient in the coating?2 is greater than the'one’in the coatingl due

to the lower thermal conductivity of the former layer.

1600 vrzzzrrrrrrzz727772272777772770
substrate ‘
coatingl ! !

81400_ coating2 9
S b
|_
e
% 12004 Analytical 3 i
< O F§A TGO: 1021°C |
= :
[<B]
F 1000+ 1
q
800 — 1

20 -16 -12 08 -04 00 04
Position z (mm)

Fig. 7. Comparison between the FEA and analytical prediction: temperature distribution in the
through-thickness direction.

The stress contours (o) taken from the FEA at different instants of the thermal cycles are
shown in Fig. 8, in which the results of TGO layer are excluded due to its much higher
stresses than the other layers. It is observed that the stresses at the high-temperature period are
relaxed (Fig. 8(a, b, d)), whereas the residual stresses at the ambient temperature are enhanced
with the thermal cycles (Fig. 8(c, e)). Simultaneously, the curvature of the system is seen to

vary with the thermal cycles. After heating from the initially stress-free state in the first cycle,

17



the coating system bends upward to form the concave shape (corresponds to negative 1/r).
Due to the creep relaxations in the system, the curvature enhances with the high-temperature

exposure time, and significant residual deformations remain after the system is cooled down.

Fig. 8. FE predictions of stress contours g at different instants: (a) after heating in the 1st
cycle; (b) prior to cooling,in the 1st cycle; (c) after cooling in the 1st cycle; (d) prior to
cooling in the 10th<Cycle; (e) after cooling in the 10th cycle; (f) schematic showing the above
five instants in the thermal loading history. (The deformations are magnified by a factor of 5,
and TGO layet.is excluded from the contours).

The quantitative evolution of the curvature is plotted in Fig. 9. Due to the difficulty in
deriving the curvature from the finite element model, only the result of the semi-analytical
method is presented. After the second thermal cycle, the evolution of the curvature tends to be
stable because the stresses in the coatings and substrate are nearly relaxed to zero from then
on, as will be seen in Fig. 12. In particular, it is observed that the increment of the curvature

in the heating stage is opposite to the one in the cooling stage, due to the imposed opposite

thermal loads. For instance, heating in first thermal cycle induces the negative increment of
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1/r to form the concave curvature, whereas cooling in the following cycles gives rise to the
positive increment of 1/r to alleviate the concave curvature. The phenomenon of opposite
increment of curvature between the heating and cooling stages is helpful in understanding the
variation of curvature during the thermal cycling, especially in the case when the curvature

reversal occurs (as will be seen in Section 4).
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Fig. 9. Evolutions of curvature of the system predicted by semi-analytical model

The stress and creep strain.distributions in the through-thickness direction at different
instants of the thermal cycles-are plotted in Fig. 10 and Fig. 11, in which comparisons are
made between the semi-analytical and FEA predictions. Generally, the results determined by
the semi-analytical method correlate well with the FEA, which confirms the validity of the
proposed model. Stresses and creep strains are linearly distributed in an individual layer. After
initially heating in the first cycle, the coating layers are under tension due to their low CTEs,
and the*upper and lower sides of the substrate are under compression and tension, respectively.
During the high-temperature period, stresses are relaxed to reach the nearly stress-free state
(e.g., in the case of prior to cooling in the 10th cycle), but the creep strains accumulate instead.
Simultaneously, the residual stresses are enhanced with the thermal cycles, as seen in Fig.
10(b). It is interesting that the stress distributions at the first heating state (the case of after

heating in the 1st cycle) and final cooling state (the case of after cooling in the 10th cycle)
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have the same magnitude but the opposite sign. It results from the imposed opposite thermal
loads on the stress-free system. This phenomenon suggests that design of the coatings system
should account for the thermal stresses at the high-temperature state as well as the residual
stresses at the ambient temperature state because these stresses with opposite sign would

affect the durability of the coatings in different manners.
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Fig. 10. Comparisons between the FEA and semi-analytical predictions: stress distributions in

the through-thickness direction at (a) high-temperature states and (b) ambient temperature
states (the results of TGO are excluded).
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distributions at cooling states of the 1st and 10th cycles (the results:of:T GO are excluded).

