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Abstract
Neuroimaging tasks present significant challenges in signal processing and analysis
due to factors such as low signal-to-noise ratios, high non-stationarity, and limited
dataset sizes. Furthermore, understanding brain dynamics is complicated by the
coupling mechanisms across various neuroimaging modalities. To address these
challenges, my study introduces an alternative approach by formulating covariance-
based neuroimaging data on symmetric positive definite manifolds. I integrate
various geometric methods to model this data and develop geometric deep learning
frameworks for multiple neuroimaging tasks, including EEG-based motor imagery
classification and the multimodal fusion of simultaneous EEG-fMRI data.
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Figure 1: Illustration of a Geometric Brain-Computer Interface: This figure
depicts a conceptual system architecture in which cyborgs control a robotic
arm through a brain-computer interface. As cyborgs visualize actions such
as grasping, neural signals generated in their brains are captured and trans-
mitted to a computer via a signal decoder. The computer then applies geo-
metric deep learning models on symmetric positive definite cones, equipped
with the affine-invariant Riemannian metric, denoted by (S++, g

AIRM ), as
proposed in this study, to govern the robotic arm’s movements.





Chapter 1

Introduction

This study explores a novel pathway of neural decoding algorithms by integrating
modern mathematical and statistical methods with advanced artificial intelligence
models to enhance classification tasks in brain-computer interfaces.

1.1 Backgrounds and Motivations

A Brain-Computer Interface (BCI) is a technology that captures and decodes neu-
ral signals from brain activity, facilitating communication between the central ner-
vous system and the external environment. Among the various types of BCIs,
electroencephalography (EEG)-based systems are the most widely used due to
their portability and cost-effectiveness. These EEG-based BCIs hold significant
potential across a range of applications, including stroke rehabilitation, wheelchair
control systems, and video gaming [4–9].

EEG-based BCI applications function by monitoring changes in EEG rhythms over
the brain’s sensorimotor areas. These changes in sensorimotor rhythms (SMRs)
related to motor imagery (MI) can serve as effective control signals for BCIs [10–
12]. During the planning and execution of movement, SMRs undergo amplitude
changes known as event-related desynchronization/synchronization (ERD/ERS)
effects [13]. ERD reflects a decrease in rhythmic activity, while ERS indicates
an increase. These patterns can be reliably detected, enabling accurate classifica-
tion of EEG signals. In an EEG-based MI task, the subject mentally simulates

3
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physical movement, engaging the brain’s sensorimotor systems and primary sen-
sorimotor areas [14, 15]. The EEG device records the resulting signals, which are
then interpreted by machine learning classifiers to determine the subject’s inten-
tions. The locations for signal acquisition by BCI devices (EEG/ECoG) are shown
in Figure 1.1 1.

(a) (b)

Figure 1.1: Figure (a) illustrates the signals collected by EEG/ECoG from
the anatomical structures of the human head, while Figure (b) illustrates
an EEG cap.

EEG-based motor imagery classification has yet to achieve satisfactory perfor-
mance, despite the application of various classifiers. Several factors contribute
to this suboptimal outcome. First, volume conduction, where electrical activity
spreads from the brain’s neural sources and is detected at distant points on the scalp
or body surface, leads to the combination of signals from different sources. This
results in blurred or diffused signals, making it difficult to accurately identify spe-
cific neural activities. Second, significant variability in EEG signals occurs within
a session, between sessions, and across different subjects. These variations can be
attributed to factors such as learning effects, differences in system calibration, the
subject’s mental state, electrode placement, and physiological differences like head
size. Additionally, the limited size of EEG and other neuroimaging datasets poses
a challenge. Due to the high cost and time-intensive nature of recording, these
datasets are generally small, which limits the effectiveness of deep learning models
typically trained on large-scale datasets.

1 Figure 1.1 (a) has been adapted with the illustration redrawn and includes minor modifi-
cations, based on the original from https://www.neurotechcenter.org/research/brain-computer-
interfacing.
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Moreover, it’s important to recognize that motor imagery classification is more
complex than it initially appears. The complexity arises from various challenges
and the absence of reliable measurements to assess their impact. While many
existing methods are adapted from other engineering domains where similar issues
have been addressed, this pragmatic approach often falls short of fully explaining
the occasional inefficacy of these methods.

1.2 Main Contributions

Recently, EEG-based motor imagery classifiers have increasingly shifted toward
deep learning models, resulting in significant performance improvements [16–18].
Deep learning offers robust representation capabilities, enhancing the effectiveness
and resilience of neural network-based approaches [19]. Traditionally, these classi-
fiers have relied on convolutional neural networks (CNNs) to process multi-channel
EEG time series data. However, since EEG time series fundamentally differ from
image data, it raises the question of whether CNNs, originally designed for image
processing, are truly optimal for EEG classification.

Given the widespread use of EEG spatial covariance matrices in traditional motor
imagery classifiers, integrating these matrices into deep learning models is a log-
ical step forward. This approach introduces a new class of classifiers specifically
designed for motor imagery tasks. The symmetric and positive definite nature
of EEG spatial covariance matrices necessitates a distinct network architecture,
different from those used in general classification tasks.

These specialized neural networks [20–22], initially developed for computer vision,
are particularly well-suited to manage the unique characteristics of EEG data. By
integrating the mathematical properties of symmetric and positive definite (SPD)
matrices with deep learning techniques, these networks can effectively capture com-
plex patterns within EEG signals. This integration has led to the development of
innovative classifiers, known as geometric classifiers, specifically designed to the
challenges of EEG-based motor imagery classification.

From a mathematical perspective, the space of SPD matrices is typically charac-
terized as a manifold in Riemannian geometry. This geometric formulation ensures
that the transformations and operations performed on SPD matrices remain within
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the manifold, thereby preserving the mathematical properties of the data. Con-
sequently, learning problems related to EEG spatial covariance matrices naturally
adopt the framework of geometric statistics, which is designed to handle the statis-
tics of manifold-valued data. This geometry effectively models EEG signal variance,
specifically the spectral power of the EEG signal, which is crucial for EEG-based
motor imagery classification.

This study makes contributions by introducing geometric classifiers that integrate
advanced geometric methods on SPD manifolds and applying them across vari-
ous scenarios to address key challenges in various neuroimaging tasks. The main
contributions are summarized as follows:

• Introduction of Geometric Classifiers: Chapter 5 and 6 introduce two novel
geometric classifiers that utilize neural networks on SPD manifolds to ex-
tract discriminative features from EEG spatial covariance matrices. These
classifiers are designed for general EEG-based motor imagery classification.

• Addressing Cross-Session Variability: Chapter 7 addresses the challenge of
cross-session variability in EEGs by extending the optimal transport-domain
adaptation framework to SPD manifolds equipped with the Log-Euclidean
metric. This adaptation improves the handling of data distribution shifts
across sessions for manifold-valued data.

• Overcoming Limited Data: Chapter 8 explores the innovative use of score-
based generative models to synthesize EEG spatial covariance matrices. This
approach enhances the practical utility of limited data in motor imagery
tasks, thereby improving the classification performance of geometric classi-
fiers.

• Multimodal Fusion of Simultaneous EEG-fMRI Data: Chapter 9 presents a
self-supervised framework designed to integrate multimodal covariance-based
neuroimaging data, particularly simultaneous EEG-fMRI data. This frame-
work significantly improves the performance of geometric classifiers in down-
stream applications by leveraging the learned representations of both modal-
ities and maximizing geodesic correlation through the use of a geometric deep
learning model.
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Table 1.1 provides an overview of the mainstream EEG-based motor imagery clas-
sifiers from the past twenty years, highlighting the evolution from common spatial
patterns and Riemannian-based approaches to convolutional neural network mod-
els. This study introduces a novel approach that integrates key elements from
these three categories: BiMap transformation, SPD manifolds, and deep learning,
as illustrated in the table. The history, mechanisms, and detailed exploration of
these mainstream classifiers, along with a comprehensive discussion of the proposed
innovative pathway, will be thoroughly examined in Chapters 2 and 3.



Table 1.1: Categories of EEG-Based Motor Imagery Classifiers.

Category Proposition Input BiMap SPD Deep Mechanism
Transformation Manifolds Learning

Common Spatial Pattern 1999 [23] Covariance 3 7 7 Search for a linear projection direction that maximizes the discrimination
between classes by solving Eigenvalue Problem 2.1.

Riemannian-Based Approach 2011 [24] Covariance 7 3 7 Compare the Riemannian distance, which includes the entire spectrum
information obtained from Eigenvalue Problem 2.1 without directly
solving it.

Convolutional Neural Network 2017 [16–18] Time series 7 7 3 Extract discriminative features using the convolutional neural network
-based architecture.

Geometric Classifier (Proposed) 2022 †[2, 25] Covariance 3 3 3 Seek a nonlinear projection on Stiefel manifolds that maximizes
the discrimination between classes using neural network-based models.

† To the best of our knowledge, the first instance of using SPD matrix-valued neural networks for processing EEG spatial covariance matrices in EEG-based motor imagery classification appeared in my previous
study [26]. However, the broader introduction of this innovative class for general EEG-based motor imagery classification started with the publication of Tensor-CSPNet [2].
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1.3 Chapter Outline

This thesis is organized into four main parts. The first part consists of three
chapters that establish the foundational concepts for further exploration. Chap-
ter 2 reviews the mechanisms of EEG-based motor imagery classification and the
mainstream classifiers, providing context for a more detailed examination of these
techniques. Chapter 3 introduces the concepts of covariance-based neuroimaging
data, Riemannian geometry, SPD manifolds, and a new class of classifiers known
as Riemannian-based approaches. Chapter 4 discusses geometric statistics and
various geometric methods, including geometric deep learning, manifold learning,
information geometry, and optimal transport on manifolds, all of which are crucial
to the methodologies presented in this thesis. The second part, titled Geometric
Classifiers and Their Applications, comprises five chapters, each focusing on one
of my research contributions. The third part presents the conclusions and out-
lines valuable directions for future research. The final part (appendix) provides a
brief overview of the diffusion model and canonical correlation analysis, which are
relevant to the discussions in Chapters 8 and 9, respectively.

Figure 1.2 presents the flowchart of chapters in this thesis. Chapters 2 through 4 lay
the groundwork, providing the necessary background for the research in Chapters
5 through Chapter 9. Chapters 8 and 9 apply the geometric classifiers developed
in Chapters 5 and 6 to specific tasks, while Chapter 7 follows an independent
trajectory. This distinction is made because Chapters 5, 6, 8, and 9 utilize the
affine-invariant Riemannian metric on SPD manifolds, whereas Chapter 7 employs
the Log-Euclidean metric.
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Figure 1.2: Flowchart of Chapters in this Thesis.
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Chapter 2

Motor Imagery Classification

Motor imagery involves the mental simulation of a specific action without physi-
cally performing it [27, 28]. This cognitive process engages the same neural regions
responsible for actual movement control. Notably, motor imagery has demon-
strated therapeutic benefits for individuals with neurological disorders, strokes, or
spinal cord injuries by leveraging brain pathways associated with imagined move-
ments to support recovery [29, 30]. Moreover, it enhances physical performance,
making it a valuable tool in sports training and physical therapy [31, 32].

From a neurophysiological perspective, the Penfield Homunculus, shown in Fig-
ure 2.1 (b), has significantly contributed to the development of BCI technology
for motor imagery tasks. Motor imagery tasks generate specific patterns of brain
activity that can be accurately detected using EEG [11, 33]. This EEG data can
then be used to control devices by identifying and interpreting the brain activity
linked to motor imagery [34–36]. Figure 2.1 illustrates the spatial organization of
the motor cortex in the brain. 1

Motor imagery engages multiple brain regions, including the supplementary mo-
tor area, prefrontal cortex, premotor cortex, cerebellum, and basal ganglia. This
has been validated by studies utilizing positron emission tomography, functional
magnetic resonance imaging, and electroencephalography [14, 37, 38].

1 The two subfigures have been adapted, with illustrations redrawn and minor modifications,
based on the original from https://www.kenhub.com/en/library/anatomy/brodmann-areas.
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(a) Primary Motor Cortex. (b) Penfield Homunculus.

Figure 2.1: Figure (a) illustrates the primary motor cortex, responsible for
controlling various motor movements, including those of the fingers, hands,
wrists, and facial muscles on the opposite side of the body. Figure (b)
shows the Penfield Homunculus, also known as the Penfield motor cortex
topographic map, which graphically represents the organization and spatial
layout of the motor cortex in the brain.

Motor imagery is closely associated with event-related desynchronization (ERD)
and synchronization (ERS) effects in specific frequency bands. ERD is character-
ized by a temporary, localized reduction in rhythmic EEG activity, often signal-
ing increased brain activity in the relevant area. Conversely, ERS is marked by
a transient, localized increase in rhythmic EEG activity, which typically indicates
decreased brain activity or relaxation in that area. Both ERD and ERS are tempo-
rally linked to the event but occur out of phase and are specific to certain frequency
bands [10, 12, 39].

Research consistently shows that motor imagery induces ERD/ERS effects in the
Mu (8-13 Hz) and Beta (13-30 Hz) bands, each with unique temporal character-
istics [40]. Mu band activity generally decreases gradually over several seconds
before returning to baseline, while Beta band activity shows a burst following the
ERD [40]. However, extensive research indicates that brainwaves exhibit unique
spatial, temporal, and frequency characteristics for each individual [11, 40]. There-
fore, the most effective approach to developing a motor imagery classifier is to
account for neurophysiological differences across time, space, and frequency do-
mains, a concept referred to in this thesis as the time-space-frequency principle.
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2.1 EEG-Based Motor Imagery Classifiers

Feature engineering approaches are commonly employed in the early stages of motor
imagery classifiers. This process involves designing hand-crafted features based
on time-domain and frequency-domain statistics, such as band power, magnitude-
squared coherence, and phase-locking value [41–43]. After extracting these features,
traditional machine learning techniques, including support vector machines [44] and
linear discriminant analysis [45], are often used for classification tasks.

Spatial filtering plays a crucial role in feature extraction during this phase, signif-
icantly enhancing the signal-to-noise ratio. This enhancement is essential because
localized brain activities are spatially dispersed when transmitted through the skull
and scalp [46]. Among the various spatial filtering methods, Common Spatial Pat-
tern (CSP) is particularly popular [23]. CSP seeks to obtain optimal spatial features
by maximizing the variance of one class while minimizing that of the other. This
method utilizes average spatial covariance matrices derived from EEGs, which con-
tain significant discriminative information for classification, including variance in
the on-diagonal entries and coherence between adjacent channels in the off-diagonal
entries [47].

CSP has proven highly effective in online BCI systems. Beyond its signal enhance-
ment capabilities, one of the major strengths of CSP lies in the interpretability of
its results. Unlike black-box methods, the outcomes of the optimization process of
CSP can be visualized as scalp topographies, illustrating the filters and patterns
of the optimized solution. This visual representation helps users understand how
the algorithm processes and differentiates neural signals.

Moreover, CSP is widely used in many successful methods in the BCI Competi-
tion. Competitors have leveraged CSP-based spatial filtering to achieve impressive
results, underscoring its robustness and effectiveness in practical applications. Its
widespread adoption in competitive settings highlights the value of CSP in enhanc-
ing BCI system performance and its ongoing relevance in the field [48, 49].

Formally, let S+ and S− ∈ RnC×nC be the class-related estimates of spatial covari-
ance matrices of segments in a two-class MI-EEG paradigm using the arithmetic
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mean as follows,

S+ :=
1

|I+|
∑
l∈I+

XlXl
>, and S− :=

1

|I−|
∑
l∈I−

XlXl
>,

where I+ and I− are sets of segments in two classes respectively.

The CSP method is given by a simultaneous diagonalization of S+ and S− as
follows,

WS+/−W> = Λ+/−,

where diagonal matrices Λ+ and Λ− ∈ RnC×nC hold an identity constraint Λ+ +

Λ− = InC
. Each column vector w ∈ Column(W ) is called a spatial filter. It is

equivalent to solving a generalized eigenvalue problem as follows:

(S+ + S−)−1S+/−w = λ+/−w. (2.1)

A set of discriminative powers consists of m spatial filters {wj}mj=1 from both ends
of the spectrum, i.e.,

zj = log (wjXX
>wj

>),

where 1 ≤ m ≤ nC . Once the discriminative features are extracted from EEG
signals, they are commonly classified using a support vector machine (SVM). SVM
is a widely used machine learning classifier renowned for its effectiveness in clas-
sification and regression tasks. The primary goal of SVM is to find an optimal
hyperplane that maximally separates data points of different classes [44].

Hence, CSP yields the EEG signal analysis with the following paradigm: Let X ∈
RnC×nT be a segment of EEGs, where nC is the number of channels and nT is the
number of sampled points on an epoch duration, and segment X is assumed to
be band-pass filtered, centered, and scaled. The linear classifier that predicts the
label for segment X can be written as follows,

f
(
X; {wi, βi}Ni=1

)
=

N∑
i=1

βi log (wiXX
>wi

>) + β0,

where N is the number of spatial filters, {wi}Ni=1 ∈ RnC are spatial filters and
{βi}Ni=0 ∈ R are biases.
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Various variants of CSP have been developed to enhance its applicability and ef-
fectiveness in different applications, addressing specific challenges and improving
overall performance across diverse scenarios. Below are brief descriptions of some
well-known variants:

• Common Spatio-Spectral Pattern [50]: This variant integrates both spatial
and spectral information from EEG signals by incorporating delay embed-
ding, which enhances the ability to capture relevant temporal dynamics.

• Common Sparse Spectral Spatial Pattern [51]: This variant focuses on spec-
tral information within specific frequency bands and imposes sparsity con-
straints, allowing the identification of the most relevant features with reduced
complexity.

• Filter Bank Common Spatial Pattern [52]: By applying bandpass filters, this
variant creates a filter bank that covers multiple frequency bands, enabling
a more comprehensive analysis of EEG signal frequency components.

• Regularized Common Spatial Pattern [53]: This variant incorporates regu-
larization techniques to mitigate overfitting, thereby improving the general-
izability of the CSP method when applied to EEG data.

• Stationary Common Spatial Pattern [54]: This variant integrates stationary
assumptions to ensure that the extracted features remain stable over time,
which is crucial for long-term EEG monitoring and analysis.

• Wavelet Common Spatial Pattern [55]: This variant decomposes EEG signals
into wavelet packets and uses fuzzy logic to select the most discriminative
packets, enhancing the ability to capture non-stationary and transient EEG
features.

Additionally, CSP can be expressed as a divergence maximization problem, where
it directly maximizes divergence to obtain the CSP subspace, rather than solving
a generalized eigenvalue problem. By incorporating regularization terms and beta
divergence techniques between distributions, this approach, known as divCSP, sys-
tematically unifies various CSP variants. This method simplifies the process of
obtaining the CSP subspace while increasing the flexibility and robustness of the
filters through the use of regularization strategies [56].
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Since 2017, numerous EEG-based motor imagery classifiers utilizing convolutional
neural networks (CNNs) have been developed [16–18, 57, 58]. These classifiers can
end-to-end extract essential information from the temporal, spatial, and frequency
domains without the need for hand-crafted features, which have garnered significant
attention due to their strong performance. A key distinction between these CNNs
and traditional methods, such as those using EEG spatial covariance matrices in
CSP approaches, lies in the input format. CNN models use multi-channel EEG
time series as input, rather than covariance matrices. These CNN-based classifiers
have consistently outperformed CSP methods across various motor imagery tasks
and have become increasingly popular in addressing challenges in multi-modal EEG
tasks [18, 58].

2.2 Evaluation Scenarios and Datasets

This section introduces the experimental scenarios and datasets employed for eval-
uation in EEG-based motor imagery classification (Chapters 5, 6, 7, 8, and 9) and
the multimodal fusion of simultaneous EEG-fMRI data (Chapter 9).

2.2.1 MI-EEG Datasets

The scenarios presented are among the most commonly utilized experimental se-
tups in EEG-based motor imagery classification, specifically designed to address
non-stationarity issues, including within-session variability, and between-session/subject
variability. The three primary scenarios are as follows:

• 10-Fold Cross Validation: This scenario is designed to evaluate within-session
variability. The data for each subject is divided into ten equally sized, class-
balanced folds. Nine folds are used for training, and one fold is reserved
for testing. This cross-validation process is repeated ten times to ensure
robustness.

• Holdout: This scenario focuses on assessing between-session variability. The
data from the first session of each subject is used for training, while the data
from the second session is reserved for testing. Typically, the EEG data
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from these two sessions are collected on different days, leading to significant
variability between sessions.

• Leave-One-Out Cross Validation: This scenario is aimed at evaluating between-
subject variability. The dataset is divided into folds, each corresponding to
a different subject. In each iteration, the data of one subject is used as the
test set, while the data from the remaining subjects is used for training. This
process is repeated for every subject in the dataset.

The publicly available MI-EEG datasets used for evaluation can be accessed through
the MOABB 2 package or the BNCI Horizon 2020 3 project.

All EEG signals undergo preprocessing using Chebyshev Type II filters with 4
Hz increments, designed for a maximum passband loss of 3 dB and a minimum
attenuation of 30 dB in the stopband. Table 2.1 provides a summary of the selected
MI-EEG datasets.

• Korea University Dataset: Also known as Lee2019MI in the MOABB pack-
age, this dataset contains EEG signals from 54 subjects who participated in
a binary-class motor imagery task. EEG signals were recorded at a sampling
rate of 1,000 Hz using 62 electrodes. Each trial’s EEG signals were segmented
from the first second to 3.5 seconds after stimulus onset, resulting in a total
duration of 2.5 seconds per trial. The KU dataset is the largest publicly
available motor imagery dataset for two movements. It is divided into two
sessions, labeled S1 and S2, each containing training and testing phases with
100 trials equally split between right and left-hand imagery tasks. In to-
tal, 21,600 trials are available for evaluation, calculated as the product of 2
sessions, 54 subjects, and 200 trials per subject.

• Cho2017 Dataset: This dataset from the MOABB package involves 52 sub-
jects performing motor imagery tasks for the left and right hands. EEG
data were recorded using 64 Ag/AgCl active electrodes according to the in-
ternational 10-10 system at a sampling rate of 512 Hz. The recording be-
gan at second 0, following the cue, and continued for 3 seconds until the
end of the cross period. For analysis, 20 electrodes were selected from the

2 https://github.com/NeuroTechX/moabb.
3 http://bnci-horizon-2020.eu/database/data-sets.

https://github.com/NeuroTechX/moabb
http://bnci-horizon-2020.eu/database/data-sets
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motor cortex region, including FC-5/3/1/2/4/6, C-5/3/1/z/2/4/6, and CP-
5/3/1/z/2/4/6. Note that the EEG data for subjects No. 32, No. 46, and
No. 49 were excluded, resulting in a final dataset of 49 subjects.

• BNCI2014001 Dataset: Part of the BNCI Horizon 2020 project, also known
as BCIC-IV-2a, this dataset includes 9 participants who performed an MI
task with four classes: left hand, right hand, feet, and tongue. EEG data
were recorded using 22 Ag/AgCl electrodes and three EOG channels at a
sampling rate of 250 Hz, filtered between 0.5 and 100 Hz with a 50 Hz notch
filter to eliminate line noise. The study was conducted over two separate
sessions on different days, with each participant completing 288 trials (six
runs of 12 cue-based trials per class). The EEG signals were segmented from
the cue onset at 2.0 seconds to the end of the motor imagery period at 6.0
seconds, giving a total epoch duration of 4 seconds.

