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Abstract—We consider an event-based communication mech-
anism for diffusion least mean-squares estimation in a sensor
network, in which an intermediate estimate from a sensor is
communicated to its neighbors only when a triggering criterion
is satisfied. We provide a sufficient condition for the mean error
stability of our proposed event-based diffusion strategy, and
derive an upper bound of its steady-state network mean-square
deviation (MSD). Simulations demonstrate that our event-based
strategy can achieve similar steady-state network MSD as the
adapt-then-combine diffusion strategy but at a significantly lower
communication rate.

Index Terms—Diffusion adaptation, energy-efficiency, event-
based communication

I. INTRODUCTION

In the era of big data and Internet-of-Things (IoT), ubiqui-
tous smart devices continuously sense the environment and
generate large amount of data rapidly. To better address
the real-time challenges arising from online inference, opti-
mization and learning, distributed adaptation algorithms have
become especially promising and popular compared with
traditional centralized solutions. As computation and data
storage resources are distributed to every sensor node in the
network, information can be processed and fused through local
cooperation among neighboring nodes, and thus reducing sys-
tem latency and improving robustness and scalability. Among
various implementations of distributed adaptation solutions
[1]-[4], diffusion strategies are particularly advantageous for
continuous adaptation using constant step-sizes, thanks to
their low complexity, better mean-square deviation (MSD)
performance and stability [5]-[9]. Therefore diffusion strate-
gies have attracted a lot of research interests in recent years
for both single-task scenarios where nodes share a common
parameter of interest [10]-[15], and multi-task networks where
parameters of interest differ among nodes or groups of nodes
[16]-[20].

In diffusion strategies, each sensor communicates local
information to their neighboring sensors in each iteration.
However, in IoT networks, devices or nodes usually have
limited energy budget and communication bandwidth, which
prevent them from frequently exchanging information with
neighboring sensors. Several methods to improve energy effi-
ciency in diffusion have been proposed in the literature, the
works [21]-[23] aim at reducing the number of neighbors to
cooperate with, whereas [24]-[26] reduces the dimension of
the local information to be transmitted. These methods either
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rely on additional optimization procedures, or use auxiliary
selection or projection matrices, which require more compu-
tation resources to implement.

Unlike time-driven communication where nodes exchange
information at every iteration, in event-based communication
mechanisms, nodes only trigger communication with neigh-
bors upon occurrence of certain meaningful events. This can
significantly reduce energy consumption by avoiding unnec-
essary information exchange especially when the system has
reached steady state. It also allows every node in the network
to share the limited bandwidth resource so that channel effi-
ciency is improved. Such mechanisms have been developed for
state estimation, filtering, and distributed control over wireless
sensor networks [27]-[31], but have not been fully investigated
in the context of diffusion adaptation. In [32], the authors
proposed a diffusion strategy where entries of the intermediate
estimates are quantized into multiple predefined levels, and
certain quantized entry of the latest intermediate estimate is
communicated if it jumps to a different quantization level from
the previous iteration. The performance of this method relies
largely on the precision of the selected quantization scheme,
which is difficult to optimize for online adaptation where the
parameter of interest and environment may change over time.

In this paper, we propose an event-based diffusion strategy
to reduce communication among neighboring nodes while
preserve the advantages of diffusion strategies. Specifically,
each node monitors the difference between the full vector of its
current local update and the most recent intermediate estimate
transmitted to its neighbors. A communication is triggered
only if this difference is sufficiently large. We provide a
sufficient condition for the mean error stability of our proposed
strategy, and an upper bound of its steady-state network MSD.
Simulations demonstrate that our event-based strategy achieves
a similar steady-state network MSD as the popular adapt-then-
combine (ATC) diffusion strategy but a significantly lower
communication rate.

The rest of this paper is organized as follows. In Section II,
we introduce the network model, problem formulation and
discuss prior works. In Section III, we describe our proposed
event-based diffusion LMS strategy and analyze its perfor-
mance. Simulation results are demonstrated in Section IV,
followed by concluding remarks in Sections V.