Fig. 12 presents the evolutions of stresses and=ereep strains at three representative
positions. Again, the semi-analytical solutions are consistent with the FEA predictions. As the
high-temperature exposure time extends, the\creep strains at the locations of z = 0.2" and -2
almost stop to accumulate after the thermalystresses are relaxed to zero (from the 3rd cycle).
However, as seen in Fig. 12(f);.thecreep strain in TGO continuously accumulates till the end
of the thermal loading history., It results from the relaxations of continuously rising growth
stresses caused by the)lateral growth of TGO. During the cycling, some balance is formed
between the growth stresses and creep relaxation so that the stress evolution in TGO tends to

be stable (Fig. 12(e)).
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Fig. 12. Comparison between the FEA and semi-analytical predictions: (a, c, ) stress
evolutions and (b, d, f) creep strain evolutions at the (a, b) interface of the coatings, (c, d)
bottom of the substrate, and (e, f) interface of the coatingl/TGO (z = 0.2" denotes that the

position is adjacent to the interface on the coating? side, and z = 0~ denotes that it is on the
TGO side).

4. Results and discussions
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Creep deformations in the multilayer coating system may significantly affect the stress
evolutions during the thermal cycling, so as to alter the features of curvature of the system.
By using the proposed semi-analytical method, the effects of creep in the substrate, coatings,
and TGO on the stress evolutions are respectively studied. In these analyses, except for
discussions on various creep prefactors, the material properties in Tables 1 and 2 are selected
as the benchmark cases. The geometries of the system are the same with that used in Section 3
(see Fig. 5). For ease of presentation and comparison, a single full cycle with adong holding
time is employed in this section, which includes 5 min heating, 100 h-high=temperature

holding, and then 5 min cooling.

4.1 Effect of creep in substrate

The creep prefactors Bs are assumed to range from zero to 5x107 to illustrate the effect
of creep in the substrate. The B = 0 is used te.model the elastic substrate without creep
deformation, and B, = 5x10™, 5x10™° and 5x10}> are adopted to represent the viscoelastic

substrate with low, medium and fast creep rates, respectively.
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Fig. 13. Effect of creep in the substrate: (a) evolutions of curvature of the system;-and stress
evolutions at (b) coatingl/coating? interface (on the coating2 side); (€) coatingl/TGO
interface (on TGO side); (d) bottom of the substrate.

The evolutions of curvature of the system are shown in Fig. 13 (a). Creep rates in the
substrate strongly affect the curvature evolutions. For.the ‘substrate with elastic or slow creep
behaviors, the curvature reverses from concavesto_the“convex shape as the holding time
increases. However, the curvature remains'as,the-concave shape for the medium and fast
creep substrate, in which the larger Bs gives rise to the larger curvature. Regardless of the
various creep behaviors in the coatings, the cooling process tends to induce the system
bending downward. Therefore, no matter whether the curvature reversal occurs or not, the
cooling processes in all the cases induce the positive increment of 1/r, leading to the
enhancement of convex curvature for small Bs and the decrease of concave curvature for large
Bk.

The stress evolutions at three locations in the system are presented in Fig. 13 (b)-(d). In
general;"stress relaxation processes in the coatings and substrate are facilitated by the faster
creep of the substrate. However, stress evolutions in the TGO are almost unaffected by the Bs.
The so-called ‘stress shift’ occurs in TGO, which is the shift of stresses from tensile to
compressive during the holding period [38]. This phenomenon results from the competitions
among thermal expansion mismatch, oxidation growth, and creep relaxation. After the system

is heated up, the stress in TGO is in tension due to its lower CTE than the substrate. As the
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holding time increases, the lateral growth of TGO induces the compressive growth stress so
that the stress shifts to compressive state. In the same process, creep deformations gradually

relax such growth stresses to approach zero.