• BNCI2014002 Dataset: Also from the BNCI Horizon 2020 project, this dataset
includes 13 participants who performed sustained 5-second kinaesthetic MI
tasks involving their right hand and feet, as indicated by the cue. EEG data
were recorded using a biosignal amplifier and active Ag/AgCl electrodes at
a sampling rate of 512 Hz, with a total of 15 electrodes placed on the par-
ticipants. The experimental session consisted of eight runs, with 80 trials
for each class, resulting in 160 trials per participant. The EEG signals were
segmented from the cue onset at 3.0 seconds to the end of the motor imagery
period at 8.0 seconds, yielding a total epoch duration of 5 seconds.

• BNCI2015001 Dataset: This dataset from the BNCI Horizon 2020 project
involves 12 participants performing imagery of right-hand movement versus
imagery of movement in both feet. Data were recorded at a sampling rate
of 512 Hz and filtered using a bandpass filter from 0.5 to 100 Hz, along with
a notch filter at 50 Hz. Recording started 3.0 seconds after the prompt and
continued until the end of the cross period at 8.0 seconds, resulting in a total
trial duration of 5 seconds. Most studies (Subjects 1− 8) were conducted in
two sessions, labeled SA and SB, on consecutive days. However, for Subjects
9, 10, 11, and 12, three sessions were labeled SA, SB, and SC . In each
session, every participant completed 100 trials per class, totaling 200 trials
per participant per session.



Table 2.1: Summary of Dataset Settings for Five Selected Publicly Available MI-EEG Datasets. In the experiments, we
exclusively use EEG electrodes from the primary motor cortex of the subjects. The original dataset settings are provided
in parentheses for reference.

Dataset Subject Channel Class Trials/Session Length Imagery Period Sampling Rate Session
KU 54 20 (62) left hand, right hand 200 2.5 s 1 to 3.5 s 1000 Hz 2
Cho2017 49 (52) 20 (64) left hand, right hand 200 3 s 3 to 6 s 512 Hz 1
BNCI2014001 9 22 left hand, right hand,feet,tongue 288 4 s 2 to 6 s 250 Hz 2
BNCI2014002 14 15 right hand,feet 160 5 s 3 to 8 s 512 Hz 1
BNCI2015001 12 13 right hand,feet 200 5 s 3 to 8 s 512 Hz 2 (2 or 3)

21
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2.2.2 Simultenous EEG-fMRI Dataset

In Chapter 9, we utilized a publicly available dataset 4, which includes simultane-
ous EEG-fMRI recordings from eight subjects under two resting conditions (eyes
closed and eyes open). This dataset was specifically created to evaluate EEG ar-
tifact correction methods tailored for data collected within MR scanners [59], and
it encompasses various experimental settings. For our analysis, we concentrated
exclusively on the simultaneous EEG-fMRI condition, where EEG and fMRI data
were recorded synchronously. In this setup, each subject underwent two runs, with
each run consisting of continuous recordings lasting 4.5 minutes. During each run,
subjects alternated between conditions based on visual cues every 30 seconds.

For comprehensive details regarding the experimental protocol, recording devices,
and settings, please refer to the original dataset paper [60]. Briefly, EEG data
were recorded using 30 MR-compatible electrodes placed at standardized locations
on the head, with electrical activity sampled at 5 kHz using MR-compatible EEG
amplifiers. The clocks of these amplifiers were synchronized with the MR scanner to
facilitate artifact correction [61]. The dataset was collected using two MR scanners:
four subjects were scanned with a Siemens TIM Trio, while the remaining subjects
were scanned with a Siemens Verio. Both scanners used standard echo-planar
imaging sequences to record fMRI activity, with identical acquisition parameters
except for a slight variation in repetition time—1.95 s for the TIM Trio and 2.0
s for the Verio. Consequently, the fMRI recordings provide volume activity (i.e.,
discrete grids with 3 mm isotropic resolution covering the subject’s head) sampled
at intervals of 2.0 s (or 1.95 s for the TIM Trio).

The data from each run were preprocessed independently. For EEG data, we
utilized a custom preprocessing pipeline. The dataset included both raw and MR
gradient-artifact-corrected EEG data [62, 63], with the latter being used in our
analysis. Each EEG channel’s activity was first bandpass filtered between 0.5
and 125 Hz, followed by the attenuation of pulse artifacts [59]. Subsequently, the
data were resampled to 250 Hz (with a 70 Hz cut-off frequency) and subjected to
standard EEG preprocessing procedures.

In summary, we identified and interpolated faulty EEG channels [64], removed
transient single-channel artifacts [65], re-referenced the channels to their common

4 https://www.nitrc.org/projects/cwleegfmri_data/

https://www.nitrc.org/projects/cwleegfmri_data/
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average, attenuated 50 Hz line noise [66], and eliminated transient muscle arti-
facts [67]. The residual EEG activity was then decomposed into independent com-
ponents (ICs) [68], which were classified as either artifacts or brain activity by an
automated model [69]. We used lenient thresholds to retain an average of 85%
(±9%) of the ICs. After removing artifact ICs, the remaining components were
projected back into the original EEG channel space. We excluded six temporal and
pre-frontal channels, known to primarily capture artifacts, resulting in 24 remain-
ing EEG channels. As a final preprocessing step, the data were bandpass filtered
between 1 and 36 Hz and resampled to 125 Hz to emphasize broad-band brain
activity.

For fMRI data, preprocessing followed a method similar to that described by [1].
We used fmriprep [70] for standard anatomical and functional preprocessing of
the raw scans. This included spatial normalization of the fMRI data to standard
space MNI152NLin2009cAsym, slice-time correction, and estimation of various con-
founds. We selected global signal, motion parameters (six basic parameters), and
the first five principal components from white matter and cerebrospinal fluid as
confound regressors. Using the nilearn 5 package, we regressed out these con-
founds from the fMRI data, applied spatial smoothing with a Gaussian kernel (full
width at half maximum of 3 mm), extracted activity from 128 regions of interest
(using the DiFuMo atlas [71]), applied a bandpass filter (0.01 Hz to 0.2 Hz), and
resampled the data to 1 Hz (i.e., 1 volume per second).

EEG and fMRI data were segmented into eight epochs (each 20 seconds long) based
on triggers marking the onset of eye open and closed conditions. Following the
guidelines of [72], we applied robust z-scoring to standardize the EEG channel and
fMRI ROI data for each run. The resulting activity was clipped within the interval
[−20, 20] to mitigate the impact of outliers. The paired data from these epochs were
allocated to training, validation, and test sets. We employed 10-fold stratified cross-
validation, leave-one-run-out, and leave-one-subject-out cross-validation strategies,
as illustrated in Figure 2.2. To increase the number of observations in each set,
we extracted sliding windows (10 seconds long with a 9-second overlap) from each
epoch.

5 https://nilearn.github.io/

https://nilearn.github.io/


Figure 2.2: Simultaneous EEG-fMRI Dataset: Visualization of Cross-Validation Scenarios and Sliding Window Extraction.
Left: The dataset includes two runs per subject, with each run consisting of eight trials lasting 30 seconds each (with no
breaks in between). During these trials, subjects were either resting with their eyes open (EO) or eyes closed (EC). From
each trial, we extracted one epoch of 20 seconds duration, with a 2-second offset. Middle: The extracted epochs were
divided into cross-validation (CV) folds according to different scenarios. We utilized three CV strategies: 10-fold stratified,
leave-one-run-out (LORO), and leave-one-subject-out (LOSO). Right: After creating the CV splits, sliding windows were
extracted from each epoch.
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Chapter 3

Covariance-Based Neuroimaging
Data

In this chapter, we will begin by introducing the concept of covariance-based neu-
roimaging data, followed by an exploration of how this data is modeled within
the framework of Riemannian geometry, specifically on the SPD manifold. We
will then discuss two commonly used Riemannian metrics on SPD manifolds: the
affine-invariant Riemannian metric and the Log-Euclidean metric. Finally, we will
delve into the Riemannian-based approach, a prominent category of EEG-based
motor imagery classifiers that operates on the SPD manifold.

Definition 3.1 (Covariance-Based Neuroimaging Data). The covariance matrix
of a neuroimaging data segment, represented by X ∈ RnC×nT , is denoted as S =

XX> ∈ SnC
++, where nC is the number of spatial dimensions and nT is the signal

timesteps.

This definition applies broadly to any multi-channel neuroimaging time series. By
nature, covariance-based neuroimaging data is inherently symmetric and positive-
definite. Even in cases of degeneracy, such as co-linear spatial dimensions, positive
definiteness can be preserved through shrinkage regularization or dimensionality
reduction. In this study, we focus specifically on two neuroimaging modalities:

• EEG spatial covariance matrix: it describes the correlations between sig-
nals from different EEG electrodes, used to analyze spatial patterns of brain
activity.

25
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• fMRI functional connectivity: it reflects static and dynamic communication
between brain regions by measuring the correlations in their activity acquired
by fMRI. These matrices can reveal changes in brain activity during tasks
and pathological conditions [73, 74].

EEG spatial covariance matrices, in particular, contain nearly all the discrim-
inative information necessary for motor imagery classification tasks. This sug-
gests an equivalence between time-domain statistics, represented by spatial covari-
ance matrices, and distinct frequency-domain statistics, such as band power and
magnitude-squared coherence. The following three categories, as outlined in [75],
include diverse statistical metrics derived from both time and frequency domains:

• Spatial Features: Primarily involving time-domain statistics, these features
can be extracted through supervised methods like principal component anal-
ysis, independent component analysis, and common spatial patterns, or un-
supervised methods like common-average reference and surface Laplacian
spatial filters.

• Frequency Features: Focusing on frequency-domain statistics, this category
includes measures such as band power, fast Fourier transform, and wavelet
analysis.

• Similarity Features: Capturing the similarity between EEG signals, this
category includes frequency-domain statistics like phase-locking value and
magnitude-squared coherence.

Classifiers that use EEG spatial covariance matrices in MI-EEG classification can
extract information similar to that derived from other metrics, such as phase-
locking value and magnitude-squared coherence. For example, using the auto-
covariance function, the off-diagonal elements of EEG spatial covariance matri-
ces can be related to the magnitude-squared coherence without requiring normal-
ization. Consider a wide-sense stationary real-valued random process Xt with
zero mean E(Xt) = 0. The auto-correlation function RX(τ) of Xt is defined as
RX(τ) := E(X>

t Xt+τ ), and the expected (band) power PX of Xt is given by,

PX := E|Xt|2 = RX(0) =

∫
R
SX(ω) dω,
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where SX(ω) is the power spectral density. Thus, the variance of zero-centered
Xt is σ2

X := E|Xt − E(Xt)|2 = PX . This argument applies to Xc of each channel,
meaning the diagonal entries of the EEG spatial covariance matrices correspond to
the variance σ2

Xc
, which equals the expected (band) power PXc of that channel c.

This relationship has been explored in previous studies, notably in [42].

3.1 Riemannian Geometry

This section provides a concise introduction to smooth and Riemannian mani-
folds. For a more comprehensive understanding of Riemannian geometry, readers
are encouraged to consult standard textbooks such as those by Petersen [76] and
Jost [77].

Smooth Manifolds

A smooth manifold is a topological space that locally resembles Euclidean space
and admits a smooth atlas, which is a collection of coordinate charts that are
compatible with each other.

Definition 3.2. A topological space M is called a smooth manifold of dimension
N if it satisfies the following compatibility conditions:

• M is a Hausdorff space: for any two distinct points x, y ∈ M, there exist
disjoint open neighborhoods Ux and Uy containing x and y, respectively.

• M has a countable basis for its topology: there is a countable collection of
open sets Ui such that every open set in the topology can be expressed as a
union of some of the Ui.

• M is equipped with a smooth atlas (Uα, ϕα), where each ϕα : Uα 7−→ Vα ⊆ RN

is a homeomorphism, and the charts are smoothly compatible: For any two
overlapping charts (Uα, ϕα) and (Uβ, ϕβ), the transition map ϕβα = ϕβ ◦ϕ−1

α :

ϕα(Uα∩Uβ) 7−→ ϕβ(Uα∩Uβ) is a smooth function (or infinitely differentiable)
from RN to RN .
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The tangent space at a point on a smooth manifold is a vector space consisting of
tangent vectors to the manifold at that point. The formal definition of the tangent
space at a point p on a smooth manifold M is as follows:

Definition 3.3. The tangent space toM at p, denoted TpM, is defined as the set of
all tangent vectors at p, where a tangent vector Xp is a linear map Xp : C

∞(M) 7−→
R satisfying the following properties: for any smooth functions f, g ∈ C∞(M) and
any scalar c ∈ R:

• R-Linearity: Xp(cf + g) = cXp(f) +Xp(g).

• Leibniz Rule: Xp(fg) = f(p)Xp(g) + g(p)Xp(f).

A vector field on a smooth manifold M is a smooth map X : M 7−→ TM that
assigns to each point p ∈ M a tangent vector Xp ∈ TpM, where TM denotes the
tangent bundle of M. The map should satisfy the following property: for every
smooth function f :M 7−→ R, the composition f ◦X :M 7−→ R is also a smooth
function, formally written as:

X :M 7−→ TM, X(p) = Xp ∈ TpM.

Riemannian Manifolds

To enable the measurement of distances, angles, and lengths of curves on the
smooth manifold, we introduce a metric known as the Riemannian metric. This
metric provides a smoothly varying assignment of inner products to the tangent
spaces of the manifold, thereby endowing the smooth manifold with the structure
of a Riemannian manifold (M, g).

Definition 3.4. A Riemannian metric g at any p ∈M is a smooth assignment of
an inner product gp : TpM× TpM 7−→ R to each tangent space TpM, such that
for any u, v ∈ TpM, the following properties hold:

• Positive-definiteness: gp(u, u) ≥ 0 and gp(u, u) = 0 if and only if u = 0.

• Symmetry: gp(u, v) = gp(v, u).
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Moreover, we assume that gp exhibits smooth variation. Given any two smooth
vector fields X and Y , the inner product gp(X|p, Y |p) is a smooth function of p.

To establish a geometrically meaningful connection between local and global struc-
tures, the concept of Riemannian connection is introduced as follows:

Definition 3.5. A Riemannian connection on a smooth manifold M equipped
with a Riemannian metric g is a linear map ∇ : (X,Y ) 7−→ ∇XY that satisfies the
following conditions:

• R-Linearity: for any smooth vector fields X,Y1, Y2 on M and α, β ∈ R,

∇X(αY1 + βY2) = α∇XY1 + β∇XY2.

• C∞(M)-Linearity: for any smooth vector fields X1, X2, Y on M and f, g ∈
C∞(M),

∇fX1+gX2Y = f∇X1Y + g∇X2Y.

• Leibniz Rule: for any smooth vector fields X,Y on M and f ∈ C∞(M),

∇X(fY ) = (Xf)Y + f∇XY.

• Torsion-free: for any smooth vector fields X,Y on M,

∇XY −∇YX − [X,Y ] = 0,

where [X,Y ] denotes the Lie bracket of X and Y .

• Metric-compatible: for any smooth vector fields X,Y, Z on M,

X
(
g(Y, Z)

)
= g(∇XY, Z) + g(Y,∇XZ).

∇XY is called the covariant derivative of Y in the direction of X, and the Rieman-
nian connection is also referred to as the Levi-Civita connection, which uniquely
exists.

Let γ : [0, 1] → M be a smooth curve, we say a vector field X with respect to
the Levi-Civita connection is parallel along γ if ∇γ̇(t)X = 0 for all t. For any
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vector v ∈ Tγ(0)M, there exists a unique parallel vector field X along γ with
X(0) = v. The terminal value X(1) is called the parallel transport of v along γ,
which is always interpreted as a linear map Pγ : Tγ(0)M → Tγ(1)M. The Levi-
Civita connection ensures that the parallel transport is independent of the choice
of curve. In addition, a geodesic is a curve γ : [0, 1] → M such that its tangent
vector γ̇ is parallel transported along itself, i.e., ∇γ̇ γ̇ = 0.

Note that ∇γ′(t)γ
′(t) = 0 enforces γ(t) to be curved with zero acceleration. The

concept geodesic extends the idea of straight lines from Euclidean spaces. It is
worth mentioning that every geodesic is parameterized in proportion to its arc
length.

In a local chart (U , φ), the geodesic curve γ(t) satisfies the following second-order
ordinary differential equations:

ük(t) +
∑
ij

Γk
iju̇i(t)u̇j(t) = 0, for k = 1, ..., n,

where each uk(t) = φk ◦ γ(t). For local frames {∂i}ni=1, Γk
ij denotes the Christoffel

symbols of ∇ given by ∇∂i(∂j) = Γk
ij ∂k, ∀ i, j, k = 1, ..., n.

By the Picard-Lindelöf theorem, this yields the local existence and uniqueness of
the solution for a geodesic: For any given p ∈ M and v ∈ TpM, there exists
an interval (−ϵ, ϵ) and a unique geodesic γ : (−ϵ, ϵ) 7−→ M satisfying the initial
conditions γ(0) := p and γ′(0) := v.

The Riemannian distance between two points p, q ∈ M is defined as the infimum
of the lengths of all piecewise smooth curves joining p and q as follows:

d(p, q) := inf
γ

∫ 1

0

‖γ̇(t)‖g dt,

where the infimum is taken over all piecewise smooth curves γ : [0, 1] 7−→M with
γ(0) = p and γ(1) = q.

To enhance the comprehension of Riemannian geodesics and their collective be-
havior, the exponential map is introduced as follows: Let v ∈ TpM be a tangent
vector to each point p ∈ M. Then, there exists a unique geodesic γv satisfying
γv(0) = p and γ̇v(0) = v.
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The exponential map is defined by expp(v) = γv(1). In particular, expp(0p) = p,
where 0p denotes the zero vector in TpM. There exists a neighborhood U of 0p in
TpM such that expp : U 7−→ V is a diffeomorphism onto its image V ⊂ M. The
image of expp(TpM) is called the exponential neighborhood of p. The radius of the
largest ball centered at 0p that is contained in U is called the injectivity radius of
M at p. The inverse of the exponential map is called the logarithmic map. For any
q ∈M sufficiently close to p, the logarithmic map Logp(q) is defined as the unique
tangent vector v ∈ TpM such that expp(v) = q. The exponential and logarithmic
maps are not defined globally on M, but only on appropriate subsets.

3.2 Symmetric Positive Definite Manifolds

In this section, we focus on a particular class of Riemannian manifolds known as
SPD manifolds, which are widely utilized in fields such as robotics and signal pro-
cessing. Two research groups—Tom Fletcher and Sarang Joshi’s group [78, 79], and
Xavier Pennec, Pierre Fillard, and Nicholas Ayache’s group [80]—independently
introduced the affine-invariant Riemannian metric on the space of SPD tensors for
statistical analysis in diffusion tensor imaging. Initially, SPD matrices were mod-
eled within a vector space using a standard additive matrix structure. However,
it soon became evident that many operations on SPD matrices are non-convex,
often leading to a loss of positive definiteness, which poses significant challenges
for computational methods in these spaces [80]. Employing Riemannian geometry
to model matrix spaces ensures that operations on the SPD manifold maintain
both matrix symmetry and positive definiteness, and has become a natural choice
in various engineering and scientific disciplines [81].

One of the well-known Riemannian metrics of SPD manifolds is the affine-invariant
Riemannian metric gAIRM [80]. Formally, the affine-invariant Riemannian metric
is defined at any P ∈ S++, as follows:

gAIRM
P (v, w) := 〈P− 1

2vP− 1
2 , P− 1

2wP− 1
2 〉F = Tr

(
P−1vP−1w

)
,
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where v, w ∈ TPS++. This metric yields the Riemannian distance between two
SPD matrices P1 and P2 given by:

dgAIRM (P1, P2) =
∥∥∥log

(
P

− 1
2

1 P2P
− 1

2
1

)∥∥∥
F
.

Computations involving the affine-invariant Riemannian metric often perform slowly
due to the big computational burden of matrix operations. Hence, another com-
monly used Riemannian metric, the Log-Euclidean metric gLEM , is proposed to
reduce this computational complexity [82, 83]. Formally, a commutative Lie group
structure, known as the tensor Lie group, is endowed on S++ using the logarithmic
multiplication � defined by P1 � P2 := exp

(
logP1 + logP2

)
, where P1, P2 ∈ S++,

and exp and log are matrix exponential and logarithm respectively. The bi-
invariant metric exists on the tensor Lie group, which yields the following scalar
product:

gLEM
P (v, w) := 〈DP log v,DP logw 〉F ,

where tangent vectors v, w at P , and DP log represents the differential D log at
P defined in the context of Lie group and algebra. It yields a simple Riemannian
distance formula dgLEM (P1, P2) = ‖logP1 − logP2‖F between two SPD matrices P1

and P2. The Log-Euclidean metric introduces a vector space structure to the space
of SPD matrices while preserving several key properties, including invariance under
inversion, logarithmic multiplication, orthogonal transformations, and scaling.

The SPD manifold equipped with either of the two metrics is a Cartan-Hadamard
manifold, characterized by non-positive sectional curvature and global diffeomor-
phism to Euclidean space [84]. On a Cartan-Hadamard manifold, any two points
are connected by a unique geodesic. In addition, for small deviations from the
identity matrix, denoted as S1 and S2, the Log-Euclidean distance dgLEM (S1, S2)

can be considered as an approximation of dgAIRM (S1, S2). This relationship is es-
tablished using the Campbell-Baker-Hausdorff formula, which can be expressed as
d2gAIRM (S1, S2)−d2gLEM (S1, S2) = Tr( [logS1, [logS1, logS2]] )(logS1−logS2)/12+...,
where Lie bracket [A,B] := AB − BA.

In this thesis, the Log-Euclidean metric is employed in Chapter 7, while the re-
maining chapters utilize the affine invariant Riemannian metric. Table 3.1 provides
the formulas for commonly used operators on SPD manifolds with these two Rie-
mannian metrics.
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Table 3.1: Operator on SPD manifolds equipped with gAIRM and gLEM :
S1, S2, P ∈ S++ and v, w ∈ TPS++; exp and log are the matrix exponential
and the logarithm; Tr is the trace of a matrix; D log and D exp are the
derivatives of log and exp, respectively.

Operation gAIRM gLEM

〈v, w〉P (Inner Product) Tr(P−1vP−1w) 〈DP log v,DP logw 〉F

expP S (Exponential) P
1
2 exp

(
P− 1

2SP− 1
2 )P

1
2 exp

(
logP +DP logS

)
logP S (Logarithm) P

1
2 log

(
P− 1

2SP− 1
2 )P

1
2 DlogP exp(logS − logP )

dg(S1, S2) (Distance)
∥∥∥log (S− 1

2
1 S2S

− 1
2

1 )
∥∥∥
F

‖logS1 − logS2‖F

γt(S1, S2) (Geodesic) S
1
2
1 exp

(
t log (S− 1

2
1 S2S

− 1
2

1 )
)
S

1
2
1 exp

(
(1− t) logS1 + t logS2

)

3.3 Riemannian-Based Approaches

Inspired by research on SPD manifolds in medical image analysis, a class of motor
imagery classifiers known as the Riemannian-based approach leverages SPD mani-
folds equipped with the affine-invariant Riemannian metric to represent the space
of EEG spatial covariance matrices. This approach has garnered increasing atten-
tion within the BCI community, prompting ongoing research aimed at refining its
framework and expanding its applications across various BCI tasks [47, 85].