II. DATA MODELS AND PRELIMINARIES
A. Network and Data Model

Consider a network represented by an undirected graph G =
(V,E), where V = {1,2,---, N} denotes the set of nodes, and
F is the set of edges. Any two nodes are said to be connected
if there is an edge between them. The neighborhood of each
node k is denoted by A/, which consists of node k and all the
nodes connected with node k. Since the network is assumed
to be undirected, if node k is a neighbor of node ¢, then node
¢ is also a neighbor of node k. Without loss of generality, we
assume that the network is connected.

Every node in the network aims to estimate an unknown
parameter vector w°® € RM*1 At each time instant i > 1, each
node k observes data di(i) € R and u(i) € RM*1, which
are related through the following linear regression model:

dy (i) = uy, (i)w® + vk (i), (1)

where v (i) is an additive observation noise. We make the
following assumptions.

Assumption 1. The regression process {uy;} is zero-mean,
spatially independent and temporally white. The regres-
sor uy(i) has positive definite covariance matrix R, =
E [wg(i)ug (i)].

Assumption 2. The noise process {v (i)} is spatially inde-
pendent and temporally white. The noise vy (i) has variance

012)) i and is assumed to be independent of the regressors u(j)
Sor all {k,0,i,j}.

B. ATC Diffusion Strategy

To estimate the parameter w°, the network solves the
following least mean-squares (LMS) problem:

N
min Z Ji(w), )
Y=
where for each k € V,
. . 2
Te(w) = > E|di(i) — ug(i)Tw|" . 3)
kENk

The ATC diffusion strategy [5], [8] is a distributed opti-
mization procedure that attempts to solve (2) iteratively by
performing the following local updates at each node £ at each
time instant 4:

Yi(i) = wi(i — 1)
+ ek (i) (di(i) — up (i) Twi(i — 1)), @)
Wi, = Z aerPe.i, )
LeN
where p;, > 0 is a chosen step size. The procedure in (4) is
referred to as the adaptation step and (5) is the combination
step. The combination weights {as} are non-negative scalars
and satisfy:
N
agr, > 0, ZangL age =0, if £ & Ny (6)
=1

Algorithm 1 Event-based ATC Diffusion Strategy (EB-ATC)

1: for every node k at each time instant ¢ do

2:  Update intermediate estimate )y (¢) using (4)
3 Compute €; (i) and f (€ (7).
4
5

if f (€, (i)) > 65 (i) then
(i) Trigger the communication, broadcast local update
11 (4) to every neighbors £ € Nj.
6: (ii) Mark ~4(i) = 1, and update (i) = ().
7. elseif f (e (i) < 0x(i) then
8: (i) Keep silent.
9: (ii) Mark (i) = 0, and update (i) = 1, (i — 1).
10:  end if
11:  Perform diffusion combination

122 wi(i) = apePr(i) + Y

LeN\{k}

amtp,(i)

13: end for

The local estimates wy,; in the ATC strategy are shown to
converge in mean to the true parameter w° if the step sizes
. are chosen to be below a particular threshold [5], [8].

III. EVENT-BASED DIFFUSION
A. Event-based Communication

We consider a modification of the ATC strategy so that the
local intermediate estimate ) (7) of each node k is commu-
nicated to its neighbors only at certain triggering time instants
s®, n = 1,2,.... Let ¥ (i) be the last local intermediate
estimate node k transmitted to its neighbors at time instant ¢,
ie.,

Y1 (5) = r(sp), for j € [sg, 537 7
Let €, (i) be the a prior gap defined as
€. (1) = Pr(i) = Py (i = 1). (8)

Let f (e (i) = He,;(z)H;, where Y} is a positive semi-
definite weighting matrix, and ||PH; = PTYP for any
compatible matrix P.

For each node k, transmission of its local intermediate
estimate ¥ (¢) is triggered whenever

£ (e (1)) > 6x(i) > 0, )

where J(¢) is the threshold adopted by node k at time i.