4.2 Effect of creep in coatings

The creep prefactors of the coatingl and coating2 are assumed to be identical (By= B, =
B.) and they are set to range from zero to 5x10” to study the effect of creep in‘the coatings.
The curvature evolutions under various B, are shown in Fig. 14(a). Coatings with fast creep
rates induce the reversal of curvature from concave to the convex shape, Whereas the slow
creep coatings give rise to the enhancement of concave curvature. Fig=14 (b)-(d) show the
stress evolutions at the three locations in the system. The large B, leads to the fast stress
relaxations in the coatings as well as the substrate. But the stresses in TGO is virtually
unaffected. These findings are consistent with the.discussions of B given in Section 4.1.

Above observations suggest that variations of\curvature of the system are determined by
the comparisons between the creep rates in.the substrate and the coatings. For the case of “fast
creep substrate + elastic/slow créep coatings’, as shown in Fig. 15, the substrate quickly loses
the resistance to bending when€xposed to the high temperature. In the same process, however,
stresses in the coatings are, unable to be fully relaxed by creep deformations. In order to
ensure the equilibrium of the force and moment in the system, the concave curvature is
enhanced t0 increase the negative bending strains in the coatings so that the tensile stresses in
the coatingstare able to be reduced. In contrast, for the case of ‘elastic/slow creep substrate +
fast creep’coatings’, significant stresses remain in the substrate after the coatings are relaxed
to\become the stress-free. Thus, the curvature has to reverse from the concave to the convex
shape to change the signs of bending strains in the substrate, such that stresses within it could

be reduced to achieve the system equilibrium.
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Fig. 15. Schematic diagrams showing the variations of curvature with different creep rates in

the coatings and substrate.

4.3 Effect of creep in TGO
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Fig. 16 shows the curvature and stress evolutions under various creep prefactor of the
TGO B, It is seen that the creep rate in the TGO plays an important role in determining the
evolutions. During the high-temperature period, the lateral growth of TGO results into the
increasing of growth strains. Huge compressive growth stresses are introduced in the elastic
TGO due to the constraint of the thick substrate. As the high-temperature holding time
increases, the curvature of the system is reversed from concave to the convex shape.and is
subsequently enhanced. Such enhancement of curvature acts like resulting from<an externally
imposed bending moment so that the tensile and compressive stresses are.developed within
the coatings and at bottom of the substrate, respectively.

Nevertheless, the role of TGO becomes insignificant when “its..ereep processes are
sufficiently rapid. The fast creep relaxations in the TGO would\remarkably reduce the growth
stresses, such that the curvature and the stress fields in the system would not be affected by
the TGO growth. It suggests that the competition between the growth stress generation (TGO
lateral growth) and stress relaxation (creep, deformation) determines the features of the
evolutions. The dominant of growth stress generation is disadvantageous to the reliability of
the system because the stresses in the system may gradually evolve to a high level.
Appropriate creep deformations in, TGO provide benefits in relaxing huge growth stress so

that the better durability ofithe system could be obtained.
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Fig. 16. Effect of creep in the TGO: (a) evolutions of curvature of the system;-and stress
evolutions at (b) coatingl/coating? interface (on the coating2 side); (€) coatingl/TGO
interface (on TGO side); (d) bottom of the substrate.
5. Conclusion

A semi-analytical model is developed to estimate.the stress evolution in a multilayer
coating system during cyclic thermal loading. The,thermal gradient conditions, oxide scale
growth, and creep relaxation processes are taken into account in the model. The oxide growth
kinetics is introduced to determine the oxide thickness as well as the lateral growth strains.
During the thermal cycling, thestemperature and stress fields are solved by the iterative
approach, in which the numerical method is used to calculate the integrations related to the
time-dependent creepsstrains:

Specific analyses'were made for the thermal barrier coatings with double ceramic layers.
The propesed model is validated by the comparisons of stress and creep strain fields between
the semi-analytical and finite element predictions. The creep rates in the layers significantly
affect the evolutions of stresses as well as curvature of the system. Large creep rates in the
coatings or substrate could facilitate the stress relaxations in both of them, whereas the stress
evolutions in the TGO are virtually unaffected. As the holding time increases, the curvature
would reverse from concave to convex shape for the case of ‘elastic/slow creep substrate +
fast creep coatings’, whereas the concave curvature remains and enhances for the case of ‘fast

creep substrate + elastic/slow creep coatings’. Furthermore, the competition between the
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lateral growth and creep deformation in the oxide scale determines the features of the stress
evolutions. The creep deformations in the oxide provide benefits in relaxing the huge growth

stresses so that the better durability of the system could be obtained.
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Appendix A. Determination of the uniform strain component
The integration related to the temperature gradient AT(z,t) in the uniform strain

component (Eqg. (10)) is written as follows:

o 0
J.*(th)E( Ja(2)AT( ztdz—Eaf ztdz+EaJ‘%AT(z,t)dz
n z | (A'l)
+2EiaiL' AT (z,t)dz
i=1 -
where
~hy _ n hi h h p )
J(M)AT(Z’I)dZ{ P, 5P, (;ZJf—Z——iﬂhs +2—}1[th ~(h +hy) } (A-2)
0 _ - hy P, | 2
J%AT(Z,t)dZ—[pl—pz i_lijhg_ﬁhg | (A-3)
§ AT (z,t)dz=| p,—p Zn:h h+p2( 2_z 2) (A-4)
i , ' ? j= |+1ﬂ ﬂ, 21, -1 ,
T(t)-T, (t
p=T()-To, P LT, (A-5)
Rtotal
The integration related to the creep strain in Eq. (10) is written as follows:
J:("M%)E( EI (z,t) dz+EI (z,t) dz+ZEI (z,t)dz. (A-6)

Due to the difficulty in deriving the closed-form integrations of time-dependent creep
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strains, the compound Cotes integration formulation is used to numerically calculate the

integrations in Eq. (A-6).

Appendix B. Determination of the radius of curvature r(t)

The integration related to the temperature gradient in Eq. (18) is written as follows:

j_z(”we(z)a(z)m(z,t)[z_tb(t)]dz:_tb(t)j_z("wE(z)a(z)AT(z,t)dz+ N,
I zAT z,t)dz+Eq Ioh ZAT ( dz+ZE ’ | ZAT (zt)dz |

where

. nh h, h —(h+hY="p, (o +hy) =h
? AT (z,t)dz=| p, — a4 99 2 Ll ,

J-—(ruhg)z (Z )Z |:p1 pz[ilﬂf,—i_ﬂ,g ﬂs]jl > +;LS 3
(B-2)

0 n h Y=h? p h?

AT(z,t)dz=| p,— p, P = |[—= + 22 B-3
[, 2T () (pl ngﬂu‘] R (B-3)

. " h _ 2_, 2 3_, 3
LfAT(Z,t)dz:{pl—p{zi—‘+%ﬂ 4 22'*1 +%Z' 32'*1 . (B-4)

j=i+l 7Yj

In the Egs. (B-2)~(B<4),.the coefficients p; and p, are taken from the Eq. (A-5). The

integration related to the creep strain is written as follows:

Ij("m) E(z)e, (2.t)[ 21, (t)]dz = Esj—i(tmg)gc (z.)[2-t,(t) Joz

JrEgJ:Ohg & (z.t)[z-t,(t)]dz +2Ei J‘;Z% (z.t)[z-t,(t)]dz '

(B-5)

Similar to the Eq. (A-6), the Eg. (B-5) is also numerically solved by the compound Cotes

integration formulation.
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