The success of Riemannian-based methods is largely due to their ability to distin-
guish between task classes by leveraging Riemannian distances on SPD manifolds.
Specifically, the Riemannian distance between class-related EEG spatial covariance
matrices S+ and S− is expressed in terms of spectral powers as follows:

dgAIRM (S+, S−) =

√√√√ nC∑
i=1

log2(
λi

1− λi
),

where each λi ∈ (0, 1) is an eigenvalue obtained from Equation 2.1. A greater Rie-
mannian distance between two EEG spatial covariance matrices implies a higher
spectral power, which directly aligns with the classification criterion in motor im-
agery tasks that rely on ERD/ERS effects, using spectral power as a discriminative
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feature [86].

Another key advantage of this approach lies in the affine-invariant Riemannian
distance, which remains unchanged after any transformation:

dgAIRM (S1, S2) = dgAIRM (WS1W
>,WS2W

>),

where S1 and S2 are two EEG spatial covariance matrices, and W belongs to
the general linear group. This property helps maintain the discriminative power
between task classes.

It’s important to note that the geometric classifiers proposed in this study dif-
fer fundamentally from Riemannian-based methods. While Riemannian-based ap-
proaches rely on the length of Riemannian distances for classification, the geometric
classifiers seek nonlinear projections on Stiefel manifolds by maximizing class dis-
crimination using a neural network-based approach.

Several Riemannian-based approaches addressing different applications and sce-
narios are introduced below:

• Minimum Distance to Riemannian Mean (MDRM, or referred to as MDM) [24]:
This method uses geodesic distance on (S++, gAIRM) as the key feature in
classification.

• Tangent Space Mapping (TSM) [24]: This method projects data onto the tan-
gent space at their corresponding Fréchet means on (S++, gAIRM), producing
a tangent vector that serves as the key feature in classification.

• Riemannian Procrustes Analysis (RPA) [87]: This method applies geometric
transformations on (S++, gAIRM) such as translation, scaling, and rotation
to address variability between sessions/subjects. The base classifier is the
MDM method. RPA consists of three steps: recentering (RCT), stretching,
and rotation (ROT). RCT aligns the centroids of data to the identity matrix,
stretching normalizes variances, and ROT aligns the orientation of data point
clouds. RCT is supervised and suitable for semi-supervised domain adapta-
tion, while ROT is unsupervised and can be used in unsupervised domain
adaptation scenarios. In particular, RCT has been proposed as a standalone
method for EEG-based motor imagery classification [88].



Chapter 4

Geometric Statistics and
Geometric Methods

4.1 Geometric Statistics

Geometric statistics seeks to extend statistical concepts and tools to Riemannian
manifolds, enabling the analysis of manifold-valued data. Examples include the
Fréchet mean, principal geodesic analysis, and geodesic regression [78, 79, 89]. We
will introduce these concepts below, as they are frequently employed in this study.

4.1.1 Fréchet Mean

The Fréchet mean was first proposed to generalize the concept of the statistical
mean to a metric space [90]. It is also known as the Karcher mean, and the
two terms are often used interchangeably in the literature [91]. The Fréchet mean
exists and is unique when the Riemannian manifold (M, g) is complete and satisfies
certain curvature conditions [92].

Formally, given a set of points {pi}Ni=1 ∈ (M, g), the Fréchet mean µ is defined as
the minimizer of the sum-of-squared Riemannian distances as follows,

µ := arg min
p∈M

1

N

N∑
i=1

d2g(p, pi).

35
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It yields the Fréchet variance σ that is defined as the expectation of the sum-of-
squared Riemannian distances with respect to the Fréchet mean as follows,

σ2 := E
[
d2g(µ, p)

]
=

1

N

N∑
i=1

d2g(µ, pi).

For manifold-valued random samples {pi}Ni=1 ∈ M, the sample covariance matrix
is given by

S :=
N∑
i=1

logµ(pi) logµ(pi)
>.

where µ are Fréchet mean of samples and log is Riemannian logarithm map.

On SPD manifolds equipped with the affine-invariant Riemannian metric gAIRM ,
the Fréchet mean is implicitly computed through a barycentric equation and solved
iteratively as follows:

µt+1 ←− µ
1
2
t exp

( 1

N

N∑
i=1

log (µ− 1
2

t Siµ
− 1

2
t )

)
µ

1
2
t . (4.1)

On SPD manifolds equipped with the Log-Euclidean metric gLEM , the Fréchet
mean is simplified to an explicit formula as follows:

µ←− exp
(

1

N

N∑
i=1

log (Si)

)
. (4.2)

4.1.2 Principal Geodesic Analysis

The aim of Principal Geodesic Analysis (PGA) is to identify a series of nested
geodesic submanifolds that maximize the projected variance of the data [78]. These
submanifolds are referred to as the principal geodesic submanifolds.

Formally, suppose tangent vectors {vi}Ni=1 span the tangent space TµM at Fréchet
mean µ. One can construct a sequence of nested subspaces Vk by taking the span
of the first k vectors in the set {vi}Ni=1. The principal geodesic submanifolds are
then obtained by applying the exponential map Hk = expµ(Vk) to Vk.
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The first principal direction is selected to maximize the projected variance along
the corresponding geodesic, as follows:

v1 := arg max
‖v‖g=1

N∑
i=1

∥∥logµ(πH(pi))
∥∥2
g
,

where H = expµ(span(v)) and projection map πH :M 7→ H is defined by

πH(p) := arg min
x∈H

d2g(x− p).

To define the remaining principal directions, a recursive approach is used as follows:

vk := arg max
‖v‖g=1

N∑
i=1

∥∥logµ(πH(pi))
∥∥2
g
,

where H = expµ(span({v1, · · · , vk−1, v})).

Although there is a closed-form solution for the PGA problem, Fletcher et al. pro-
pose approximating PGA in the tangent space at the Fréchet mean of the data [78].
To achieve this, the points {pi}Ni=1 are first mapped to the tangent space using the
Riemannian logarithm map. It’s worth noting that linear distances in TµM be-
tween points close to the origin are analogous to the geodesic distances between
the corresponding points in M under the Riemannian exponential map. There-
fore, if the original data is highly concentrated around the Fréchet mean, the PGA
problem can be well-approximated by the principal component analysis problem
of the transformed points via the Riemannian logarithm map. This approach is
known as Tangent PCA.

4.1.3 Geodesic Regression

Geodesic regression is a generalization of linear regression on Riemannian manifolds
that seeks a geodesic that best fits the relationship between observed values y and
regressors x [93].

Formally, given {yi}Ni=1 ∈ M with associated scalar {xi}Ni=1 ∈ R. For any point
p ∈ M and tangent vector v ∈ TpM, the geodesic model, which is analogous to
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the multiple linear models on Riemannian manifolds, is given by

y = expexpp(xv)
(ϵ),

where M-valued random variable y is an observation, scalar x ∈ R is a regressor,
and random variable ϵ ∈ Texpp(xv)M is the error term. Geodesic regression aims
to find a geodesic γ : [0, 1] 7−→ M by minimizing the sum-of-squared Riemannian
distance between all pair of xi and yi, for i = 1, ..., N , given as follows:

arg min
p,v

1

2

N∑
i=1

dg
(

expp(xiv), yi
)2
.

For specific manifolds, this problem can be solved analytically using Jacobi field
techniques.

4.2 Geometric Methods

This section provides a brief overview of several geometric methods across vari-
ous engineering disciplines, including geometric deep learning, manifold learning,
information geometry, and optimal transport 1.

4.2.1 Geometric Deep Learning

Geometric Deep Learning (GDL) is a subfield of deep learning that focuses on
developing algorithms and models capable of processing non-Euclidean structured
data, particularly data represented as graphs or manifolds [96]. By leveraging
the intrinsic geometric properties and topological structures of such data, GDL
addresses a wide range of problems across diverse domains, including computer
vision, graphics, molecular design, and medical imaging [97–99].

1 We classify optimal transport as a geometric method due to its extensive theoretical devel-
opment on general Riemannian manifolds [94, 95].
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Prior Assumptions

The core concept of GDL involves generalizing convolutional neural networks (CNNs)
to handle irregular, non-grid structured data. Traditional CNNs are specifically
designed for images and excel at utilizing data structures with inherent prior as-
sumptions, such as invariance, equivariance, translation invariance, and translation
equivariance [100–102]. These assumptions are essential for effectively capturing
patterns and features in specific types of data, particularly images. Invariance
means that the network’s output remains unchanged under certain transformations,
while equivariance ensures that the output changes consistently with transforma-
tions. Translation invariance and translation equivariance refer to the network’s
ability to recognize patterns regardless of their position within the data.

Suppose square-integrable functions φ(x) ∈ L2(Ω), where x ∈ Ω = [0, 1]d ⊂ Rd is a
compact domain that is a subset of Rd. The representation φ(x) is considered an
image or signal in a supervised classification setting. The training set consists of
pairs of the representation and its corresponding labels, (φi, yi), where yi := y(φi)

for i in a set I, and label function y maps from the L2(Ω) space to a discrete label
space Y .

Let Tc φ(x) = φ(x− v) denote the translation of φ ∈ L2(Ω) by c ∈ Ω. We say label
function y as being invariant if y(Tc φ) = y(φ) holds, and as being equivariant if
y(Tc φ) = Tc y(φ) holds, for all φ ∈ L2(Ω) and c ∈ Ω. Let Dτ φ(x) = φ(x − τ(x))
denote the deformation of φ ∈ L2(Ω) by smooth vector field τ : Ω 7−→ Ω. We say
label function y as being translation-invariant if |y(Dτ φ) − y(φ)| ≈ ‖∇τ‖ holds,
and as being translation-equivariant if |y(Dτ φ) − Dτ y(φ)| ≈ ‖∇τ‖ holds, for all
φ ∈ L2(Ω) and τ .

Graph Convolutional Networks

A Graph Convolutional Network is a neural network specifically designed to handle
data structured as graphs, making it well-suited for irregular data structures such
as social networks and molecular structures [103, 104].

Formally, given an undirected graph G(V , E) with N nodes {vi}Ni=1 ∈ V and edges
{(vi, vj)}i 6=j ∈ E . Weighted adjacency matrix A ∈ RN×N of graph G records non-
negative edge weights {aij ≥ 0}1≤i,j≤N .
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The architecture of a multi-layer graph convolutional network model is given by
the following layer-wise propagation rule:

H(l+1) ← σ
(
(D̄− 1

2 ĀD̄− 1
2 )H(l)W (l)

)
,

where Ā := A + IN is the adjacency matrix with added self-connections, D̄ii :=∑N
j=1 Āij is the diagonal matrix, σ() is an activation function, and W (l) is a train-

able weight matrix. H(l) is the matrix of activations in the lth layer, and H(0) is
the input data.

SPDNet

SPDNet [105] is the first network architecture specifically designed to process
SPD matrices, ensuring that these matrices remain symmetric and positive-definite
throughout the learning process. The architecture includes the following layers:

• BiMap: This layer performs the bi-map transformationWSW> on covariance
matrix S.

• ReEig: This layer performs U max(ϵe,Σ)U>, where ϵ is a rectification thresh-
old and e is the identity matrix.

• LOG: This layer maps S onto its tangent space at e using U log(Σ)U>.

Here, transformation matrix W is typically required to have full-row rank, and
the covariance matrix S := UΣU>, where U is an orthogonal matrix and Σ is a
diagonal matrix.

Riemannian Batch Normalization

Riemannian Batch Normalization (RieBN) is a network architecture that centers
and biases batches of SPD matrices using parallel transport on SPD manifolds
equipped with affine-invariant Riemannian metric [22]. Formally, given a batch of
SPD matrices, the batch centering and biasing in RieBN are given by:

S̄i := ΓB7→e(Si) = B− 1
2SiB− 1

2 ;

S̃i := Γe 7→G(Si) = G
1
2 S̄iG

1
2 ,
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where ΓB7→e is parallel transport from Riemannian barycenter B to identity matrix
e, and Γe 7→G is parallel transport from e to a learnable bias parameter G. The
Riemannian barycenter, denoted as B, is the Fréchet mean of that batch, typically
calculated using the Karcher flow algorithm.

Furthermore, an iterative updating technique called SPD Momentum Batch Nor-
malization (SPDMBN) has been proposed to address the inaccuracies in estimating
the Fréchet mean [3]. This technique, which is employed in Chapter 9, reduces er-
rors in estimating the Fréchet mean of latent data during training. As training
progresses, SPDMBN converges to the true Fréchet mean of the latent data. Ad-
ditionally, SPDMBN can learn the rescaling of SPD matrices by recording the
Fréchet variance of datasets, often outperforming RieBN in various scenarios.

Riemannian Optimization

Riemannian optimization is a mathematical framework for solving optimization
problems on Riemannian manifolds [106]. Mathematically, it addresses the follow-
ing optimization problem:

min
x∈M

f(x),

subject to manifold constraints, where M is a Riemannian manifold and smooth
function f :M 7−→ R is the objective function.

In this study, since the model parameters of geometric deep learning models are
manifold-valued, optimizers such as SPDNet and RieBN employ first-order Rie-
mannian adaptive optimization methods [107] to optimize the manifold-valued
weights of neural networks. These methods involve two key operations: retraction
and parallel transport. Retraction, a first-order approximation of the exponential
map on manifolds, enables efficient updates of points on the manifold. Parallel
transport involves moving vectors along smooth curves within manifolds equipped
with an affine connection. By utilizing these operations, neural networks achieve
more precise gradient descent updates in each iteration.
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4.2.2 Manifold Learning

Manifold learning is a subfield of machine learning that focuses on projecting high-
dimensional data onto lower-dimensional latent manifolds. The primary goal is to
visualize the data in a low-dimensional space or to learn the mapping from the
high-dimensional space to a low-dimensional embedding.

The first two manifold learning algorithms were introduced in Science in 2000 [108,
109]. These algorithms aimed to reduce high-dimensional data while preserving its
intrinsic nonlinear structure often conceptualized as a manifold based on geometric
principles from theoretical mathematics, which are particularly relevant in scientific
and engineering contexts [110, 111].

Manifold learning operates under the assumption that the data lies on or near
a manifold, though the exact dimensions of this manifold are typically unknown.
Linear methods like Principal Component Analysis (PCA) [112] may not perform
well in such cases, as they are linear projection methods and cannot accurately
capture the data’s nonlinear structure.

Chronologically, key manifold learning algorithms include Isometric Feature Map-
ping [108], Local Linear Embedding [109], EigenMaps [113], Diffusion Maps [114],
and t-distributed Stochastic Neighbor Embedding (t-SNE) [115]. Each of these
algorithms has unique features for reducing data dimensionality. For instance,
Isometric Feature Mapping preserves geodesic distances, Local Linear Embedding
models nearby points as linear, and EigenMaps utilizes the graph Laplacian to
approximate the Laplace-Beltrami operator.

In this study, we consistently employed t-SNE to visualize the dimensionally re-
duced latent SPD matrices (Chapters 5, 6, and 8). t-SNE is particularly effective at
maintaining pairwise similarities among data points in a lower-dimensional space,
with a focus on preserving small pairwise distances.

4.2.3 Information Geometry

Information geometry is an interdisciplinary field that studies statistics and prob-
ability through the framework of Riemannian geometry [116]. It provides an intu-
itive approach to determining optimal model parameters in parametric models by
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applying Riemannian geometry to the space of these parameters. In information
geometry, various dissimilarity measures are employed to capture the nuances of
data-model relationships, assess goodness-of-fit, and identify deviations between
models [117]. A well-known measure in the machine learning community is the
Kullback-Leibler divergence, which is directly related to a core concept in infor-
mation geometry—the Fisher information metric. The Fisher information metric,
a specific Riemannian metric defined on statistical manifolds, represents the in-
finitesimal form of the Kullback-Leibler divergence [116, 118].

4.2.4 Optimal Transport

The optimal transport problem is a mathematical framework that addresses the
efficient and optimal transfer of a mass distribution from one configuration to
another [119, 120]. It has been widely applied across various fields, including
computer graphics, image processing, and economics, among others [121–124].

Morge Formulation and Monge-Kantorovich Formulation

A separable, completely metrizable topological space is called Polish space. On
two Polish spaces X and X̄, given a Borel map T : X 7−→ X̄, T# pushes forward
µ ∈ P(X) through T to T# µ ∈ P(X̄), i.e., T# µ(E) := µ(T−1(E)), for any borel
E ⊂ X̄.

The Monge formulation [125] of the optimal transport problem seeks to find the
most efficient measure-preserving mapping T between two distributions, as deter-
mined by a designated cost function, as follows:

min
T∈S(µ,ν)

∫
X

c(x, T (x)) dµ(x),

where S(µ, ν) is a set of transports that pushes µ forward to ν, and cost function
c : X × X̄ 7−→ R≥0 is a given cost function.

Furthermore, the Monge-Kantorovich formulation [126] revised the Monge formu-
lation as follows:

min
γ∈

∏
(µ,ν)

∫
X×X̄

c(x, x̄) dγ(x, x̄),
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where πX and πX̄ are the natural projections from X × X̄ onto X and X̄ respec-
tively, and the transportation plan is as follows:

γ ∈
∏

(µ, ν) := {γ ∈ P(X × X̄)
∣∣πX

# · γ = µ, and πX̄
# · γ = ν}.

Discrete Monge-Kantorovich Formulation

Given a measurable space X and X̄, an empirical distribution of the measure µ ∈ X
and ν ∈ X̄ are written as µ :=

∑
i∈I pi · δxi

and ν :=
∑

j∈J qi · δx̄i
, where discrete

random varaiable X takes values {xi}i∈I ∈ X, countable index set I is with weights∑
i∈I pi = 1. X̄ takes values {x̄j}j∈J ∈ X̄, countable index set J is with weights∑
j∈J qj = 1. Dirac measure δs denotes a unite point mass at the point s ∈ X or X̄.

The discrete Monge-Kantorovich Formulation is given as follows:

min
γ∈

∏
(µ,ν)

〈
γ, c(x, x̄)

〉
F , (4.3)

where transportation plan is given by:

γ ∈
∏

(µ, ν) := {γ ∈ R|X|×|X̄|
≥0

∣∣γ·1|X| = µ, and γ> ·1|X̄| = ν},

and 1d is a d−dimensional all-one vector.

Brenier’s Polar Factorization Theorem

Optimal transport makes use of the concepts of c-transform and c-concave functions
to investigate the properties of optimal transport maps, such as their existence,
uniqueness, and regularity.

Formally, let c : X×X 7−→ R̄ be a cost function and φ : X 7−→ R̄. The c-transform
φc : Y 7−→ R̄ is defined as follows,

φc(y) := inf
x∈X

c(x, y)− φ(x),

where R̄ := R ∪ {+∞} ∪ {−∞}. A function ϕ : Y 7−→ R̄ is said to be c-concave if
there exists φ : X 7−→ R̄ such that ϕ = φc.
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The c-concave function is used in proving Brenier’s polar factorization [127]. Bre-
nier’s polar factorization demonstrates that, under certain conditions, optimal
transport maps can be expressed as the gradient of a convex function. This result
is crucial for understanding the geometric properties of optimal transport maps
and for developing efficient algorithms to solve optimal transport problems. A
commonly used version of Brenier’s polar factorization applies to Euclidean spaces
and is formulated as follows:

Let µ and ν be two probability measures on Rn with compact support, such that µ
is absolutely continuous with respect to the Lebesgue measure. Then, there exists
a unique optimal transport map T : Rn → Rn that pushes forward µ to ν, i.e.,
T# µ = ν, and a convex function φ : Rn → R such that T = ∇φ.

Optimal Transport-Domain Adaptation

Optimal transport has gained significant popularity in the machine learning com-
munity and is particularly useful for tasks such as domain adaptation, generative
modeling, and data clustering [128–132]. The Optimal Transport-Domain Adap-
tation (OT-DA) framework leverages optimal transport to address the challenges
of domain adaptation. This framework assumes that the transfer between source
and target domains can be effectively estimated using optimal transport. It seeks a
transport plan between the empirical distributions of the source domain Xs and the
target domain Xt either by interpolating Xs through a barycentric mapping [133]
or by estimating a mapping that, while not an exact solution to the Monge formu-
lation, can effectively map unseen samples [134].

Moreover, Joint Distribution Optimal Transport (JDOT) [128] extends the OT-
DA framework to address shifts in both marginal and conditional distributions by
jointly optimizing the optimal coupling and the prediction function f for the source
and target distributions as follows:

min
γ∈

∏
(µ,ν)

〈
γ, c(x, y; x̄, f(x̄))

〉
F ,
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where y is the label set of samples x, f is the prediction function, and the joint
cost function is defined as follows,

c(x, y; x̄, f(x̄)) := α1dℓ2(x, x̄) + α2L(y, f(x̄)),

where α1, α2 ≥ 0 and L is the cross-entropy loss.

Additionally, a deep learning-based extension of JDOT, called DeepJDOT [129],
has been proposed to tackle problems in computer vision with a novel loss function
as follows:

L := L
(
y, f(g(x))

)
+
〈
γ, c
(
g(x), y; g(x̄), f(g(x̄)

)〉
F ,

where neural network g is typically a convolutional neural network that maps
images into feature space.

This deep learning model introduces a novel update method by first employing
optimal transport to solve for the transportation plan γ, then updating the neural
network parameters using gradient descent, and iteratively repeating these two
steps until convergence.
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Chapter 5

Tensor-CSPNet

This section introduces the first geometric classifier, Tensor-CSPNet 1. Tensor-
CSPNet is a geometric deep learning-based classifier that utilizes neural networks
on SPD manifolds to capture discriminative information across the temporal, spa-
tial, and frequency domains.

The development of Tensor-CSPNet represents a departure from the conventional
use of convolutional neural networks in deep learning-based motor imagery clas-
sifiers. This approach addresses the question posed in the introduction: Convo-
lutional neural networks may not be the optimal architecture for motor imagery
classification. Indeed, we have identified a category of geometric deep learning
architectures that are more naturally aligned with the principles of the traditional
CSP method.

Specifically, Tensor-CSPNet incorporates the BiMap layer, which provides a learn-
able left/right-multiplication transformation closely related to the CSP method.
This feature makes Tensor-CSPNet an efficient and effective alternative neural
network architecture.

1 This work has been published in IEEE Transactions on Neural Networks and Learning
Systems, 2022, 10.1109/TNNLS.2022.3172108. (IEEE TNNLS 2022)
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5.1 Network Architecture

The network architecture of Tensor-CSPNet comprises three steps, aligning with
the three rows illustrated in the neural network diagram in Figure 5.1.