In this paper, we allow the thresholds to be time-varying.
We further assume {0y (7)} of each node k are upper bounded,
and let

0k = sup{dx(9)|7 > 0}. (10)

In addition, we define binary variables {~j(i)} such that
~k (i) = 1 if node k transmits at time instant ¢, and 0 otherwise.
The sequence of triggering time instants 0 < sp < s2 < ...
can then be defined recursively as

s" = min{i € NJi > s, vx (i) = 1}. (11



For every node in the network, we apply the event-
based adapt-then-combine (EB-ATC) strategy detailed in Al-
gorithm 1. A succinct form of the EB-ATC can be summarized
as the following equations,

Yi(i) = wi(i — 1)
+ prun (i) (di (i) — wr (i) wi(i — 1)),
wi(i) = appe (i) + Y anp(i).

LeN\{k}

12)
13)

B. Performance Analysis

In this subsection, we study the mean and mean-square
error behavior of the EB-ATC diffusion strategy. Detailed
derivations, notation definitions, as well as all the proofs are
omitted due to the space constraint, and can be found in [33].
To begin with, the error vectors of each node k at time instant
1 are given by

i (i) = w® — (i),

Wy, (i) = w — wi(i).

(14)
15)
Recall that under EB-ATC each node only combines the local
updates {1),(7)|¢ € N} that were lastly received from its

neighbors. Therefore, we also introduce the a posterior gap
€1 (1) defined as:

€k (i) = Pi(i) — Py (i),

to capture the discrepancy between the local intermediate
estimate 15 (7) and the estimate ), (i) that is available at
neighboring nodes. We have

o,
) = {ek@'),

where €, (i) was defined in (8). From (17), we have the
following result.

(16)

if [l ()3, > 0k (i),

a7
otherwise,

Lemma 1. The a posterior gap €r(i) is bounded, and
1
. , 3
el < (st

Collecting the iterates "Zk,i, Wy ;, and €;(7) across all nodes

we have,
P (i) = col { (iz}k(z‘))j_l} , (18)
(i) = col { (@i}, } (19)
€(i) = col {(ek(z’))szl} . (20)

By substituting (16) into (13), the error vector in (15) can be
expressed as

W(i) = D antbe(i) + D ame(i), (1)
LEN, LeNK\{k}
which yields the following recursion:
w(i) = B(i)w(i — 1) — AT Ms(i) + CTe(i), (22)

where
A=A®1y, C=C® Iy, (23)
B(i) = A" (Inn — MR, (7)), (24)
R (i) = diag { (ur(Dug (i), } (25)
M = diag { (urIa)i=s } 5 (26)
s(i) = AT col { (ur (i) vk (i))py } - (27)

Theorem 1. (Mean Error Stability) Suppose that Assumptions
1-2 hold. Then, the network mean error vector of EB-ATC,
i.e., Elw(i)], is bounded input bounded output (BIBO) stable
in steady state if the step-size iy is chosen such that

2
)\max(Ru,k’) .
In addition, the block maximum norm of the network mean
error is upper-bounded by

« 5k 2
1-— ﬁ 12}93;(1\[ Amin (Yk:) 7

i < (28)

(29)

where

a= 1£%XN(1 —agk), B=[Inn — MRyl o

(30)

Due to the triggering mechanism and the resulting a pos-
terior gap, (20) correlates with the error vectors (18) and
(19). Therefore explicitly characterizing the exact network
MSD of EB-ATC is technically difficult. Instead, we study
the upper bound of the network MSD. Letting B = EB(i),

and fimax = Maxi<gp<n [k, We have the following results.