Figure 5.1: Architecture of Tensor-CSPNet: In Line 1, EEG signals un-
dergo tensor stacking, segmenting them into time-space-frequency tensors.
Line 2 employs the BiMap, RieBN, and ReEig layers to effectively cap-
ture spatial nuances. In Line 3, temporal dynamics are addressed using
two-dimensional CNNs on the tangent space. The final classification is
performed by fully connected neural networks with a cross-entropy loss
function.

Tensor Stacking

During preprocessing, EEG signals are partitioned and guided by the task charac-
teristics, resulting in time-space-frequency tensors.

Frequency Segmentation: This partitioning incorporates filter-bank techniques,
specifically employing a bank of bandpass filters, including causal Chebyshev Type
II filters, to separate the initial oscillatory EEG signals into distinct non-overlapping
frequency passbands. These passbands typically range from 4 to 8 Hz, 8 to 12 Hz,
and so forth, up to 36 to 40 Hz.
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Temporal Segmentation: EEGs are divided into small time segments. The
choice between overlapping or non-overlapping segments is dictated by the spe-
cific requirements of the task. For instance, selecting an appropriate segmentation
method is crucial in cognitive tasks where rapid changes may occur in short peri-
ods. In scenarios where the characteristics of the signal are less defined, a method
called the fixed time intervals is employed, where EEGs are divided into short,
evenly spaced intervals of consistent duration without any overlap, as described in
Appendix 5.3.

Stacking: The inputs of Tensor-CSPNet are these time-space-frequency tensors
X̃ ∈ RnW×nF×nC×ω stacked after the frequency and temporal segmentations, i.e.,

S[ij] := X̃[i, j, :, :]X̃[i, j, :, :]>,

where nW , nF , nC , and ω are the number of window slices, the number of filter
banks, the number of channels, and the window length, respectively, and for i ∈
{1, · · · , nW} and j ∈ {1, · · · , nF}. The pseudocode of the stacking is given as
follows,

Algorithm 1: Tensor Stacking without Overlapping
Input : Band-filtered signal X ∈ RnF×nC×nT ;

The length of time window ω;
Stride s;
Padding value p.

Output: Stacked tensor X̃ ∈ Rb(nT+2p−1)/s+1c×nF×nC×ω.

for i← 0 to b(nT + 2p− 1)/s+ 1c do
for j ← 0 to nF do

X̃[i, j, :, :]← X[j, : , i× s : i× s+ ω].
end

end

Common Spatial Pattern Layer

In this layer, we utilize the network architecture of neural networks on SPD mani-
folds to capture the spatial patterns inherent in EEGs specifically. It is important
to note that, unlike combining RGB channels in an image where their information
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can be jointly processed, the information from different frequency bands in EEG
signals does not seamlessly merge during processing. Consequently, the BiMap
layer is crucial for independently extracting features from the covariance matrices
of each frequency band.

Temporal Convolutional Layer

We then employ convolutional neural networks in the subsequent layer to capture
the temporal dynamics of EEGs on the tangent space. This process begins by
implementing spatial-frequency flattening on the outputs from the previous layer.
It is followed by a temporal concatenation, where the flattened tensors are combined
along the time dimension. After completing these steps, the time-space-frequency
tensor transforms into a two-dimensional tensor in RnW×(nF×o2) on tangent space,
where nF is the number of filter banks, and o denotes the output dimension of the
common spatial pattern layer, as illustrated in Figure 5.2. Finally, two-dimensional
convolutional neural networks with a width of p × o2 (where p can be either 1 or
nF ) and a height of q (where 1 ≤ q ≤ nW ) are employed to capture the temporal
dynamics of EEGs.
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Figure 5.2: Illustration of Temporal Convolutional Layer: F blocks of 1×o2
rectangles are flattened, and W lines are concatenated, i.e., nF = F and
nW = W . For instance, in the case of 5-CSPNet architecture, the values of
nF , o, and nW are 9, 20, and 5, respectively. This implies that each line is
a 1× 3600 flattened tensor, and the entire rectangle’s shape is 5× 3600.

Remark 5.1.

To mitigate the impact of diverse spatial positions of EEG electrodes on the scalp,
the width of the two-dimensional CNNs on the tangent space is defined as a multiple
of o2. The two possible multiples, p = 1 and nF signify that each frequency band
within the array can independently and equitably contribute to the model’s efficacy.
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Loss Function

Tensor-CSPNet utilizes cross-entropy as the loss function, primarily to maintain
simplicity.

5.2 Experimental Results

Naming Conventions for Hyperparameters

w-CSPNet(m,n,l) represents the Tensor-CSPNet architecture with w window slices,
m banks for filters, n blocks of the common spatial pattern layer, and l-layer neural
networks in the perception layer. The number of banksm is set to F and the specific
frequency ranges are described in Section 5.1. The depth of the fully-connected
layer l always has two options {1, 3}. The depthwise BiMap’s output dimension
is o. The hyper-parameters in the temporal convolutional layer are denoted as
a portfolio @(p, q, r), where the triple represents the width, the height, and the
number of channels of two-dimensional convolutional neural networks, respectively.
A summary of the notations is provided in Table 5.1.

5.2.1 Results of Classification Performance

In this section, we assess the performance of Tensor-CSPNet on the KU, BNCI2014001,
BNCI2014002, BNCI2015001, and Cho2017 datasets across the 10-fold cross-validation

Table 5.1: Notations for Hyper-Parameters in w-CSPNet(m,n,l) @(p, q, r).

Hyper-Parameters Meaning
w The number of time window slices.
m The number of bandpass filters.
n The number of the common spatial pattern layer.
l Depth of the fully connected networks in the classification.
o The output dimension o of the common spatial pattern layer.
(p, q, r) The width, height, and output channels in two-dimensional

CNNs of the temporal concatenation layer.
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and holdout scenarios. The results for the KU and BNCI2014001 datasets are re-
ported in [2], and the results of FBCSP, FBCNet, and Tensor-CSPNet on Cho2017,
BNCI2014002, and BNCI2015001 are reported in [25].

The configuration of Tensor-CSPNet is adjusted slightly in each scenario. For in-
stance, the output dimension of the BiMap layer is set to o = 20 for the KU dataset
and o = 22 for the BNCI2014001 dataset. In the 10-fold cross-validation scenarios
of two datasets, Tensor-CSPNet employs a shallow neural network structure, specif-
ically denoted as 5-CSPNet(9,1,1). For the holdout scenario, we also utilize shallow
neural networks but incorporate a more refined temporal segmentation strategy,
specifically 10-CSPNet(9,1,1)@(9, 5, 2) and 5-CSPNet(9,1,1)@(9, 5, 4), respectively.

The dominant deep learning paradigm in motor imagery classification adopts the
time-space-frequency principle. The five deep learning approaches listed in Ta-
ble 5.2 fall into three distinct categories:

• SPDNet: This model focuses on exploiting the spatial patterns within EEG
signals but exhibits the lowest performance among all the deep learning ap-
proaches.

• EEGNet and ConvNet: These models capitalize on temporal-spatial patterns
within EEG signals and achieve performance levels comparable to FBCSP,
which primarily extracts spatial-frequency patterns. This similarity in per-
formance suggests that integrating any two types of these combinations can
significantly enhance classification accuracy.

• FBCNet and Tensor-CSPNet: These models are specifically designed based
on the time-space-frequency principle, achieving superior performance com-
pared to EEGNet and ConvNet in all scenarios. This advantage can be
attributed to using bandpass filters that capture frequency information ef-
fectively. Tensor-CSPNet slightly outperforms FBCNet in most scenarios.

In particular, we discuss preliminary evidence highlighting the enhanced perfor-
mance of Tensor-CSPNet in non-stationary scenarios relative to other methods in
Section 5.3.



Table 5.2: Aerage accuracies and standard deviations for subject-specific analyses on the KU, BNCI2014001, BNCI2014002,
BNCI2015001, and Cho2017 datasets. Each entry in the table is presented as average accuracy (standard deviation), with
the highest-performing value highlighted in bold.

KU BNCI2014001
54 subjects, 20 channels, 2 classes 9 subjects, 22 channels, 4 classes

CV (S1) % CV (S2) % Holdout (S1→ S2) % CV (T) % CV (E) % Holdout (T → E) %
FBCSP 64.41 (16.28) 66.47 (16.53) 59.67 (14.32) 73.57 (15.13) 72.46 (16.02) 65.79 (14.21)
MDM 50.47 (8.63) 51.93 (9.79) 52.33 (6.74) 62.96 (14.01) 59.49 (16.63) 50.74 (13.80)
TSM 54.59 (8.94) 54.97 (9.93) 51.65 (6.11) 68.71 (14.32) 63.32 (12.68) 49.72 (12.39)
SPDNet 57.88 (8.68) 58.88 (8.68) 60.41 (12.13) 65.91 (10.31) 61.16 (10.50) 55.67 (9.54)
EEGNet 63.35 (13.20) 64.86 (13.05) 63.28 (11.56) 69.26 (11.59) 66.93 (11.31) 60.31 (10.52)
ConvNet 64.21 (12.61) 62.84 (11.74) 61.47 (11.22) 70.42 (10.43) 65.89 (12.13) 57.61 (11.09)
FBCNet 74.16 (12.60) 73.81(13.99) 67.83 (14.34) 77.26 (14.82) 76.58 (13.09) 72.71 (14.67)
Tensor-CSPNet 74.95 (15.27) 75.92 (14.63) 69.65 (14.97) 75.98 (14.26) 74.92 (14.63) 72.96 (14.98)

Cho2017 BNCI2014002 BNCI2015001
49 subjects, 20 channels, 2 classes 14 subjects, 15 channels, 2 classes 12 subjects, 13 channels, 2 classes
CV % CV % CV(A) % CV(B) % Holdout (A → B) %

FBCSP 61.75 (13.26) 76.07 (13.29) 79.46(14.16) 81.96 (11.14) 73.46 (14.09)
MDM 51.62 (6.01) 57.37 (10.06) 63.13 (8.18) 62.17 (8.51) 60.9 (7.0)
TSM 51.79 (5.28) 56.38 (9.99) 61.58 (9.46) 61.92 (7.49) 58.79 (7.41)
SPDNet 52.88 (5.17) 57.5 (10.08) 61.62 (8.67) 60.42 (5.89) 58.29 (6.27)
EEGNet 61.15 (3.65) 69.6 (9.26) 65.58 (5.79) 68.08 (7.21) 67.12 (4.11)
ConvNet 62.18 (4.54) 70.8 (10.87) 67.63 (7.29) 70.54 (6.7) 70.21 (5.26)
FBCNet 65.34 (11.14) 79.64 (12.77) 82.62 (13.11) 84.92 (10.30) 74.50 (16.01)
Tensor-CSPNet 67.30 (12.94) 80.58 (11.87) 81.29 (14.78) 85.29 (10.54) 79.04 (14.67)
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5.2.2 Results of Interpretability Analysis

In this section, we explore the interpretability of the patterns extracted by Tensor-
CSPNet using the Deep Learning Important FeaTures (DeepLIFT) method [135].

To interpret the features extracted, we developed a straightforward visualiza-
tion method. We converted the four-dimensional relevance pattern obtained from
DeepLIFT into a two-dimensional rectangular format, as illustrated in Figure 5.3.
Our experiments on Subject No.2 from the KU dataset yielded a test accuracy
exceeding 90%. By applying DeepLIFT, we extracted a relevant pattern with an
output shape of (5, 9, 20, 20). We transformed this pattern into five rectangular
visualizations to enhance the interpretability of significant features. Each rectan-
gle measured 20 grids in height, corresponding to the 20 channels, and 9 grids in
width, representing the 9 frequency bands. These rectangles represented distinct
time windows: 1.0 ∼ 1.5 s, 1.5 ∼ 2.0 s, 2.0 ∼ 2.5 s, 2.5 ∼ 3.0 s, 3.0 ∼ 3.5 s. The
columns in each rectangle were derived from the main diagonal of the covariance
matrix within the relevance pattern, which measured 20 × 20. The values in the
heatmap’s cells were normalized within the range of [0, 1] and smoothed using a
Gaussian filter to clarify the visualization.

The heatmap is organized into the upper row for right-hand movement and the
lower row for left-hand movement. Here is how we interpret the heatmap:

• Right-Hand Movement: We note patterns with frequencies ranging from 8 to
28 Hz, particularly highlighted around electrode C3 during the intervals of
1.0 to 1.5 seconds and 2.5 to 3.0 seconds.

• Left-Hand Movement: We see patterns with frequencies ranging from 24 to
28 Hz, specifically highlighted around electrode C4 during the same intervals
of 1.0 to 1.5 seconds and 2.5 to 3.0 seconds.

The insights gained from the relevant patterns identified by DeepLIFT align with
the known ERD/ERS effects during left-hand and right-hand motor imagery, par-
ticularly in the Mu band (8 to 12 Hz) and Beta band (18 to 26 Hz), which are
prominent in areas C3 and C4 of the primary motor cortex. These observed ac-
tive time windows correspond to the frequency changes during the motor imagery
process, reinforcing the link between observed neural activity and the specific tasks.



Figure 5.3: Heatmap Visualization of Relevance Patterns for 5-CSPNet(9,1,1).
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5.2.3 Results of Visualization

This section demonstrates two-dimensional projections of the outputs from each in-
termediate layer of Tensor-CSPNet using t-SNE. We aim to explore the underlying
mechanisms of Tensor-CSPNet by visualizing the outputs from each intermediate
layer in the holdout scenario.

We selected Subject No.28 from the KU dataset, where Tensor-CSPNet achieved
an impressive accuracy of over 90%. Due to tensor stacking, the training set is
integrated with the validation and test sets, as depicted in Figure 5.4 (a). The
common spatial pattern layer normalizes the data shape across each temporal seg-
ment of the training, validation, and test sets, resulting in fifteen segments (5× for
training/validation/test sets) shown in Figure 5.4 (b). The temporal concentration
and two-dimensional convolutional neural networks in the temporal concatenation
layer compress these temporal segments along the time domain, as illustrated in
Figure 5.4 (c). Moreover, Figure 5.4 (d) shows label-wise projections that clearly
differentiate between the classes of labeled data. Class 1 and Class 2 are positioned
on the lower and upper sides of the decision boundary, respectively.

5.3 Discussions

Strategy of Fixed-Interval Segmentation

We introduce a fixed-interval segmentation approach in Tensor-CSPNet, which
involves dividing the signals into non-overlapping intervals of equal length. This
method was applied to ensure that each time window’s duration is a divisor of the
total EEG signal length. Specifically, we implemented two configurations in the
experiments: 5-CSPNet and 10-Cynthia, with time windows of 500 ms and 250 ms,
respectively.

Additionally, we found that the optimal value for the height of the two-dimensional
convolutional neural networks in the temporal concatenation layer (denoted as q)
under the fixed-interval segmentation strategy is equal to the width (nW ). This
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finding is corroborated by improved performance as the q value increases, as demon-
strated in Table 5.3. This supports the neurobiological perspective that larger time
window sizes more effectively detect ERD/ERS effects during motor imagery tasks.

Table 5.3: The outcomes in the holdout scenario of the KU dataset with
varying q values in the temporal concatenation layer of 5-CSPNet and 10-
CSPNet. The parameter q represents the height of two-dimensional CNNs
within the temporal concatenation layer.

q 1 2 3 4 5
5-CSPNet 63.5% 65.1% 66.0% 66.8% 67.6%
q 6 7 8 9 10
10-CSPNet 66.8% 67.4% 67.8% 67.2% 68.4%

Temporal Segmentation Against Non-Stationarity

To investigate the notable performance of Tensor-CSPNet in the non-stationary
(between-session/holdout) scenario, we focus on Subject No.28 from the KU dataset,
whose holdout accuracy exceeds that of FBCSP by 0.3. Figure 5.5 shows a pat-
tern where more refined temporal segmentation results in a larger overlap region
covering the training, validation, and test sets within the statistical distribution
space.

From a statistical perspective, temporal segmentation addresses non-stationarity,
aligning with insights from a well-established theory known as segmentation tech-
niques for nonstationary EEGs, proposed over four decades ago [136]. When im-
plemented with neural signals, fixed-interval temporal segmentation divides EEG
signals into numerous short, contiguous intervals that exhibit quasi-stationary char-
acteristics. This segmentation effectively minimizes the impact of drift across dif-
ferent sessions, which is beneficial for classification performance when using a sta-
tistical classifier.



Figure 5.4: Visualization of Intermediate Outputs in 5-CSPNet(9,1,1) with o = 22 for Subject No.28 of the KU dataset Using
t-SNE: The model processes EEG signals using time windows ranging from 1 ∼ 1.5 s, 1.5 ∼ 2.0 s, 2.0 ∼ 2.5 s, 2.5 ∼ 3.0 s,
to 3.0 ∼ 3.5 s. Figure (a) illustrates the original EEG signals divided into 5 time windows using a segmentation strategy.
Figure (b) displays the outputs from the common spatial pattern layer, where blue and yellow/green clusters correspond to
two distinct motor imagery tasks. Each cluster is further subdivided into five sub-clusters corresponding to the individual
time windows. Figure (c) shows the outputs following the temporal concatenation layer, where the blue and yellow/green
clusters merge into two more cohesive clusters, with the yellow/green cluster positioned between the blue clusters. Finally,
Figure (d) presents the outputs after further processing in the temporal concatenation layer, along with the associated
class labels. Here, the blue and yellow/green clusters are separated by a decision boundary, with the two classes nearly
symmetrically distributed on either side of this boundary.
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Figure 5.5: Two-dimensional Projection of Subject No.28 in the KU dataset
Using t-SNE: Each subject participates in two sessions. The first session
(S1) is used as the training set, while the two halves of the second session
(S2) are designated as the validation and test sets. The lengths of the time
windows are (a) 2500 ms, (b) 500 ms, (c) 250 ms, and (d) 125 ms, with
no overlap between them. Each point in the two-dimensional projection
is obtained by reducing the dimensionality of a 9 × 20 × 20-dimensional
point, which includes 20 electrodes in the motor cortex region and spans
nine frequency bands. This format serves as the input to Tensor-CSPNet.





Chapter 6

Graph-CSPNet

The non-stationary nature of EEG spectral contents often undermines the effec-
tiveness of traditional methods that assume statistical stationarity [137]. In such
cases, conventional Fourier analysis often falls short. To overcome this limitation,
time-frequency analysis techniques are utilized to effectively localize rhythmic com-
ponents in real-time, thereby enhancing motor imagery classifiers [138–141]. Tech-
niques such as the wavelet transform are examples of this approach [142–144].
These methods have been incorporated into the CSP framework to develop inno-
vative wavelet-based classifiers, including the wavelet-CSP classifier [145].

Drawing inspiration from Gabor’s time-frequency theory and Morlet’s wavelet the-
ory [146–148], this chapter aims to refine Tensor-CSPNet to more adeptly iden-
tify local oscillatory components in EEG signals. The proposed model, Graph-
CSPNet 1, employs graph-based neural networks to tackle the challenges of motor
imagery classification. A key innovation in this model is the novel graph BiMap
layer, which moves away from the fixed-length segmentation in Tensor-CSPNet and
instead adopts a flexible time-frequency resolution that effectively captures local-
ized fluctuations, enabling nuanced analysis within the time-frequency domain.

In the graph BiMap layer of the model, each EEG spatial covariance matrix is rep-
resented as a node in a graph. This graph encapsulates the local topology through
a cutting-edge time-evolution method. The connections, or edges, between the
nodes in the graph signify the similarity among neighboring nodes. This similarity

1 The work in this chapter has been published in IEEE Transactions on Neural Networks and
Learning Systems, 2023, 10.1109/TNNLS.2023.3307470. (IEEE TNNLS 2023)
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is quantified by applying a Gaussian kernel to the Riemannian distance between
pairs of nodes located on SPD manifolds. Consequently, the task of motor imagery
classification is redefined as a graph classification challenge, where the classification
is based on the time-frequency distribution of EEG signals.

6.1 Network Architecture

The architecture of Graph-CSPNet is illustrated in Figure 6.1, with detailed pa-
rameters for each layer provided in Section 6.3.
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Figure 6.1: Architecture of Graph-CSPNet: In this structure, the EEG sig-
nal is segmented into multiple divisions within the time-frequency domain.
The spatial covariance matrices derived from these segments form the ver-
tices of the time-frequency graph, which is constructed using an innovative
nonparametric statistical method. After establishing the time-frequency
graph, an SPD matrix-valued graph convolutional network is deployed.
This network includes the Graph-BiMap layer and RieBN, which together
extract crucial classification information while preserving the ability to dis-
tinguish between different task classes. Subsequently, the LOG layer maps
the SPD matrices onto the tangent space. These transformed matrices are
then fed into the cross-entropy layer for computations.
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Time-Frequency Distribution

A novel time-frequency distribution consisting of SPD matrices derived from EEG
segments is constructed in the following way: given a segmentation plan on the
time-frequency domain with or without overlapping {∆ti × ∆fi}i∈I , the time-
frequency distribution consists of EEG spatial covariance matrices {S(∆ti×∆fi)}i∈I ,
where S(∆ti ×∆fi) := X̄iX̄

>
i is the covariance matrix of band-pass filtered EEG

signal X̄i ∈ RnC×∆ti within bandwidth ∆fi. The determination of a segmentation
plan {∆ti × ∆fi}i∈I relies on changes in ongoing EEG activity, as evidenced by
the appearance of the ERD/ERS effect that is induced by cognitive and motor
processing. A localized decrease in amplitude characterizes the ERD effect, while
an increase in rhythmic activity amplitude marks the ERS effect. Both of these
effects are highly specific to the frequency band of the event. It is essential to
consider the frequency discretization ∆f when working with traditional frequency
bands, including δ (< 4 Hz), θ (4 ∼ 7 Hz), µ (8 ∼ 13 Hz), β (14 ∼ 30 Hz), and γ (>
30 Hz) activity, which aligns closely with neurophysiological mechanisms. Due to
the subject/user-specific nature of event-related discrimination, the discretization
of frequency bands and time intervals can vary depending on the experiment.

Remark 6.1. To illustrate, consider the task of imagining hand movements. A time
resolution of ∆t = 125 ms is optimal for effectively detecting the occurrence of
ERD/ERS effects, particularly within the Mu and Beta frequency bands, which
are crucial for accurate discrimination. Selecting the appropriate time resolution
is essential to ensure that neural activity in these specific frequency bands is accu-
rately captured and analyzed [13, 39].

Time-Frequency Graph

To characterize the time-frequency distribution mentioned above, we construct a
time-frequency graph denoted as G(V , E). The vertices of this graph represent EEG
spatial covariance matrices in the time-frequency distribution. The edges of the
time-frequency graph are created using a nonparametric statistical approach called
the ϵ-neighborhoods approach. This approach involves connecting two vertices, Si

and Sj, with an edge if dgAIRM (Si, Sj)
2 < ϵ.
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Expressly, we assume that brain activities generate a time evolution effect on the
power spectrum of the EEG signals along the time axis. To capture this effect, we
employ a modified ϵ-neighborhoods approach that establishes adjacency between
two vertices, Si = S(∆ti ×∆fi) and Sj = S(∆tj ×∆fj), if they fall within a box
Bϵ1,ϵ2 in the time-frequency domain. This box is defined by a box width ϵ1 ≥ 0 on
the time axis and a box height ϵ2 ≥ 0 on the frequency axis. Therefore, Si and
Sj ∈ Bϵ1,ϵ2 must satisfy the following conditions:

0 ≤ mid(∆ti)−mid(∆tj) ≤ ϵ1;

|mid(∆fi)−mid(∆fj)| ≤ ϵ2,

where mid represents the midpoint value of an interval. Note that the time evolu-
tion in this study occurs in the forward time flow direction, making it unnecessary
to take the absolute value of the difference between the midpoints of ∆t in the
above formula.

The adjacency matrix A of G(V , E) is used to store the similarities between pairs
of vertices and is defined as follows,

A =


e
−d2

gAIRM (Si,Sj)/t, if Si and Sj are adjacent;

0, others.

where preset Gaussian kernel width t > 0. These similarities are calculated us-
ing the radial basis function kernel, which incorporates the Riemannian distance
between adjacent vertices. For vertices that are not adjacent, the similarity is ex-
plicitly set to zero, meaning that if Si and Sj are non-adjacent, their similarity
score is assigned a value of zero. The pseudocode for generating adjacency matrix
A refers to Section 6.3.

This technique is named the Local Graph Topology (LGT) method, as it effec-
tively captures the local interactions in the time-frequency distribution. Utilizing
the LGT method gives us a more comprehensive understanding of the intricate
connections between EEG spatial covariance matrices in the time-frequency distri-
bution.

Remark 6.2. 1). Edge Weight: The weight of the edge in the time-frequency graph
is calculated using a radial basis function kernel with Riemannian distance, as
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the discriminative power between task classes is closely related to the Riemannian
distance.

2). Connected Component: According to the LGT approach, each frequency com-
ponent (θ, µ, β, and γ bands) forms a connected component in the adjacency matrix
A of the time-frequency graph, as shown in Table 6.1,

A =


Aθ

Aµ

Aβ

Aγ

 .

Graph BiMap Layer

This section introduces an SPD matrix-valued graph neural network to extract
discriminative information from the time-frequency graph. To address this, we
construct the layer-wise propagation rule for this SPD matrix-valued graph neural
network as follows:

H(l+1) ← RieBN
(

ReEig
(
W (l)(D̄−1Ā(l))H(l)W (l)>)),

where Ā(l) := A(l) + IN , D̄ii :=
∑

j Ā
(l)
ij , and W (l) is a trainable transformation

matrix with the full-row rank. The RieBN and ReEig layers are introduced in
Chapter 4. H(l) ∈ R|V|×n2

C is a node function in the lth layer. In particular,
H(0) := (S1, · · · , SN), A(0) is the adjacency matrix of the time-frequency graph,
and Ā(l) := IN , for l ≥ 1.

The proposed layer-wise propagation rule is structurally similar to the classical rule
in graph convolutional networks. The linear transformation is replaced with the
BiMap transformation that facilitates operations on SPD matrices. The BiMap
transformation is essential as it ensures that Riemannian distances are preserved
throughout the learning process while also maintaining the symmetry and positive
definiteness of the matrices. This attribute is crucial for effectively performing
motor imagery classification tasks. Furthermore, instead of using D̄− 1

2 Ā(l)D̄− 1
2 , we

employ row-normalized D̄−1Ā(l) because we aim to perform normalization only in
the time direction. Additionally, we utilize the non-linear operator ReEig, which
drops the smallest eigenvalues to prevent matrix degeneracy.
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However, the proposed rule still differs from the classical one. In the following,
we will discuss these differences in detail, specifically focusing on their relevance
to our application. A perturbation analysis for the spectrum change induced by
transformation D̄−1Ā(l) is presented as follows,

Theorem 6.1. Given a time-frequency graph G(V , E). For the lth graph BiMap
layer, let A(l) be its |V| × |V| adjacency matrix. For i ∈ {1, ..., |V|}, the pertur-
bated spatial covariance matrix S̄i ∈ RnC×nC on (S++, g

AIRM) is wtitten in to the
original spatial covariance matrix Si and a graph-based perturbation term, i.e.,
S̄i = Si + ∆Si, where ∆Si := A(l)[i, :](S1, · · · , S|V|)

>. Then, the spectrum of the
spatial covariance matrix has a perturbation ratio as follows,

(
1−NiCi

)
≤ λ(S̄i)

λ(Si)
≤
(
1 +NiCi

)
, (6.1)

where Ci = max(i,j)∈E{exp{(λij)}}, Ni =
∣∣∣{j∣∣(i, j) ∈ E}∣∣∣, and λij is largest eigen-

value of log
(
S
− 1

2
i SjS

− 1
2

i

)
.

We initially establish the subsequent Lemma to prove Theorem 6.1.

Lemma 6.2. Let {Si}Ni=1 be a set of SPD matrices. Then, any linear combination∑N
i=1 αiSi is still SPD for αi > 0.

Proof. The symmetry is obtained by (
∑N

i=1 αiSi)
> =

∑N
i=1 αiS

>
i =

∑N
i=1 αiSi, and

the positive definite is achieved by v>(
∑N

i=1 αiSi)v =
∑N

i=1 αi(v
>Siv) > 0, for any

v 6= 0. This concludes the proof.

Proof of Theorem 6.1. Consider the perturbation ∆Si on each node Si (1 ≤ i ≤
|V|), which is taken as a linear combination of adjacent nodes as Si + ∆Si =

Si +
∑

(i,j)∈E aijSj, where aij := e
−d2

gAIRM (Si,Sj)/t ≤ 1 with a large t is the similarity
value for the edge between node Si and Sj in adjacency matrix A(l). Each Si+∆Si

remains symmetric positive and definite according to Lemma 7.1.

The Riemannian distance dgAIRM (Si, Sj) between node Si and its adjacent node
Sj is || log

(
S
− 1

2
i SjS

− 1
2

i

)
||F . Notice that log

(
S
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matrix and bounded by an inequality according to the Rayleigh-Ritz theorem [149]
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)
� λijI, where λij is the largest Rayleigh quotient
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of log
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i

)
. Since exp(λij) is the eigenvalue of S− 1

2
i SjS

− 1
2

i according to
the definition of exponential matrix and exp is monotone increasing, we have the
following inequality:

− exp(λij)I � S
− 1

2
i SjS

− 1
2

i � exp(λij)I.

Note that the pertubation Si +∆Si can be written as follows,

Si +∆Si = Si +
∑

(i,j)∈E

aijSj = S
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(
I + S
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( ∑
(i,j)∈E
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)
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i .

Then, we have
(
1 − NiCi

)
Si � Si +

∑
(i,j)∈E aijSj �

(
1 + NiCi

)
Si, where Ni =

|{j|(i, j) ∈ E}| and Ci = max(i,j)∈E{exp{(λij)}}. Lastly, the spectrum perturbation
ratio in Equation 6.1 can be obtained using Weyl’s monotonicity theorem [150].

Theorem 6.1 provides both a rough estimated upper and lower bounds for spectrum
change ratio λ(S̄i)/λ(Si), for 1 ≤ i ≤ N . This ratio depends solely on the node
degree and spectrum between vertices in the time-frequency graph. As the depth
of graph BiMap layers increases, the spectrum change ratio increases accordingly.

To uphold the lowest possible spectrum change ratio, Ā(0) is designated as the
adjacency matrix of the time-frequency graph, and Ā(l) := IN , for l ≥ 1. The visu-
alization of the impact of spectrum changes, as stated in Theorem 6.1, is discussed
in detail in Section 6.3.

Loss Function

Following the graph BiMap layers, the resulting SPD matrices are mapped onto
the tangent space through the LOG layer. This mapping approach is well-defined
and applicable to any SPD matrix To streamline the model, we selected the cross-
entropy as the loss function for Graph-CSPNet.
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6.2 Experimental Results

Evaluated Segmentation Plans: This study presents the non-overlapping and
non-uniform segmentation plans, as shown in Table 6.1, to evaluate the proposed
approach. The term non-overlapping indicates no overlap between time windows,
while non-uniform implies that the size of the time windows varies within the
frequency band. We considered the commonly used method of segmenting signals in
the time domain into units of seconds, half-seconds, or quarter-seconds, which BCI
researchers have widely adopted in the past years, but it is not based on extensive
neurophysiological considerations. In Table 6.1, there are 60 segments of EEG
signals in the KU, BNCI2014002, and BNCI2015001 datasets (i.e., 60 segments =
5 windows × 6 frequency bands + 10 windows × 3 frequency bands), 48 segments
in the BNCI2014001 dataset (i.e., 48 segments = 4 windows × 6 frequency bands
+ 8 windows × 3 frequency bands), and 33 segments in the Cho2017 dataset (33
segments = 3 windows × 6 frequency bands + 5 windows × 3 frequency bands).

Evaluation Baselines: We will assess Graph-CSPNet by benchmarking it against
established baseline methods such as FBCSP, FBCNet, and Tensor-CSPNet. It is
important to highlight that our proposed method fundamentally deviates from the
traditional approach of utilizing EEG device channels as graph nodes in motor
imagery classifiers. Therefore, other graph-based classifiers are not included in this
comparison, as they fall outside the methodological scope of this study.

Configurations of Network Architecture:

FBCNet features relatively few tunable hyperparameters. We utilized the same
nine frequency sub-bands as FBCSP and configured 16 parallel spatial convolution
blocks across all datasets.

For Tensor-CSPNet and Graph-CSPNet, we implemented straightforward yet effi-
cient network architectures for different scenarios, as outlined below:

• Tensor-CSPNet: The network architecture features a two-layer BiMap block,
which includes the BiMap layer, the ReEig layer, and the RieBN layer. The
input and output dimensions of this block vary across different datasets. For
all datasets, frequency segmentation is uniformly performed in 4 Hz band-
width increments, ranging from 4 Hz to 40 Hz, without any overlap. However,
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the approach to time segmentation is designed for each specific dataset, as
outlined below: 1). For the KU dataset, the BiMap block transforms the
input dimension from 20 to 30 and then back to an output dimension of 20.
The network employs three temporal segmentations: 0 to 1.5 seconds, 0.5 to
2 seconds, and 1 to 2.5 seconds. 2). In the Cho2017 dataset, the BiMap block
converts the input dimension from 20 to 30 and then reverts it to an output
dimension of 20. The network is divided into three temporal segments: 0
to 1 second, 1 to 2 seconds, and 2 to 3 seconds. 3). For the BNCI2014001
dataset, the BiMap block transforms the input dimension from 22 to 36 and
then back to an output dimension of 22. This network has two temporal seg-
mentations: 0 to 0.75 seconds and 0.25 to 1 second. 4). For the BNCI2014002
dataset, the BiMap block increases the input dimension from 15 to 30 and
then reduces it back to an output dimension of 15. This network employs
five temporal segmentations: 0 to 1 second, 1 to 2 seconds, 2 to 3 seconds,
3 to 4 seconds, and 4 to 5 seconds. 5). For the BNCI2015001 dataset, the
BiMap block expands the input dimension from 13 to 30 and then reduces it
to an output dimension of 13. This network utilizes five different temporal
segmentations: 0 to 1 second, 1 to 2 seconds, 2 to 3 seconds, 3 to 4 seconds,
and 4 to 5 seconds.

• Graph-CSPNet: Graph-CSPNet shares the same neural network architec-
ture as Tensor-CSPNet across all scenarios. However, it employs a different
segmentation approach for frequency and time. The specific time-frequency
segmentation plan for Graph-CSPNet is outlined in Table 6.1. In addition,
we typically set the forward time flow to half their maximum possible value,
as discussed in Section 6.2.2.

6.2.1 Results of Classification Performance

The evaluation is conducted using subject-specific scenario settings across two
datasets, namely KU and BNCI2014001. These datasets have been reinitialized
with cross-validation indices and employ different network architectures than those
used in Chapter 5. As a result, the classification accuracies of each baseline may
slightly differ from earlier results, with variations within an acceptable range of
approximately 1%. Additionally, three other datasets are being used for the first
time in this study. For each scenario, we select the best result from multiple runs.



Table 6.1: A non-overlapping and non-uniform segmentation plan for Graph-CSPNet. The table provided lists each frequency
band’s time-window length (seconds) as a distinct entity.

θ band µ band β band γ band
Dataset/Freq Band (Hz) 4 ∼ 8 8 ∼ 12 12 ∼ 16 16 ∼ 20 20 ∼ 24 24 ∼ 28 28 ∼ 32 32 ∼ 36 36 ∼ 40

KU/Cho2017 0.5 0.5 0.5 0.5 0.5 0.5 0.25 0.25 0.25
BNCI2014001 0.25 0.25 0.25 0.25 0.25 0.25 0.125 0.125 0.125
BNCI2014002/2015001 1 1 1 1 1 1 0.5 0.5 0.5

Table 6.2: Average accuracies and corresponding standard deviations derived from subject-specific analyses of the KU,
Cho2017, BNCI2014001, BNCI2014002, and BNCI2015001 dataset. Each result in the table is expressed as the average
accuracy accompanied by its corresponding standard deviation. Notably, the optimal outcome for each analysis is highlighted
in boldface, thus providing an enhanced visual representation of the best-performing metrics.

Dataset Scenario FBCSP FBCNet Tensor-CSPNet Graph-CSPNet
KU 10-Fold CV (S1) % 64.33 (15.43) 73.36 (13.71) 73.28 (15.10) 72.51 (15.31)

10-Fold CV (S2) % 66.20 (16.29) 73.68 (14.97) 74.16 (14.50) 74.44 (15.52)
Holdout (S1 → S2) % 59.67 (14.32) 67.74 (14.52) 69.50 (15.15) 69.69 (14.72)

Cho2017 10-Fold CV % 61.75 (13.26) 65.34 (11.14) 67.30 (12.94) 67.51 (12.89)
BNCI2014001 10-Fold CV (T) % 71.29 (16.20) 75.48 (14.00) 75.11 (12.68) 77.55 (15.63)
(BCIC-IV-2a) 10-Fold CV (E) % 73.39 (15.55) 77.16 (12.77) 77.36 (15.27) 78.82 (13.40)

Holdout (T → E) % 66.13 (15.54) 71.53 (14.86) 73.61 (13.98) 71.95 (13.36)
BNCI2014002 10-Fold CV % 76.07 (13.29) 79.64 (12.77) 80.58 (11.87) 81.65 (11.74)
BNCI2015001 10-Fold CV (A) % 79.46 (14.16) 82.62 (13.11) 81.29 (14.78) 84.62 (12.38)

10-Fold CV (B) % 81.96 (11.14) 84.92 (10.30) 85.29 (10.54) 88.00 (7.87)
Holdout (A → B) % 73.46 (14.09) 74.50 (16.01) 79.04 (14.67) 79.75 (14.63)
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All motor imagery classifiers adopt the time-space-frequency principle for classifica-
tion. The segmentation technique utilized by Tensor-CSPNet and Graph-CSPNet
enhances their performance relative to FBCNet across three holdout scenarios.
This technique segments EEG signals into short, quasi-stationary intervals, min-
imizing distribution shifts and enhancing classifier robustness. Among the algo-
rithms, Graph-CSPNet exhibits a slight advantage in nine out of the eleven sce-
narios listed in Table 6.2. This may be largely due to its refined time-frequency
segmentation technique, which provides a more precise characterization of EEG
signals.

6.2.2 Ablation Study of Hyperparameters

We will explore the influence of hyperparameters on the performance of Graph-
CSPNet, focusing specifically on the parameter ϵ used in the LGT method within
the time-frequency graph. This analysis is depicted in Figure 6.2. To streamline the
evaluation process, the network configuration of Graph-CSPNet will be simplified
to include a single-layer graph BiMap layer with input and output dimensions set
to 20.

• The utilization of graph topology enables Graph-CSPNet to learn discrim-
inative patterns from the time-frequency graph effectively. This is evident
from the significant improvements observed in other time-frequency graph
configurations compared to the no graph case, i.e., Time Direction (0,0,0,0)
in Figure 6.2. The no graph case refers to the similarity matrix A(0) := IN .

• Among different time directions, Time Direction (2,2,2,4) yields the best
performance, as demonstrated in Figure 6.2. The corresponding transformed
spectral distributions can be found in Figure 6.4 (c). Additionally, Time Di-
rection (2,2,2,4) showed statistical significance in the 10-fold cross validation
experiments of the two groups. However, it did not exhibit significance in
the holdout experiment. Statistical significance was determined using the
one-tailed Wilcoxon signed-rank test [151] with Bonferroni-Holm correction,
with a significance level of α = 0.05. Therefore, in our experiments, we gen-
erally set the forward time flow to the nearest integer values, which is the
closest approximation to half-values.
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Figure 6.2: Classification performance of Graph-CSPNet with multiple time
and frequency directions on the BNCI2014001 (BCIC-IV-2a) dataset. The
(forward) time direction includes 0 ≤ xθ ≤ 4, 0 ≤ xµ ≤ 4, 0 ≤ xβ ≤ 4, and
0 ≤ xγ ≤ 8. The frequency direction is preset to (1,1,4,3).

6.3 Discussions

In the discussions, we delve into various aspects of Graph-CSPNet and compare it
with Tensor-CSPNet, highlighting their similarities and differences.

Preset Edge Weights

The edge weights in the graph are calculated by averaging Riemannian distances
between EEG spatial covariance matrices across training samples. In a 10-fold
cross-validation scenario, adjacency matrix A is initialized ten times, with minor
variations between each fold. Consequently, the adjacency matrix A is specific to
each individual, leading to a Graph-CSPNet architecture that is uniquely specific
to each participant.

Spectrum Distribution Shift

The proposed LGT method serves as a nonparametric statistical approach for ini-
tializing the topology of the time-frequency graph. According to Theorem 6.1,
both approaches will introduce changes in the distribution of the spectrum power
of spatial covariance matrices.



Chapter 6. Graph-CSPNet 75

Figure 6.3: Spectrum Distribution Shift: In the KU dataset, a two-
dimensional projection of Subject No.1 using t-SNE is displayed. Each
session for the subject contains 200 trials in total. In each subfigure, the
bright red point represents the 200th trial in that session, while 199 green
points depict the first 199 trials. The points have been dimensionally re-
duced from 20×20-dimensional spatial covariance matrices through t-SNE.
The 60 dark red points symbolize the spatial covariance matrices derived
from 60 EEG segments, as specified in the segmentation plan in Table 6.1,
of the last trial (represented by the bright red point), while the 11940 blue
points (11940 = 199×60) represent the spatial covariance matrices derived
from the remaining 199 trials.

In this section, we visually examine the extent of these changes by plotting a two-
dimensional projection of the transformed spatial covariance matrices using the
LGT method. This allows us to observe the shifts in their spectrum distributions.

In Figure 6.3 (a), the spatial covariance matrices of the 200th trial (represented
by the bright red point) are located at the center of the cluster formed by the
spatial covariance matrices of the first 199 trials (depicted in green). However, the
segmented spatial covariance matrices of the 200th trial (shown in dark red) are
relatively uniformly distributed within the space occupied by the segmented spatial
covariance matrices of the first 199 trials (illustrated in blue).

In contrast, Figure 6.3 (b) demonstrates significant changes in the distributions of
the spatial covariance matrices’ spectrum. The LGT method averages each point
with its neighboring points based on the graph topology. As a result, the centers
of each group of points are closer together compared to the centers depicted in
Figure 6.3 (a).
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(a) Discrete spectrogram

(b) Time Direction (1,1,1,2).

(c) Time Direction (2,2,2,4).

Figure 6.4: Discrete Spectrograms of Variant Configuration Time-
Frequency Graphs: The LGT method has four time direction numbers
representing the forward steps in the components of θ, µ, β, and γ. The
frequency direction numbers are always set to Time Direction (1, 1, 4, 3).

The discrete spectrograms, ranging from (a) to (c), are calculated
by evaluating the lower frequency band’s spectrum power on the grids
(4 ∼ 16 Hz) across every five grids on the time axis, with a grid width of
500 ms and a height of 4 Hz. The higher frequency band (16 ∼ 40 Hz)
is calculated across each grid, with a grid width of 250 ms and a height
of 4 Hz. Spectrogram (a) represents the original spectrum distribution of
Subject No. 1 in the KU dataset, while spectrograms (b) and (c) are the
spectrum distributions after the LGT method on (a).
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(a) Time Direction
(1,1,1,2).

(b) Time Direction
(2,2,2,4).

Figure 6.5: Variant Configurations of Time-frequency Graphs: The time-
frequency graphs (a) and (b), which are derived from spectrograms (b) and
(c), respectively, in Figure 6.4, contain 60 nodes and 390 edges. Each node
represents a grid or a couple of grids, with low time resolution for the low
frequency (4 to 16 Hz) and high time resolution for the high frequency
(16 to 40 Hz). The spectrum of a node evaluates adjacent nodes along
the time axis and consists of four graph components corresponding to four
frequency bands, i.e., θ, µ, β, and γ. The edge weight of each two adjacent
nodes is the geodesic distance between the two points on (S++, g

AIRM) and
is reconstructed using the multidimensional scaling algorithm.

Variant Configurations of Time-frequency Graphs

We will explore the spectrum distribution and resulting time-frequency graphs
generated by different parameter configurations in the LGT method.
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Figure 6.4 illustrates that the spectrum distribution, transformed by the LGT
method, exhibits a localized forward diffusion from left to right along the forward
time direction. This diffusion occurs independently in the θ, µ, β, and γ components
due to the separation of these frequency bands in the generation Algorithm 2.

Additionally, Figure 6.5 presents the corresponding time-frequency graphs. Nodes
belonging to different frequency bands are not connected. When selecting a larger
scale for the forward time flow, the number of edges in the time-frequency graph
will increase according to the construction rule. For instance, the time-frequency
graph in Figure 6.5 (b) exhibits more connected edges compared to the one in
Figure 6.5 (a).

Pseudocodes for Adjacent Matrix Generation

This section provides the pseudocode to generate the adjacency matrix A of the
time-frequency graph. A lattice vector is used to compute the average EEG spectral
covariance matrices within a specified time and frequency interval in the training
set.

Taking the example of the BNCI2014001 dataset, with a 1000 ms signal and non-
overlapping segmentations of 250 ms and 125 ms, we obtain 4 and 8 windows,
respectively, as shown in Table 6.1. As a result, there are 48 EEG segments (=
4 time windows × 6 frequency bands + 8 time windows × 3 frequency bands),
representing the nodes in the time-frequency graph. The lattice vector is a tensor
with Dimension = (48, 22, 22), where 22 is the number of electrodes. The 48
averaged spatial covariance matrices correspond to the second and third dimensions
of the tensors (i, 22, 22), where 1 ≤ i ≤ 48.

The Riemannian distances in Algorithm 2 are calculated using the lattice vector.
Specifically, the adjacency between two nodes is determined by a time-evolution
mechanism. As shown in Table 6.1, the frequency bands are grouped into the
θ, µ, β, and γ components, with 4, 4, 16, and 24 nodes, respectively.