Theorem 2. (Mean-square Error Behavior) Suppose that As-
sumptions 1-2 hold. Then, as © — oo, the network MSD of
EB-ATC, i.e., E|w(i)|* /N, has a finite constant upper bound
if the step sizes {ur} are chosen such that p(D) < 1 is
satisfied, where D = 2E[B(i)" ® B(i)T]. In addition, if {p}
are sufficiently small and also satisfy

1 V2 142
2 2
— < U < =, (31)
)\min(Ru,k) Hk )\max(Ru,k)

then the matrix D can be approximated by D ~ F, where
F =2BT"® BT =D+ O(u2,.), and an upper bound of the
network MSD in steady state is given by

[+ £2)T Unsews = F) 7 4 foo| 0 + Ol). BD)
where,
f1 = vec (ATMSMA) , fa =2Avec (CTC) ,
i—1
fooo =2 Jim 3" vee (€TG(i - HMSMA)" FI.
§=0
S = diag {(Ug,kRu,k);cvzl} )
N 5 1
A=Y ()
]; <)\min(Yk:))
G(i) = Ediag { (ve (i) Iar )iz } — Iun
o= - vee(Inw) (33)

N
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Fig. 1: Simulation results for the network.

IV. SIMULATION RESULTS

In this section, numerical examples are provided to illustrate
the MSD performance and energy-efficiency of the proposed
EB-ATC, and to compare against ATC and the non-cooperative
LMS algorithm. We performed simulations on a network with
N = 60 nodes as depicted in Fig. 1(a). The measurement
noise powers {05’ 1 are generated from a uniform distribution
over [—25,—10] dB. We consider a parameter of interest w°
with dimension M = 10, and suppose that the zero-mean
regressor u (i) has covariance R, = oﬁykl M, Where the
coefficients {afw} are drawn uniformly from the interval
[1,2]. For the ease of implementation, we adopt constant and
uniform triggering thresholds 0 (i) = ¢ for all {k, i}, and
identity weighting matrix Y, = Ip; for the event triggering
function of every node. Moreover, we use the Metropolis rule
[8] for the diffusion combination (13). All the simulation
results are averaged over 200 Monte Carlo runs.

From Fig. 1(b), it can be observed that compared with the
ATC strategy, MSDs of the proposed EB-ATC in steady state
are higher by a few dBs, but still much lower than that of
the non-cooperative LMS algorithm, which demonstrates the
capability of EB-ATC to preserve the benefits of diffusion
cooperation. We also observe that, the convergence of EB-ATC
is relatively slower. This is because in the transient phase, the
event-based communication mechanism of EB-ATC restricts
the frequency of exchanging the newest local intermediate
estimates {4y ;}, for the purpose of energy saving.

Indeed, EB-ATC achieves significant communication over-
head savings compared to ATC. To visualize this, we define
the expected network triggering rate (ENTR) as follows:

ol
ENTR(i) = ]; Ey (4). (34)
The ENTR at time instant ¢ captures how frequently com-
munication is triggered by each node at that time instant
i, on average. ENTR is directly proportional to the average
communication overhead incurred by the nodes in the network
at each time instant. From (34), it is clear that 0 < ENTR(¢) <

1, so a smaller value of ENTR(¢) implies a lower energy
consumption. Note that ATC has ENTR(¢) = 1 for all time
instants ¢. From Fig. 1(c), we observe that the ENTR for
EB-ATC decays rapidly over time during the transient phase,
and for all the different triggering thresholds we tested, EB-
ATC uses less than 30% of the communication overhead of
ATC after the time instant 7 ~ 150, which is the average
time that the MSD of ATC is within 95% of its steady-state
value. This demonstrates that even though EB-ATC has not
reached steady state (which occurs on average at i ~ 600),
communication between nodes do not trigger very frequently
as the intermediate estimates do not change significantly after
this time instant. Furthermore, in steady state, although each
node maintains estimates that are close to the true parameter
value, communication triggering does not completely stop.
This is due to occasional abrupt changes in the random noise
and regressors, which can make the local intermediate estimate
deviate significantly from its previous iteration value.

V. CONCLUSION

We have proposed an event-based diffusion strategy in
which communication from each node to its neighbors is
triggered only when a significant change has occurred in
its local intermediate estimate. The proposed strategy is not
only able to significantly reduce communication overhead,
but can still maintain good MSD performance at steady
state compared with the conventional diffusion ATC strategy.
Future research includes analyzing the expected triggering
rate theoretically, characterizing the rate of convergence, and
establishing their relationships with the triggering threshold,
so that the thresholds can be selected to optimally balance
between the estimation performance and the communication
energy consumption.
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