The generation algorithm considers the time and frequency directions in the θ, µ, β,
and γ components. For example, given Time Direction (1, 1, 1, 2) and Frequency
Direction (1, 1, 4, 3), spatial covariance matrices evolve by one step, one step, one
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step, and two steps on the θ, µ, β, and γ components, respectively, along the for-
ward time direction, and one step, one step, four steps, and three steps along the
frequency direction.

Algorithm 2: Adjacency Matrix Generation
Input : Number of Nodes (Nθ, Nµ, Nβ, Nγ);

Length of Time Horizon (wθ, wµ, wβ, wγ);
Time Direction (xθ, xµ, xβ, xγ);
Frequency Direction (yθ, yµ, yβ, yγ).

Output: Adjacency Maxtrix A[i∗, j∗].

Initialization of the lattice vector and start node s ← 1;

for (N,w, x, y) ∈ [θ, µ, β, γ] do

for i← {1, ..., N} do
/* Initialize the first coordinate for A. */
i∗ ← s+ i;

/* Compute the largest forward time step. */
T ← min{w − i%w − 1, x};

/* The time direction. */
if j ∈ {i+ 1, ..., i+ T + 1} then

j∗ ← s+ j;
A[i∗, j∗]← exp

(
−d2gAIRM (Si∗ , Sj∗)/t

)
;

/* The frequency direction. */
if j ∈ {i+ wy, ..., i + wy + T + 1} then

j∗ ← s+ j;
A[i∗, j∗]← exp

(
−d2gAIRM (Si∗ , Sj∗)/t

)
;

A[j∗, i∗]← A[i∗, j∗];
s ← s + N.

In the pseudocode, (N,w, x, y) ∈ [θ, µ, β, γ] denotes the selection of a specific com-
bination from the four frequency bands (θ, µ, β, γ). For instance, selecting θ would
represent the combination as (Nθ, wθ, xθ, yθ), focusing on the θ frequency band.
To enhance clarity, we have omitted the subscripts in the presentation. The term
Number of Nodes (Nθ, Nµ, Nβ, Nγ) specifies the count of graph nodes associated
with each frequency component. Length of Time Horizon (wθ, wµ, wβ, wγ) refers
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to the number of time windows within each frequency band, which vary due to
different time resolutions leading to a diverse range of window counts. The inclu-
sion of the maximum forward steps, indicated by T , is crucial, particularly when
the distance to the rightmost position (the furthest time step) is shorter than one
forward step. The operation i%w calculates the remainder of i divided by w. When
assigning values along the time and frequency axes, the typical procedure involves
fixing the frequency first and then progressing along the positive time direction.
Within the same frequency band, higher frequencies are subsequently considered.

For detailed code examples, please refer to the related file in the GitHub repository,
i.e., https://github.com/GeometricBCI/Tensor-CSPNet-and-Graph-CSPNet.

Architecture of Graph-CSPNet

Table 6.3 summarizes the layers and learnable network parameters in Graph-
CSPNet. The total number of learnable network parameters is No2(o1 + o3) +

(cN + 1)o23. For instance, in the case of BNCI2014001, the network configuration
is given by N = 48, c = 4, o1 = 22, o2 = 36, and o3 = 22, where o1 and o2 are the
input and output dimensions for the first graph BiMap layer respectively, o2 and
o3 are the input and output dimensions for the second graph BiMap layer. N is
the number of the time-frequency graph nodes, and c is the number of classes. The
total number of learnable network parameters is 169,444 parameters. Compared to
Tensor-CSPNet, this amount is six times the parameters in 1-CSPNet(9,1,1) (27,104
parameters) and almost two-thirds of the parameters in 5-CSPNet(9,3,1) (232,360
parameters).

https://github.com/GeometricBCI/Tensor-CSPNet-and-Graph-CSPNet


Table 6.3: Parameters in a two-layer Graph-CSPNet with input tensor shape (N, o1, o1).

Layer Type of Parameters Shape of Outputs Number of Parameters
Graph BiMap Layer (1st) Stiefel manifolds (N, o1, o2) No1o2
Graph BiMap Layer (2nd) Stiefel manifolds (N, o2, o3) No2o3
Riemannian Batch Normalization SPD manifolds (N, o3, o3) o23
LOG / (N, o3, o3) /
Linear Euclidean c cNo23

Total Number of Parameters / / N(o1 + o3)o2 + (cN + 1)o23

Table 6.4: Comparison between Tensor-CSPNet and Graph-CSPNet.

Geometric Methods Tensor-CSPNet Graph-CSPNet
Network Input Tensorized Spatial Covariance Matrices. Time-Frequency Graph.
Architecture BiMaps; Convolutional Neural Networks. Graph-BiMaps.
Distinctive Structure Convolutional Neural Networks for Temporal Dynamics. Spectral Clustering for Time-Frequency Distributions.
Training Optimizer Riemannian Optimization Riemannian Optimization.
Underlying Space (S++, g

AIRM ). (S++, g
AIRM ).

Methodology Heritage Common Spatial Pattern. Common Spatial Pattern; Riemannian-Based Approach.
Design Principle The Time-Space-Frequency Principle: The Time-Space-Frequency Principle and the Principle of Time-Frequency

Exploitation in the time, space, and frequency Analysis: Exploitation in the time-frequency domain simultaneously, and
domains sequentially. then in the space domain.
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Tensor-CSPNet versus Graph-CSPNet

Both Tensor-CSPNet and Graph-CSPNet utilize the time-space-frequency princi-
ple to extract discriminative information from EEG spatial covariance matrices.
Graph-CSPNet further integrates time-frequency analysis to enhance its analytical
capabilities. Technically, Tensor-CSPNet employs convolutional neural networks
following the BiMap layers to capture temporal dynamics, while Graph-CSPNet
uses the Graph-BiMap layer to concurrently capture time-frequency relationships.

In particular, Graph-BiMap layers incorporate the technique of spectral cluster-
ing into the network architecture. Spectral clustering is a multivariate statistical
clustering method that leverages the spectrum of a data similarity matrix [152].
As outlined in Section 6.1, the time-frequency graph is constructed by combining
classical ϵ-neighborhood methods from spectral clustering with considerations of
various frequency components in EEG signals. This approach aggregates spectral
power across the time-frequency domain, highlighting significant regions in EEG
signals for more effective classification. Consequently, while Tensor-CSPNet fo-
cuses on capturing temporal dynamics through convolutional neural networks, the
spectral clustering integrated into the Graph-BiMap layer offers a more nuanced
and flexible representation of localized fluctuations. For a comparison of these two
models, please refer to Table 6.4.

Spectral Clustering and Laplacian

In image processing, the Laplacian operator calculates the second-order derivative
of an image, effectively highlighting areas of rapid intensity changes or edges [153].
Similarly, in the time-frequency graph, spectral clustering can be interpreted in a
comparable way. By using an overlapping segmentation approach, we can gather
more detailed local information compared to a non-overlapping approach. As the
number of segments increases, spectral clustering emphasizes areas of significant
intensity changes on the SPD manifold, which is constructed based on statistical
measures in the time-frequency domain.

On SPD manifolds, given an infinite segmentation plan where spatial covariance
matrices {Si}Ni=1 ∈ S

nC
++ of the time-frequency graph around a test trial S̄ are uni-

formly Gaussian distributed [154], the discrete graph Laplacian LM = I −A of the
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time-frequency graph on a networks-based function f will converge to the continu-
ous Laplacian ∆M(f) with a bias term, as established by various studies [155–157],
as follows:

1

ϵ

N∑
j=1

LMf(Si) =
1

2
∆Mf(S̄) +O(ϵ1/2).





Chapter 7

Optimal Transport-Domain
Adaptation on SPD Manifolds

In cross-domain problems, the distribution of source data often differs from that of
target data, leading to what is widely recognized as a domain adaptation problem in
the machine learning community. This issue has gained considerable attention over
the past decade [158–160]. For example, signals in an online testing set frequently
differ from those in the calibration set despite being generated by the same process,
highlighting a common domain adaptation challenge.

In domain adaptation, a domain D consists of a feature space X and a marginal
probability distribution P(X), denoted as D = {X,P(X)}. Meanwhile, a task T
comprises a label space Y and a conditional distribution Q(Y |X), represented by
T = {Y,Q(Y |X)}. Domain adaptation aims to build a classifier in the target
domain DT by leveraging the information obtained from the source domain DS,
where DS 6= DT and TS 6= TT . In particular, DS 6= DT yields either XS 6= XT or
PS(XS) 6= PT (XT ), whereas TS 6= TT results in either YS 6= YT or QS(YS|XS) or
QT (YT |XT ).

The domain adaptation problem can be broadly categorized into unsupervised and
semi-supervised scenarios. In the unsupervised scenario, no labels are available
in the target domain, while in the semi-supervised scenario, a limited number of
labeled instances are available in the target domain to guide the adaptation pro-
cess. For instance, the variability of EEG signals often results in unreliable and
non-robust performance when transitioning from calibration to feedback phases, as
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these sessions exhibit distinct distributions. This variability in EEG-based classifi-
cation exemplifies a typical domain adaptation problem [161]. In response to this
issue, a covariate shift adaptation approach has been proposed in machine learn-
ing society [162]. This approach assumes that the difference between domains is
characterized by a change in the feature space while the conditional distributions
remain unchanged.

Among various methods that have been proposed to address the domain adap-
tation problem across numerous engineering scenarios, Optimal Transport (OT)
has emerged as a novel and effective solution for aligning source and target do-
mains [133, 134]. The OT approach introduces regularized optimal transport,
allowing a classifier to learn from labeled source data and apply this knowledge
to target data. The goal of the Optimal Transport-Domain Adaptation (OT-DA)
framework is to minimize the overall transportation costs between two distribu-
tions, quantified by the Wasserstein metric. It seeks to find a push-forward trans-
formation φ : XS 7−→ XT that satisfies PS(XS) = PT (φ(XS)). The strengths of the
OT-DA framework lie in its simplified evaluation of empirical data distribution and
its enhanced ability to leverage the underlying geometry of discrete samples [133].

While broad in scope, the OT-DA framework can benefit from enhancements de-
rived from insights into specific applications. For instance, in EEG-based motor
imagery classification, EEG signals are processed as (average) spatial covariance
matrices after segmentation in time and averaging over trials [23, 163]. This leads
to the cross-session scenario of motor imagery classification taking place in the
space of covariance matrices, which forms an SPD manifold if endowed with a Rie-
mannian metric. In this context, Yair et al. utilized squared ℓ2 distance as the
cost function c(x, x̄) = ||x− x̄||2ℓ2 in the OT-DA framework, deriving a closed-form
solution through Brenier’s polar factorization [164].

Although Yair’s work pioneered the OT-DA framework on SPD manifolds, it
presents certain theoretical and practical shortcomings. Theoretically, their chosen
cost function, based on Euclidean distance, undermines the consistency of mathe-
matical formulation in the view of differential geometry. Practically, their method-
ology fails to account for disparities in conditional distributions. Additionally, the
unique challenges inherent to the problem, such as the scarcity of labeled data
during the feedback phase and the divergence of spatial covariance matrices from
distinct frequency bands, pose significant modeling difficulties. These challenges
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necessitate the development of a more adaptable OT-DA framework to effectively
address problems on SPD manifolds.

To address these challenges, we consider a more applicable scenario where XS =

XT , YS = YT , PS(XS) 6= PT (XT ), and QS(YS|XS) 6= QT (YT |XT ). This situation is
typically handled through joint distribution adaptation, which concurrently aligns
both marginal and conditional distributions across domains, even when dealing
with implicit probability distributions, without relying on labeled information from
the target domain [165]. To facilitate modeling of XS = XT , we formulate the
space of SPD matrices using the Log-Euclidean metric gLEM on SPD manifolds, as
discussed in Chapter 3. In this context, parallel transport on SPD manifolds with
the Log-Euclidean metric simplifies to an identity map, ensuring that the feature
space of the source and target domains, which is the tangent space at the identity
of SPD manifolds, are the same.

In this chapter, we propose a novel geometric deep learning model called Deep
Optimal Transport (DOT) to address the joint distribution adaptation problem
on SPD manifolds, utilizing a squared Log-Euclidean distance as the cost function
in optimal transport, i.e., c(x, x̄) = d2gLEM (x, x̄). DOT is predicated on the as-
sumption that information transfer between domains can be effectively estimated
through optimal transport. The goal of DOT is to find a transformation on SPD
manifolds φ : XS, XT 7−→ Z ⊂ S++ such that PS(φ(XS)) = PT (φ(XT )) and
QS(YS|φ(XS)) = QT (YT |φ(XT )). To evaluate the effectiveness of DOT, we focus
on cross-session scenarios in motor imagery classification. This problem is notably
challenging and often inadequately addressed, primarily due to the extensive pat-
terns of synchronized neuronal activity that continuously shift over time. This
results in significant variability in brain signals captured by EEG devices across
different sessions. In our evaluation, we calibrate the model in one session and then
test it in another, encompassing both unsupervised and semi-supervised domain
adaptation scenarios.



Table 7.1: History of the OT-DA Framework.

Framework Cost function Underlying Space Transformation Domain Adaptation Scenario
OT-DA[133, 134] c(x, x̄) = ||x− x̄||2ℓ2 . Euclidean Affine XS 6= XT .

JDOT-DA[128, 129] c(x, x̄) = ||x− x̄||2ℓ2 Euclidean Affine XS 6= XT , QS(YS|XS) 6= QT (YT |XT ).

OT-DA on SPD manifolds[164] c(x, x̄) = ||x− x̄||2ℓ2 (S++, gAIRM) Bi-Map XS 6= XT .

Proposed c(x, x̄) = d2gLEM (x, x̄) (S++, gLEM) Neural Networks XS = XT , PS(XS) 6= PT (XT ), and
QS(YS|XS) 6= QT (YT |XT ).

88
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7.1 Methodology

In the methodology section, we will first generalize the OT-DA framework on (S++,
gLEM) and propose a novel geometric deep learning approach to address the prob-
lems formulated on this framework.

7.1.1 Optimal Transport-Domain Adaptation

We first calculate the gradient of any squared distance function on general Rie-
mannian manifolds.

Lemma 7.1. Let (M, g) be a connected, compact, and C3−smooth Riemannian
manifold without a boundary. Consider a compact subset U ⊂M and a fixed point
q ∈ U . Let f(p) = 1

2
d2g(p, q) denote the squared distance function. Then, for p not

on the boundary of M, the gradient of f(p) is given by ∇f(p) = − logp(q).

Proof. Consider a point p ∈ M◦ without loss of generality. There exists an open
neighborhood N of p and ϵ > 0 such that the exponential map expp maps the
ball B(0, ϵ) ⊂ TpM diffeomorphically onto N [76, Corollary 5.5.2.]. Let c(s) be
a geodesic on N , parameterized with constant speed, with c(0) := q ∈ N and
c(1) := p with ċ(0) = logq(p). By reversing the direction of the geodesic c(1 − s),
we have ċ(1) = − logp(q). We proceed by linearizing the exponential maps around
0 ∈ TpM and ċ(0) ∈ TqM and derive the derivative of a function f as follows:

f
(

expp(v)
)

=
1

2
d2g
(

expp(v), q
)

=
1

2

∣∣ logq

(
expp(v)

)∣∣2
q

=
1

2

∣∣ċ(0) + (D logq)ċ(0)
(
(D expp)0v

)
+ o(|v|p)

∣∣2
q

=
1

2

∣∣ċ(0)∣∣2
q
+ gq(ċ(0), (D logq)ċ(0)v) + o(|v|p)

=
1

2
d2g(p, q) + gp(ċ(1), v) + o(|v|p),

where the differential (D expp)q(· ) : Tq(TpM) 7−→ (TpM) is the differential of
the exponential map at q with respect to p. The fourth equality follows from
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(D expp)0 = I on TpM, and the fifth equality follows from Gauss’ lemma [166,
Section 3.3.5.]. Hence, by the definition of the gradient on Riemannian manifolds,
we have df(p)(v) = gp

(
∇f(x), v

)
, which implies that∇f(p) = ċ(1) = − logp(q).

We say a function ψ :M 7−→ R ∪ {−∞} is c-concave if it is not identically −∞
and there exists φ :M 7−→ R ∪ {±∞} such that

ψ(p) = inf
q∈M

{
c(p, q) + φ(q)

}
,

where c(p, q) is a nonnegative cost function that measures the cost of transport-
ing mass from q to p ∈ M. Brenier’s polar factorization on general Riemannian
manifolds is given as follows:

Lemma 7.2 (Brenier’s Polar Factorization [167]). Given any compactly supported
measures µ, ν ∈ P(M). If µ is absolutely continuous with respect to Riemannian
volume, there exists a unique optimal transport map T ∈ S(µ, ν) as follows,

T (x) = expp

(
−∇ψ(p)

)
,

where ψ :M 7−→ R∪{±∞} is a c-concave function with respect to the cost function
c(p, q) = 1

2
d2g(p, q), and expp(· ) is the exponential map at p on (M, g).

On (S++, gLEM), suppose source measure µ and target measure ν ∈ P(S++) that
are accessible only through finite samples {Si}Ni=1 ∼ µ and {S̄j}Mj=1 ∼ ν. Each
sample contributes to its respective empirical distribution with weights 1

N
and

1
M

. We assume there exists a linear transformation on (S++, gLEM) between two
discrete feature space distributions of the source and target domains that can be
estimated with the discrete Monge-Kantorovich problem 4.3, i.e., there exists

γ† := arg min
γ∈

∏
(µ,ν)

〈
γ, d2gLEM (S, S̄)

〉
F , (7.1)

where
∏
(µ, ν) := {γ ∈ RN×M

≥0

∣∣γ1N = 1
N
, and γ>1M = 1

M
}. The pseudocode for

the computation of the transport plan is presented in Algorithm 3.

In the following paragraph, we will employ discrete transport plans to construct
c-concave functions and utilize Lemma 7.1 and 7.2 to obtain continuous transport
plans. According to Algorithm 3, the new coordinates for target samples on SPD
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Algorithm 3: Discrete Monge-Kantorovich Algorithm on (S++, gLEM).
Input : Source samples {Si}Ni=1 ∼ µ, target samples {S̄j}Mj=1 ∼ ν.
Output: Transport plan γ, and new coordinates for target samples {S̄†

j}Mj=1.
/* 1. Compute ground metric matrix for OT */

D(i, j)← dgLEM (Si, S̄j).
/* 2. Compute transport plan γ using the earth movers

distance-based OT algorithm. */
γ† ← OTEMD(N,M,D(i, j)).

/* 3. Compute new coordinates using transport plan on (S++,
gLEM). */
{S̄†

j}Mj=1 ← exp
{(
γ†[j, :]{log(Si)}Ni=1

)}
.

manifolds are given by the following expression:

{S̄†
j}Mj=1 := exp

{(
γ†[j, :]{log(Si)}Ni=1

)}
.

We define φ(S̄) := +∞ for S̄ /∈ {S̄†
j}Mj=1, and set the cost function c(S, S̄) :=

1
2
d2gLEM (S, S̄). This leads to the formulation of the corresponding c-concave function

as follows:
ψ(S) = min

j∈{1,...,M}

1

2
d2gLEM (S, S̄†

j ) + φ(S̄†
j ).

For a fixed S, we suppose j∗ ∈ {1, ...,M} achieves the minimum. By invoking
Lemma 7.1 and 7.2, we promptly derive the unique optimal transport map as
follows,

T (S) = expS

(
−∇Sψ(S)

)
= S̄†

j∗ ∈ {S̄
†
j}Mj=1,

which implies the following theorem:

Theorem 7.3. On (S++, gLEM), consider the source measure µ and target measure
ν ∈ P(S++), which are only accessible through finite samples {Si}Ni=1 ∼ µ and
{S̄j}Mj=1 ∼ ν. Each sample contributes to the empirical distribution with weights 1

N

and 1
M

, respectively. Assuming the existence of a linear transformation between the
feature space distributions of the source and target domains, which can be estimated
using the discrete Monge-Kantorovich Problem 7.1. Therefore, the values of the
continuous optimal transport T (S) lie in the set

{
exp
{(
γ†[j, :]log(Si)

N
i=1

)}}M
j=1

.

Theorem 7.3 extends [133, Theorem 3.1] to (S++, gLEM) in the OT-DA frame-
work. Notably, our framework is designed to incorporate any supervised neural
network-based transformation, distinguishing it from the conventional use of affine
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transformations, and it employs the squared Riemannian distance. In the discus-
sion part, we clarify the connection between our proposed approach and another
similar OT-DA framework on SPD manifolds proposed in [164], which utilizes the
squared ℓ2−Euclidean distance in its cost function.

Figure 7.1: Illustration of Deep Optimal Transport: Multi-channel signals
are first transformed into covariance matrices, placing these matrices on
(S++, gLEM). The SPD matrix-valued data is then processed through
the BiMap, ReEig, and LOG layers, mapping it to the tangent space at
the identity. The loss function incorporates cross-entropy loss, marginal
distribution adaptation, and conditional distribution adaptation.

7.1.2 Deep Optimal Transport

We propose a novel geometric deep learning model, Deep Optimal Transport (DOT)
on (S++, gLEM), to address the joint distribution adaptation problems involving
both marginal distribution shifts and conditional distribution shifts. We assume
that samples from the source and target distributions can be aligned via optimal
transport The proposed architecture is depicted in Figure 7.1.

Marginal Distribution Adaptation (MDA)

MDA aims to adapt the marginal distributions PS(XS) and PT (XT ) on (S++,
gLEM). We measure the statistical discrepancy between them using the Rieman-
nian distance dgLEM (w(BS), w(BT )) between the Log-Euclidean Fréchet means of
each batch of source and target samples BS and BT , respectively. The MDA loss
is formulated as LMDA := || log

(
w(BS)

)
− log

(
w(BT )

)
||F .
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Conditional Distribution Adaptation (CDA)

CDA aims to address the adaptation of conditional distributions QS(YS|XS) and
QT (YT |XT ) on (S++, gLEM). It necessitates pseudo labels predicted by a base-
line algorithm for the target domain [165]. We consider class-conditional distri-
bution Q(X|Y ) instead of posterior probability Q(Y |X) and introduce the use of
pseudo labels ŷ for the unsupervised setting. To quantify the statistical differ-
ence between QS(YS|XS) and QT (YT |XT ), we continue to employ the Riemannian
distance dgLEM (w(BSℓ), w(BT ℓ)) between the Log-Euclidean Fréchet means of each
batch of source and target samples Sℓ := {xS|ŷS = ℓ} and T ℓ := {xT |ŷT = ℓ},
respectively, for class ℓ ∈ {1, ...., L}. The CDA loss is formulated as LCDA :=

|| log
(
w(BSℓ)

)
− log

(
w(BT ℓ)

)
||F .

Overall Objective Function

The overall objective function of DOT is composed of the cross-entropy loss LCE

and the joint distribution adaptation as follows:

LDOT := α1LCE + α2L2
MDA + α3L2

CDA,

where α1, α2, and α3 ≥ 0.

Remark 7.1. 1). LMDA and LCDA should be in the squared form, as required by
Brenier’s formulation and the associated theoretical results [167].

2). The affine invariant Riemannian metric is not a suitable choice for our frame-
work. Because the calculation of the Fréchet mean on (S++, gAIRM) requires
iterative methods. This is not feasible as a loss function for deep learning-based
approaches.

3). In practice, we substitute Equation 4.2 into LMDA and LCDA, resulting in the
simplified expressions,

LMDA = ||
∑
Si∈BS

log (Si)

|BS|
−
∑

Sj∈BT

log (Sj)

|BT |
||F ;

LCDA = ||
∑

Sℓ
i∈BSl

log (Sℓ
i )

|BSℓ |
−
∑

Sℓ
j∈BTℓ

log (Sℓ
j)

|BT ℓ |
||F .
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These simplified expressions have two distinct interpretations in domain adaptation
as follows: First, they can be seen as an empirical maximum mean discrepancy
approach defined as follows:

LMMD := ||
n∑

i=1

φ(Si)/n−
m∑
j=1

φ(Si)/m||H,

where n = |BS|, m = |BT |, φ(x) := log (x) is the feature map, H := Rd is the
reproducing kernel Hilbert space, and d is the output dimension; Second, since each
matrix S in BS or BT is a covariance matrix of multichannel signals, the expressions
can also be viewed as a correlation alignment approach [168, 169]. This approach
aligns the second-order statistics of the source and target data distributions to
minimize the drift between their statistical distributions.

4). For multi-source adaptation, the loss function can be modified by incorporating
multi-joint distribution adaptions between each pair of source and target domains
on (S++, gLEM), as follows:

L := αi
1LCE +

∑
i

(
αi
2LMDA,i + αi

3LCDA,i

)
,

where the subscript i is used to represent the ith source domain. This modifica-
tion is based on the theory of multi-marginal optimal transport on Riemannian
manifolds [170] and multi-source joint distribution optimal transport [171].

5). DOT does not directly solve an OT problem. Instead, it uses transportation
costs as a guiding principle to direct the neural network’s learning process. Con-
sequently, the trained neural network maps the source and target domains onto
a submanifold of the SPD manifold, thereby implementing a subspace method in
transfer learning.

6). DOT calculates this cost for the centroid points and addresses the issue of
conditional marginal adaptation without requiring alternating parameter updates.
In contrast, DeepJDOT in Chapter 4 computes the transportation costs for all
points and necessitates alternating parameter updates, as the transport plan is a
deterministic transfer.
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7.2 Experimental Results

7.2.1 Deep Optimal Transport-Based Classifier

We model the space of EEG spatial covariance matrices in (S++, gLEM) and employ
DOT to address the issue of EEG statistical characterization shifting during the
feedback phase By using event-related desynchronization/synchronization meth-
ods to classify motor imagery classes, specific EEG frequency components within
certain bands are identified, providing optimal discrimination between imagined
movements. Therefore, it is reasonable to assume that features in the source and
target feature spaces remain consistent, i.e., XS = XT , after transformation into a
latent space using the BiMap layer. This assumption justifies modeling the space
of EEG spatial covariance matrices using SPD manifolds with the Log-Euclidean
metric. Furthermore, the BiMap layer offers a transitive group action on SPD man-
ifolds, enabling any transition between two points on the manifolds. In Fig. 7.2, we
illustrate how the DOT-based MI-EEG classifier functions in a domain adaptation
problem.

Specifically, EEGs are represented by X ∈ RnC×nT , where nC and nT denote the
number of channels and timestamps, respectively. The corresponding EEG spatial
covariance matrix, S := S(∆f × ∆t) ∈ SnC

++, represents an EEG segment in the
frequency band ∆f and time interval ∆t. Let F and T represent the frequency
and time domains, respectively. A given segmentation Seg(F , T ) is written as
{∆f ×∆t|∆f ⊂ Range(F), and ∆t ⊂ Range(T )}, on the time-frequency domain
of EEG signals. To ensure the theoretical convergence of this classifier in a real-
world context, the following three assumptions are necessary:

Assumption 7.1. There exist linear transformations between the feature space
distributions on the source and target domains for each segment of Seg(F , T ),
which can be estimated using the Kantorovich Problem 7.1.
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Assumption 7.2. The weights for the Log-Euclidean Fréchet mean of samples on
each time-frequency segment ∆f ×∆t ∈ Seg(F , T ) in both the source and target
empirical distributions are uniform and equal 1/|Seg(F , T )|.

Assumption 7.3. The Riemannian distance between the Log-Euclidean Fréchet
means of source and target samples, both under the same time-frequency segment,
is minimized, that is:

dgLEM

(
w(BS), w(BT )

)
≤ dgLEM

(
w(BS), w(B′

T )
)
,

where B′
T is a batch of samples on the target domain that is generated by the other

time-frequency segments ∆f ′ ×∆t′ ∈ Seg(F , T ), where ∆f ′ 6= ∆f or ∆t′ 6= ∆t.

Figure 7.2: Illustration of DOT-Based Motor Imagery Classifier: The pro-
posed classifier simultaneously transports the source and target Fréchet
means in each frequency band to a common subspace within the same
frequency band. Assumption 7.2 ensures that each frequency component
contributes equally to the classification. Assumption 7.3 allows each pair
of transformations to occur within the same EEG frequency band.

Assumption 7.1 is a necessary condition for modeling the OT-DA problem. As-
sumption 7.2 is straightforward because, in cases where we are uncertain about
which EEG frequency band holds greater importance for a specific task, we typ-
ically assume that each frequency band has equal priority for the classification
task. Assumption 7.3 ensures that features extracted from different bands do not
overlap.
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Corollary 7.4. Suppose EEG signals in the source and target domain have the
same segmentation, Seg(F , T ). Assuming we model EEG spatial covariance matri-
ces in (SnC

++, gLEM) and that Assumption 7.1, 7.2, and 7.3 exist, then the values
of the continuous optimal transport T (S) reside in the set

{
log(Si)

}N
i=1

.

Proof. In this case, the transport plan γ equals the identity matrix. Consequently,
Theorem 7.3 leads directly to this corollary.

7.2.2 Evaluation Settings

Evaluation Dataset

The selection criteria for the three evaluation datasets, KU, BNCI2014001, and
BNCI2015001, require each subject to collect at least two session recordings on
different days.

Figure 7.3: Illustrations for experimental settings on three datasets: (a).
KU; (b). BNCI2014001; (c). BNCI2015001.

Evaluation Scenarios

The experimental settings for domain adaptation on the three evaluated datasets
are described as follows and illustrated in Figure 7.3:
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• Semi-supervised Domain Adaptation: For the KU dataset, Session 1 was used
for training, and the first half of Session 2 was used for validation, while the
second half was reserved for testing. Early stopping was adopted during the
validation phase.

• Unsupervised Domain Adaptation: For the BNCI2014001 and BNCI2015001
datasets, Session 1 was used for training, and Session 2 was used for testing.
No validation set was used, and a maximum epoch value (e.g., 500) was set
for stopping in practice.

We specified that knowledge transfer must always occur from Session 1 (source
domain) to Session 2 (target domain), i.e., S1 −→ S2 for each dataset. This
is because there is no neurophysiological meaning if negative transfer is used in
the learning process. The former and latter sessions typically correspond to the
calibration and feedback phases.

Evaluation Baselines

The geometric methods in this study can be broadly divided into four categories:
parallel transport, deep parallel transport, optimal transport, and deep optimal
transport. Each category encompasses various transfer methods, applied to three
types of base machine learning classifiers: support vector machine, minimum dis-
tance to Riemannian mean, and SPDNet. For SPDNet, we utilize a single-depth
Bi-Map layer with both the input and output dimensions set to the number of
electrodes on the primary motor cortex: 20 (KU), 22 (BNCI2014001), and 13
(BNCI2015001).

Since computations on the SPD manifold are tied to Riemannian metrics, we will
highlight the specific Riemannian metrics associated with each method. The vari-
ous transfer methods across categories, according to different Riemannian metrics,
are presented in the first three columns of Table 7.2.
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Category of Parallel Transport

This category refers to the utilization of parallel transport to perform a transfer of
training and test data distributions. One representative method in this category is
Riemannian Procrustes Analysis (RPA), as discussed in Chapter 3.

Category of Deep Parallel Transport

This category refers to domain adaptation approaches that utilize deep learning
and parallel transport on SPD manifolds. One representative work in this area
is Riemannian Batch Normalization (RieBN), an SPD matrix-valued network ar-
chitecture that employs parallel transport for batch centering and biasing in SPD
neural networks, as discussed in Chapter 4.

Category of Optimal Transport

This category involves treating the distribution of the covariance matrix obtained
from cross-session data as an OT problem and solving the transport plan us-
ing different variants of Wasserstein distances [172]. The classifier is trained in
one session and tested in a shifted session, making this an unsupervised method.
Three different types of Wasserstein distances are utilized: Earth Mover’s Dis-
tance (EMD), Sliced-Wasserstein Distance (SPDSW), and Log Sliced-Wasserstein
Distance (logSW).

Category of Deep Optimal Transport

This category refers to the approach proposed in this study, which uses SPD neural
networks on (S++, gLEM) to transfer both source domain and target domain to a
common space induced by optimal transport.

7.2.3 Results of Synthetic Dataset

We synthesize a source domain dataset consisting of 50 covariance matrices of
size 2 × 2, drawing a Gaussian distribution on the SPD manifold proposed in a
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generative approach [154] with a median of 1 and a standard deviation of 0.4. We
utilize the following transformation matrix in the generation,

W :=

(
1 0.5

0.5 1

)
,

and data in the target domain can be expressed as WSW>.

Subfigure (a) shows red points sourced from the source domain and blue points
originating from the target domain. In Subfigure (b), the blue points represent
the relocation of the red points using the EMD method from OT. The associa-
tions made by this transformation are represented by thin blue lines. Notably, the
position of these transformed blue points is very close to the points in the target
domain in Subfigure (a). This proximity can be attributed to the OT-DA method,
which essentially computes a weighted average of the source and target domain
data points based on weights learned to minimize transportation costs.

The transformed blue points in Subfigures (c) and (d) were derived from mapping
the red points via neural network weights learned through the DOT and DeepJ-
DOT methods, respectively. Corresponding point pairs are connected by thin blue
lines. These figures reveal a shared fundamental characteristic of the DOT and
DeepJDOT methods: both project the source and target domains onto a subspace
learned via the network, which, in these two figures, is represented by a straight
line. In differential geometry, this is known as a submanifold, a lower-dimensional
manifold embedded in a higher-dimensional one. In this case, the two-dimensional
matrices are represented by a line, effectively projecting the higher-dimensional
data onto a lower-dimensional space, reducing complexity while preserving essen-
tial information.

7.2.4 Results of Real-World EEG Datasets

As shown in Table 7.2, we classify all approaches into three categories according
to Riemannian metrics. The first category does not require a Riemannian metric
for computation. The second employs gAIRM , while the third uses gLEM .

The experimental results indicate that metrics strongly influence the results. Specif-
ically, in the table, EMD+SVM achieved 50.89 (gAIRM) and 68.33 (gLEM) on the
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Figure 7.4: Synthetic Data of 2-dimensional SPD Cone: The subfigures
from left to right and top to bottom are labeled as (a) to (d). In subfigures
(a) to (d), the red points represent the source domain, while the blue points
indicate their locations after the transformation.

BNCI2014001 dataset. Moreover, several observations are introduced as follows:
1). Participant Number: The improvement is related to the number of partici-
pants. On datasets with fewer participants, the enhancement brought by transfer
methods is more significant, with several scenarios showing changes of more than
5%. 2). Base Classifier Results: The extent of improvement is linked to the base
classifier’s performance. Lower initial results from the base classifier provide more
opportunities for transfer methods to achieve significant gains. 3). Methodological
Factors: Improvements are associated with the classifier neural network architec-
ture, parameter selection, and data preprocessing. Therefore, the conclusions of
this study may not be universally applicable.

Furthermore, we summarize the observations of all methods affected by various
Riemannian metrics as follows:
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• (S++, gAIRM) includes categories of OT, PT, and DPT. Combining the results
from all three datasets, the RCT method performs well, especially when
paired with the MDM or SPDNet classifier. The EMD method shows the
largest variation across datasets. The second step (ROT) in the RPA method,
which is limited to semi-supervised scenarios, performs worse than the first
step (RCT) of RPA. The RieBN method provides slight improvements but
does not outperform RCT across the board.

• (S++, gLEM) includes two categories of OT and DOT. The EMD method,
when paired with the SVM classifier, performs significantly better compared
to its pairing with the SPDNet classifier. SPDSW and logSW methods have
obvious improvements compared to their base classifier (SVM), among which
SPDSW performs better than logSW by 1% to 2% on all three datasets. The
MDA and CDA methods perform similarly, except for the BNCI2014001
dataset. The improvements on the other two datasets are between 1% to
2%, while the MDA method is slightly better than the CDA method or a
mixture of the MDA and CDA methods. Notably, the use of pseudo-labels
in the CDA method affects its results. The DeepJDOT method’s perfor-
mance across three datasets falls short of our proposed approach. The pri-
mary reason for this could be attributed to our decision to replace the task of
computing transportation costs for each data point with merely computing
transportation costs for the centers of each frequency band’s dataset. Min-
imizing the transportation costs does not necessarily imply improved classi-
fication accuracy. Thus, the proposed approach reduces computational cost
while enhancing the model’s potential.

Additionally, neural network-based approaches generally achieve better classifica-
tion outcomes compared to other methods, such as EMD, SPDSW, and logSW.
To compute the CDA loss in DOT, we used the pseudo-label method, with pseudo
labels derived from the Graph-CSPNet model discussed in Chapter 6, which cur-
rently performs best for subject-specific tasks. Specifically, the results for SPDSW
and logSW on the BNCI2014001 dataset were obtained using the data processing
procedure and source codes provided by their respective GitHub repositories, and
they outperformed our results. This is likely because the performance of SVM-
based methods heavily depends on the selection of handcrafted features.



Table 7.2: Comparative experiment table for three public datasets: All results in the table are in percentages (%), and the
comparison methods include four categories, nine methods, and the corresponding three base classifiers. The original results
of the base classifiers without considering transfer methods are at the bottom of the table. In the table, we use the symbol
”/” to indicate that this method does not exist in the scenario constructed by this dataset.

Metric of S++ Category Method Classifier

KU (54 Subjects) BNCI2014001 (9 Subjects) BNCI2015001 (12 Subjects)
S1 −→ S2 T −→ E S1 −→ S2

Semi-supervised Unsupervised Unsupervised

Accuracy Increment Accuracy Increment Accuracy Increment

gAIRM

OT EMD SVM 65.24 (14.81) −0.07 50.89 (16.54) −14.27 82.17 (11.80) +6.25

PT

RCT MDM 52.69 (6.39) +0.34 55.13 (12.48) +0.89 77.67 (13.23) +5.46

ROT MDM 51.39 (5.89) −0.96 /

RCT SPDNet 69.91 (13.67) +2.15 72.11 (12.99) +3.51 81.25 (10.64) +4.75

ROT SPDNet 63.44 (14.94) −4.32 /

DPT RieBN SPDNet 67.57 (15.27) −0.19 69.33 (13.49) +0.73 78.83 (14.56) +2.33

gLEM

OT EMD SVM 67.70 (15.14) −0.06 68.44 (15.79) +3.28 82.17 (11.80) +6.25
EMD SPDNet 64.22 (14.30) −3.54 62.15 (14.69) −6.45 78.33 (13.80) +1.83

SPDSW SVM 66.67 (14.54) +1.36 67.82 (16.71) +2.66 82.42 (11.74) +6.50
logSW SVM 66.26 (15.00) +0.95 65.82 (16.56) +0.66 80.75 (12.94) +4.83

DOT

DeepJDOT SPDNet 67.38 (14.67) −0.38 61.00 (11.40) −7.60 77.63 (15.12) +1.13
MDA SPDNet 69.19 (14.37) +1.43 67.78 (12.46) −0.82 78.33 (14.57) +1.83
CDA SPDNet 68.80 (14.29) +1.04 65.12 (11.34) −3.48 78.25 (14.59) +1.75

MDA+CDA SPDNet 68.61 (14.79) +1.05 64.85 (11.54) −3.75 78.29 (11.99) +1.79

SVM 65.31 (14.42) 65.16 (17.00) 75.92 (16.29)
Base Classifier MDM 52.35 (6.73) 54.24 (13.31) 72.21 (14.67)

SPDNet 67.76 (14.55) 68.60 (13.03) 76.50 (14.41)

103



104 7.3. Discussions

7.3 Discussions

The experimental results indicate that all transfer learning methods demonstrate
effectiveness. However, it is important to note that while domain shift is a recog-
nized factor in these tasks, classification performance is not solely influenced by it.
As a result, the improvements achieved by transfer learning methods are generally
limited. Currently, there is no effective method to quantify the intensity of domain
shift or a system to correlate this intensity with classifier performance, making it
difficult to fully assess the effectiveness of these methods.

In the remainder of this section, we will discuss two issues related to the proposed
approach.

Theorem 7.3 with cost function c(x, x̄) = ||x− x̄||2ℓ2

We claim that Theorem 7.3 with cost function c(x, x̄) = ||x − x̄||2ℓ2 is equilvant
to [133, Theorem 3.1]. It was first observed and proved by Yair et al.[164], who
use the matrix vectorization operator to establish an isometry between the affine
transformation and the Bi-Map transformation. We follow their arguments and
revise a bit of their proof.

Theorem 7.5. [133, Theorem 3.1] Let µ and ν be two discrete distributions on Rn

with N Diracs. Given a strictly positive definite matrix A, bias weight b ∈ Rn, and
source samples {xi}Ni=1 ∼ µ, suppose target samples x̄i := Axi + b, for i = 1, ..., N ,
and the weights in both source and target distributions’ empirical distributions are
1/N . Then, transport T (xi) = Axi + b is the solution to the OT Problem provided
with a cost function c(x, x̄) := ||x− x̄||2ℓ2.

To expose the relationship between the Bi-Map transformation in Theorem 7.3
and affine transformation in Theorem 7.5, we introduce the matrix vectorization
operator vec(· ) to stack the column vectors of matrix A = (a1

∣∣a2∣∣ · · · ∣∣an) below
on another as follows,

vec(A) :=


a1

a2
...
an

 .
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Then, we have the following lemma.

Lemma 7.6. vec(WSW>) = (W ⊗W )vec(S), where ⊗ is Kronecker product.

Proof. Suppose S is an n×n matrix, and W> = (w>
1 |w>

2 | · · · |w>
m) is the transpose

of m×n matrix W with each column vector w>
i ∈ Rn (i=1, ..., m). The k-th column

vector of WSW> can be written as (WSW>)(:,k) = WSw>
k = (w>

k ⊗W )vec(S).
Hence, we achieve the lemma as follows,

vec(WSW>) =


(WSW>)(:,1)

...
(WSW>)(:,m)



=


w>

1 ⊗W
...

w>
m ⊗W

 vec(S)

= (W ⊗W )vec(S).

Lemma 7.7. Suppose W ∈ Rn×n is positive definite, then W ⊗W is also positive
definite.

Proof. This is given by a fact that suppose {λ1, ..., λn} are the eigenvalues of W ,
then the eigenvalues for W ⊗W is {λ21, ..., λ2

n}. Hence, W ⊗W is positive definite.

According to Lemma 7.6 and 7.7, the Bi-Map transformation W ·S·W> turns to
be affine transformation A = W ⊗W , and thus Theorem 7.3. Hence, Theorem 7.3
endowed with the cost function c

(
vec(x), vec(y)

)
= ||vec(x)−vec(y)||2ℓ2 is equilvant

to Theorem 7.5.

Parallel Transport

Parallel transport on Riemannian manifolds transfers a tangent vector at one point
along a curve on the manifold to another point, such that the transported vector
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remains parallel to the original vector [76]. Under two Riemannian metrics on SPD
manifolds gAIRM and gLEM , expressions of parallel transport exhibit distinctly and
determine two distinct modeling approaches for the problems [164, 173]. Specif-
ically, for any S1 and S2 on (S++, gAIRM), parallel transport from S1 to S2 for
s ∈ TS1S++ can be expressed as ΓS1→S2(s) = EsE>, where E = (S1 ·S−1

2 )
1
2 . For

any S1 and S2 on (S++, gLEM), parallel transport is given by ΓS1→S2(s) = s.

Keep in mind that DOT seeks a neural networks-based transformation φ : XS, XT 7−→
Z ⊂ S++ such that PS(φ(XS)) = PT (φ(XT )) and QS(YS|φ(XS)) = QT (YT |φ(XT )),
where φ(XS) and φ(XT ) are transformation φ on the source and target feature
spaces. Neural networks-based transformation φ extracts discriminative informa-
tion from feature spaces. After the extraction, it is reasonable to view the feature
space of the source domain as the same as it of the target domain, as they will be
transformed under neural networks with the same weights, so are their transformed
feature spaces, i.e., XT = XS and φ(XT ) = φ(XS) ⊂ Z, and thus we utilize the
Log-Euclidean metric to formulate the space of covariance matrice.

Assumption 3

In this section, we will justify that Assumption 7.3 is reasonable from the numerical
results. Table 7.3 records average Log-Euclidean distances in the same frequency
band, and diagonal numbers are consistently the smallest among all the numbers
in each row for the two datasets. This suggests that the mapping shifts the center
of each frequency band in the source domain to the corresponding frequency band
center in the target domain. It aligns with our intuition that the difference be-
tween the same frequency bands should be smaller since they capture similar signal
characteristics in the same frequency range, and the difference between different
frequency bands tends to be larger.

The procedure of calculating the average Log-Euclidean distance is specifically
given as follows: assuming source and target samples are represented in a format
of [trials, frequency bands, channels, channels], with frequency bands fixed (in the
2nd dimension), we first calculate the Fréchet mean by averaging all covariance
matrices along the trial dimension. This results in the shape of [frequency bands,
channels, channels]. Next, we directly compute the average Log-Euclidean distance
for each pair of frequency bands.



Table 7.3: Average Log-Euclidean distances between the Fréchet means of EEG spatial covariance matrices generated from
different frequency bands in the source and target domains for the KU (54 subjects), BNCI2014001 (9 subjects), and
BNCI2015001 (12 subjects) datasets. The shortest average Log-Euclidean distance in each row is highlighted in boldface.

KU: S1 \ S2 4∼8 Hz 8∼12 Hz 12∼16 Hz 16∼20 Hz 20∼24 Hz 24∼28 Hz 28∼32 Hz 32∼36 Hz 36∼40 Hz
4∼8 Hz 4.69 4.98 5.82 6.74 7.19 7.64 8.17 8.78 9.28

8∼12 Hz 5.09 4.21 4.82 5.81 6.25 6.70 7.22 7.82 8.31
12∼16 Hz 5.84 4.76 4.01 4.62 4.98 5.34 5.78 6.30 6.75
16∼20 Hz 6.66 5.61 4.37 3.96 4.08 4.33 4.64 5.02 5.40
20∼24 Hz 7.08 6.01 4.66 3.97 3.86 3.99 4.27 4.63 4.97
24∼28 Hz 7.52 6.45 4.98 4.11 3.86 3.75 3.91 4.21 4.52
28∼32 Hz 8.04 6.96 5.40 4.37 4.07 3.82 3.73 3.87 4.11
32∼36 Hz 8.65 7.56 5.93 4.77 4.42 4.13 3.88 3.74 3.82
36∼40 Hz 9.16 8.07 6.40 5.16 4.77 4.43 4.11 3.82 3.74

BNCI2014001: T \ E 4∼8 Hz 8∼12 Hz 12∼16 Hz 16∼20 Hz 20∼24 Hz 24∼28 Hz 28∼32 Hz 32∼36 Hz 36∼40 Hz
4∼8 Hz 2.81 4.25 5.14 5.88 6.70 8.30 9.64 10.97 12.46

8∼12 Hz 4.31 2.37 3.98 5.45 6.28 8.07 9.44 10.77 12.26
12∼16 Hz 5.16 3.91 2.29 3.53 4.23 5.83 7.15 8.42 9.87
16∼20 Hz 5.84 5.49 3.44 2.17 2.76 4.08 5.29 6.56 7.98
20∼24 Hz 6.59 6.24 4.18 2.75 2.18 3.31 4.54 5.79 7.24
24∼28 Hz 8.11 8.02 5.72 4.01 3.14 2.20 2.96 4.03 5.38
28∼32 Hz 9.42 9.38 7.06 5.21 4.39 2.83 2.21 2.86 4.05
32∼36 Hz 10.67 10.63 8.25 6.43 5.57 3.87 2.72 2.22 3.05
36∼40 Hz 12.16 12.12 9.69 7.85 7.02 5.18 3.85 2.70 2.22

BNCI2015001: S1 \ S2 4∼8 Hz 8∼12 Hz 12∼16 Hz 16∼20 Hz 20∼24 Hz 24∼28 Hz 28∼32 Hz 32∼36 Hz 36∼40 Hz
4∼8 Hz 1.07 12.39 12.35 10.36 9.71 8.46 5.73 2.25 6.24

8∼12 Hz 12.04 1.06 1.49 2.68 3.22 4.40 7.13 12.43 18.19
12∼16 Hz 12.10 1.60 1.09 2.52 3.13 4.32 7.08 12.41 18.18
16∼20 Hz 10.19 2.99 2.67 1.19 1.59 2.45 5.06 10.40 16.22
20∼24 Hz 9.64 3.40 3.15 1.53 1.22 1.90 4.51 9.84 15.66
24∼28 Hz 8.36 4.51 4.30 2.34 1.80 1.19 3.21 8.52 14.34
28∼32 Hz 5.72 7.17 7.01 4.94 4.31 3.06 1.28 5.73 11.54
32∼36 Hz 2.52 12.43 12.31 10.24 9.58 8.29 5.44 1.30 6.17
36∼40 Hz 6.41 18.22 18.12 16.09 15.42 14.14 11.27 5.88 1.25
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Chapter 8

Score-Based Data Generation for
Spatial Covariance Matrices

In EEG-based motor imagery classification, a significant challenge is the limited
availability of training data for deep learning techniques [26]. To address this
limitation, researchers have turned to generative modeling, a rapidly evolving field
in machine learning, to generate synthetic EEG time series through a process known
as data augmentation [174]. This technique involves creating plausible samples that
were not present in the original dataset, thereby expanding the training data with
unseen examples. As a result, developing generative models for spatial covariance
matrices with neurocognitive relevance presents a promising approach to enhancing
the efficacy of geometric classifiers, ultimately delivering tangible benefits to BCI
research.

In this chapter, we generate spatial covariance matrices using a cutting-edge gener-
ative modeling technique known as score-based generative modeling. 1 Score-based
generative modeling generates samples from noise by gradually increasing noise in
the data, which is then reversed by estimating the score function, representing the
gradient of the log-density function relative to the data. This noise perturbation is
described as a forward diffusion process modeled by a stochastic differential equa-
tion [175–177]. This approach has been successfully applied to generating images,

1 The work in this chapter has been published in 2023 45th Annual International Conference
of the IEEE Engineering in Medicine & Biology Society, 10.1109/EMBC40787.2023.10340899.
(IEEE EMBC 2023)
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audio, and point clouds. Unlike three-channel RGB images, which have pixel inten-
sities ranging from 0 to 255, spatial covariance matrices are generally preprocessed
as multi-channel square matrices that are symmetric, positive semidefinite, and
consist of decimal values. We evaluate our approach using the KU dataset, the
largest EEG-based motor imagery dataset for two-class motor imagery classifica-
tion.

Figure 8.1: The sampling procedure can be depicted subsequently: Initially,
we possess a noise matrix, represented asXT . By employing the score-based
generative modeling technique, we synthesize the spatial covariance ma-
trix, X0, with an intermediate state denoted as Xt. The generated spatial
covariance matrix X0 is approximated as being nearly SPD due to the ac-
quired knowledge. To counterbalance numerical inconsistencies, we ensure
the projection of X0 as SPD by imposing a threshold upon all eigenvalues,
denoted as ϵ = 1e − 4. The arrangement of spatial covariance matrice
channels proceeds sequentially from beginning to end: FC-5/3/1/2/4/6,
C-5/3/1/z/2/4/5, and CP-5/3/1/z/2/4/6.

8.1 Methodology

This section proposes a two-step process for generating EEG spatial covariance
matrices utilizing score-based generative modeling. The mathematical foundations
of score-based generative modeling are presented in Appendix A. The process of
sampling is depicted in Figure 8.1.

• Score-based Generative Modeling: During training, raw EEG signals
undergo filtration and segmentation in frequency and temporal domains,
employing methodologies delineated in [2, 25]. Explicitly, a collection of
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bandpass filters dissect the EEGs into multiple-frequency passbands. Subse-
quently, a temporal segmentation scheme is executed to partition the EEGs
into diminutive segments, with or without overlap. For a segment within
T duration X ∈ RnC×nT , the spatial covariance matrix is denoted as S :=

X ·X> ∈ RnC×nC , where nC and nT represent the quantity of channels
and timestamps, correspondingly. In the terminal procedure of this phase,
spatial covariance matrices undergo scaling by division with their respective
ℓ2−norms, indicated as S̄ := S/||S||ℓ2 . Utilizing score-based generative mod-
eling, the unknown prior distribution pdata(S) is approximated through score
matching, generating samples within specific frequency bands and tempo-
ral intervals of EEGs, employing either Langevin dynamics or time-reversal
SDEs. The model is concurrently fitted for all frequency bands. During the
sampling process, the generated samples consist of nC × nC matrices, albeit
generally lacking symmetry and positivity.

• Projection: In this step, we approximate the generated matrices to pre-
serve symmetry and positivity. Specifically, suppose a generated matrix
X ∈ RnC×nC , then the projected spatial covariance matrice as follows,

S† :=

nC∑
i=1

max{λi, ϵ}uiu>i ,

where ϵ > 0 is a preset threshold, eigenvalues {λi}nC
i=1 and corresponding

orthonormal eigenvectors {ui}nC
i=1 are crafted from symmetric matrix 1

2
(X +

X>).

8.2 Experimental Results

8.2.1 Evaluation Settings

In this research, we will utilize the KU dataset. By the subject-specific study of
the KU dataset in Chapter 6, the subjects were divided into two groups: a training
subject group and a test subject group. The criteria for inclusion in the training
subject group were that the accuracies of 10-fold cross-validation on both S1 and S2

must be higher than 70% (criterion level). A total of 21 subjects met this criterion
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and were included in the training subject group: Subjects No. 2, 3, 5, 6, 8, 12, 17,
18, 21, 22, 28, 29, 32, 33, 35, 36, 37, 39, 43, 44, and 45. The remaining 33 subjects
were included in the test subject group: Subjects No. 1, 4, 7, 9, 10, 11, 13, 14, 15,
16, 19, 20, 23, 24, 25, 26, 27, 30, 31, 34, 38, 40, 41, 42, 46, 47, 48, 49, 50, 51, 52,
53, and 54.

Hyperparameters and Strategies in Training Models: For the score-based genera-
tive modeling, the Variance Exploding SDE approach, incorporating the NCSN++
model architecture 2, was selected for evaluation. We independently train two gen-
erative models to produce the left and right-hand samples using 4,200 trials in the
training subject group, comprising 21 subjects over 2 sessions with 100 trials/per
class each. The signal from each trial was initially transformed into a covariance
matrix and scaled. The noise parameters were set to σmax = 10 and σmin = 0.01.
The training process was performed over 100,000 iterations, utilizing a batch size
of 128. Notably, the CNN filter size within NCSN++ was set to 20 × 20 due to
the reason discussed in Section 8.3. We pick ϵ = 1e − 4 in the projection step.
To alleviate the discrepancy between the raw and generated distributions from
the generative methods, we normalize each covariance matrix by zero-centering
the means and scaling the variances to unity before visualization and quantitative
analysis.

8.2.2 Results of Visualization

In Figure 8.2, there are in total of 151,200 points (i.e., 9 frequency bands × 8400
trials × raw and generating points) in Subfigure 8.2a and 84,000 points (i.e., 5
frequency bands × 8400 trials × raw and generating points) in Subfigure 8.2b,
where the nine frequency bands include 4 ∼ 8 Hz, 8 ∼ 12 Hz, 12 ∼ 16 Hz, 16 ∼
20 Hz, 20 ∼ 24 Hz, 24 ∼ 28 Hz, 28 ∼ 32 Hz, 32 ∼ 36 Hz, and 36 ∼ 40 Hz. Each
two-dimensional point is projected from its associated 20× 20 covariance matrices
using t-SNE [115].

Figure 8.2a presents two-dimensional projections of the 8,400 raw spatial covari-
ance matrices from the training subject group and the generated 8,400 covariance
matrices (both left and right-hand classes), while Figure 8.2b provides a more

2 The PyTorch implementation for Score-Based Generative Modeling refers to the GitHub
repository (https://github.com/yang-song/score_sde_pytorch).

https://github.com/yang-song/score_sde_pytorch
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detailed view of the projections within the Mu and Beta frequency bands. Fig-
ures 8.3a and 8.3b illustrate the Fréchet means of covariance matrices for the nine
frequency bands of the raw and generating distributions, respectively. We notice
that the two distributions are nearly coincident and the Riemannian distance be-
tween their Fréchet means is relatively small. It indicates that the center of the
learned distribution closely matches the raw distribution.

Figures 8.4 and 8.5 illustrate the Fréchet means of EEG spatial covariance ma-
trices differentiated between the left and right-hand classes within nine frequency
bands. Subfigures 8.4a and 8.4b display the spatial covariance matrices with key
regions highlighted, corresponding to neurophysiological findings. Specifically, the
highlighted entities in subfigures 8.4a and 8.5a (Mu and Beta bands) are situated
in the regions of FC4, C4, and CP4 across the scalp, while those in subfigures 8.4b
and 8.5b are located in the regions of FC3, C3, and CP3 across the scalp. To pro-
vide a more comprehensive visual representation of the texture of the generated
samples, Figure 8.6 offers a closer examination of the spatial covariance matrices
derived from actual EEGs and those generated from the proposed methodology for
the two categories.
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(a) Raw and generating distributions for
all the nine frequency bands.

(b) Raw and generating distributions for
the Mu and Beta frequency bands.

Figure 8.2: Illustration of the raw and generating distributions of two-
dimensional projections of EEG spatial covariance matrices. The Fréchet
means of both distributions are marked with triangle and cross signs.
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(a) Fréchet means of spatial covariance ma-
trices in the raw dataset. (Triangle sign in
Subfigure 8.2a)

(b) Fréchet means of spatial covariance matri-
ces in the generating dataset. (Cross sign in
Subfigure 8.2b)

Figure 8.3: Illustration of Fréchet means of spatial covariance matrices in
the raw dataset within all the nine frequency bands.
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(a) Fréchet means of spatial covariance matri-
ces derivated from the left-hand-class trials in
the raw dataset.

(b) Fréchet means of spatial covariance matri-
ces derivated from the right-hand-class trials
in the raw dataset.

Figure 8.4: Illustration of Fréchet means of spatial covariance matrices
derived from the left and right-hand trials in the raw dataset within the
nine frequency bands. The highlight entities of spatial covariance matrices
in subfigure 8.4a (Mu and Beta bands) are located in the regions of FC4,
C4, and CP4 over the scalp, while those in subfigure 8.4b fall in the regions
of FC3, C3, and CP3.
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(a) Fréchet means of spatial covariance
matrices derivated from the left-hand-
class trials in the generating dataset.

(b) Fréchet Mean of spatial covariance
matrices derivated from the right-hand-
class trials in the generating dataset.

Figure 8.5: Illustration of Fréchet means of covariance matrices within the
nine frequency bands for the left and right-hand trials in the generating
dataset within the nine frequency bands. The highlight entities of spatial
covariance matrices in subfigure 8.5a (Mu and Beta bands) are located in
the regions of FC4, C4, and CP4 over the scalp, while those in subfigure 8.5b
fall in the regions of FC3, C3, and CP3.



(a) Real spatial covariance
matrices, left-hand (Trial
No.27 of Subject No.1).

(b) A sample of the gener-
ated spatial covariance matri-
ces, left-hand.

(c) A sample of the gener-
ated spatial covariance matri-
ces, left-hand.

(d) Real spatial covariance
matrices, right-hand (Trial
No.8 of Subject No.1)

(e) A sample of the gener-
ated spatial covariance matri-
ces, right-hand.

(f) A sample of the gener-
ated spatial covariance matri-
ces, right-hand.

Figure 8.6: Conditional EEG spatial covariance matrice generation: In each line, we plot a picked spatial covariance matrix
derived from an actual EEG segment for a category and another two generated samples within the same class.
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8.2.3 Results of Classification Performance

To assess the generated samples’ performance, we classify them using the pre-
trained Tensor-CSPNet model on all subjects (two sessions) in the training subject
group, which comprises a total of 8400 trials. The model architecture adopts a sim-
plified 2500 ms time window and incorporates two-level BiMap layers, transforming
the input dimension of 20 to 30 and back to an output dimension of 20. There are
8400 balanced generated samples, with each class containing 4200. The pre-trained
classifier predicts an accuracy of 84.30% over all samples, and the confusion matrix
is as follows:

Table 8.1: Confusion Matrix: Predicted labels in a total of 8400.

True \ Predicted Right-hand Left-hand
Right-hand 3730 (44.4%) 470 (5.6%)
Left-hand 849 (10.1%) 3351 (39.9%)

In this study, we conducted an additional experiment in a cross-session setting
where one session of trials was utilized for training, the first half of another for val-
idation, and the second half for testing, which is also known as the holdout scenario.
This task presents a significant challenge due to the signal variability across ses-
sions, and many state-of-the-art algorithms, including geometric methods [2, 25]
performed poorly, yielding accuracy rates below 70%. The proposed generative
method was applied to generate spatial covariance matrices using all subjects (two
sessions) in the training subject group. The classifier, Tensor-CSPNet, was trained
using the first session, and the generated samples were validated in the first half of
the second session and evaluated in the second half for testing. Table 8.2 shows the
cross-session classification accuracies, where each column of None, 20, 40, 60, 80,
100, 120, 140, 160, 180, and 200 represents the number of added generative samples
to the training set. The None column results are the typical cross-session outcomes
but applied to normalized spatial covariance matrices and without segmenting the
time interval, thus slightly different from those in [25]. We selected Subjects 30
and 42 as representatives from the testing subject group. In the case of Subject 30,
the average accuracy, calculated over ten runs, increased by 3.1% after adding 180
generated samples. Conversely, Subject 42 saw a substantial improvement of 8.7%
in average accuracy after incorporating 200 generated samples in each trial.



Table 8.2: Cross-session classification with data augmentation approach: Each column depicts the number of samples
incorporated into the training session. The samples are divided equally between the two classes: left-hand and right-hand.
The selected cross-session scenario originates from the training and evaluation sessions in the KU dataset. The initial session
of 200 trials and the added samples serve as the training data, while the first half of the second session, comprising 100
trials, is utilized for validation and the latter half, consisting of 100 trials, for testing purposes. The results (%) presented
encompass the mean of 10 times runs across all scenarios and the optimal performance.

Argumentation
Samples None 20 40 60 80 100 120 140 160 180 200
Subject No.30
Avg.(Std.) 55.2(3.9) 52.1(3.9) 55.5(6.8) 56.2(2.9) 54.7(5.1) 53.8(4.4) 56.7(4.8) 57.2(4.3) 56.8(6.4) 58.3(5.3) 57.6(4.5)
Best 61.0 59.0 71.0 63.0 64.0 62.0 64.0 66.0 66.0 66.0 67.0
Subject No.42
Avg.(Std.) 59.2(3.5) 59.1(6.2) 63.2(4.6) 62.5(3.4) 65.6(4.6) 65.1(4.1) 64.8(3.6) 65.8(2.8) 65.4(3.6) 61.8(4.1) 67.9(2.5)
Best 63.0 66.0 69.0 67.0 72.0 73.0 71.0 70.0 72.0 69.0 72.0
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8.3 Discussions

This study uses score-based generative modeling with the SDE approach to explore
a new method for generating spatial covariance matrices for BCI applications. The
generated samples are analyzed through both visual and quantitative evaluations.
Visually, the samples produced by the proposed method have a comparable ap-
pearance to the spatial covariance matrices obtained from actual EEG recordings.
Furthermore, the generated samples’ center (Fréchet mean) aligns with neurophys-
iological findings that event-related desynchronization and synchronization occur
on electrodes C3 and C4 within the Mu and Beta frequency bands during motor
imagery processing. From a quantitative standpoint, 84.3% of the samples can be
accurately predicted by a pre-trained Tensor-CSPNet, and holdout experiments on
two subjects (Subject No.30 and No.42) show an improvement of up to 8.7% in the
average accuracy of 10-times runs.

Although our findings are promising, the absence of evaluation metrics for gener-
ative models in the MI-EEG classification, akin to those commonly employed in
the computer vision domain, such as Inception Score [178] and Fréchet Inception
Distance [179], precludes our study from providing more detailed outcomes, such
as individual participant results. It is crucial to recognize that not all partici-
pants exhibit noticeable improvements after incorporating generative samples. No
established criterion exists for determining which subjects may benefit from this
technique. Furthermore, the current approach has room for enhancement in several
aspects, which we will address in the following:

Non-Euclidean Nature : In the experiments, the spatial covariance matrice chan-
nels are ordered from start to end as FC-5/3/1/2/4/6, C-5/3/1/z/2/4/5, and CP-
5/3/1/z/2/4/6. The score-based generative model employs a CNN-structured ar-
chitecture to capture local information from adjacent channels in this sequence.
However, this order fails to reflect the correlations between EEG channels with
respect to their spatial locations, a phenomenon referred to as the non-Euclidean
nature, which results in limited performance. To tackle this problem, we propose
a heuristic approach that sets the filter size to 20 × 20, which corresponds to the
total size of the spatial covariance matrices. It may not readily apply to com-
plex scenarios, as capturing the signal granularity with a large filter size can be
challenging.
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Randomness: Some generated samples may contain valuable discriminatory infor-
mation for classification, while others may not. The randomness introduced by
the sampling process in the score-based generative modeling may compromise the
classifier’s performance. Additionally, as we just mentioned, this randomness also
leads to the ineffectiveness of conventional evaluation methods, which is due to
the varying generated samples used for assessment each time, yet there is no stan-
dard evaluation metric for the generative models in the EEG-BCI classification.
After all, the texture of EEG spatial covariance matrices is not even present in the
general image recognition databases.

Cross-frequency Coupling: A potential explanation for the limited performance
could be attributed to the diversity of the generative model. Since each spatial
covariance matrix over a specific frequency band is independently generated from
random noise, the composite spatial covariance matrix generated from these inde-
pendent spatial covariance matrices may lack neurophysiological significance and
have yet to be previously observed. In simpler terms, real spatial covariance matri-
ces derived from the EEGs where changes in brain activity occur during cognitive
and motor processing, resulting in event-related desynchronization and synchro-
nization. However, a generative spatial covariance matrix may not have this same
origin, even though it may appear similar. For instance, the spatial covariance
matrix within the frequency range of 32 to 36 Hz, as depicted in Subfigure 8.6e,
highlights a novel instance of the typical occurrence of high-intensity activities
within the Mu and Beta bands.

Distribution Shift: Even though the generative samples may contain ample dis-
criminatory information, the limited performance observed may still stem from
the disparity between the prior and learned distributions. This incongruence can
result in variations in the numerical ranges of pixels or entities within the spatial
covariance matrices. To mitigate this challenge, we utilize a simple heuristic nor-
malization technique for the covariance matrices by zero-centering the means and
scaling the variances to unity. This approach results in well-overlapping raw and
generated distributions, but it may not always be reliable in complex scenarios.
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Deep Geodesic Canonical
Correlation Analysis

In human neuroimaging, it is common to use multi-modal imaging techniques to
improve our understanding of the dynamic relationships among brain networks
and their alterations in pathology [180–183]. For instance, combining non-invasive
EEG measurements with fMRI can offer a high-resolution view of neurophysio-
logical events relevant to treating mental disorders like epilepsy [184]. However,
achieving a sense of consistency between EEG and fMRI frequently presents sig-
nificant challenges due to a range of complications stemming from their disparities
[185, 186].

A classical statistical learning approach to identify paired subspaces for consistency
through correlation is Canonical Correlation Analysis (CCA) [187]. Its versatility
is evident in a range of scenarios even when the sample size is limited relative
to data dimensionality or when data dimensionality exceeds human interpretabil-
ity [188]. Beyond classical CCA, extensions to study phase-amplitude coupling and
amplitude-amplitude coupling proved useful in uni-modal [189] and multi-modal
neuroimaging [190, 191]. For instance, Deligianni et al. [191, 192] used inverse
modeling to align paired, resting-state EEG and fMRI signals spatially. After
alignment, they used a CCA variant to link the covariance-based EEG and fMRI
data and assessed the goodness-of-fit with a geometry-aware evaluation criterion.

When it comes to paired covariance-based data, employing conventional CCA
methods directly leads to a loss of mathematical structure, including properties

123
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Figure 9.1: Deep Geodesic CCA (DeepGeoCCA) framework. We consider
paired views of multivariate time-series data (e.g., simultaneously recorded
EEG and fMRI data). Individual views are transformed (e.g., covariance
matrices) to form paired views on SPD manifolds {(Si, S̄i)|Si ∈ Sn1

++, S̄i ∈
Sn2
++}Ni=1. A Dimension Adaptation module transforms the views so that

they reside within Sn
++, a cone in Rn×n. On this cone, a Transformation

module learns to center the data around e and project them onto geodesics
expe (tv) and expe (tw) to form latent SPD representations {(Zi , Z̄i)}Ni=1.
Our primary objective is to maximize geodesic correlation, which measures
correlation along the speeds v and w, after Tangent Space Projection at the
identify matrix e.

like symmetry and positive definiteness. Modeling techniques based on Rieman-
nian geometry have become the primary approach to address such constraints in
covariance-based neural data. In the case of CCA, extensions generalized the con-
cept of subspace projection in Euclidean vector space to non-linear projections on
geodesic submanifolds for general Riemannian manifolds [193] and SPD manifolds
[193, 194].

In the context of multi-view deep representation learning [195], CCA inspired a
family of self-supervised learning (SSL) approaches [196–199], as categorized in
Balestriero et al. [200]. Methods like DeepCCA [201] and VICReg [199] proposed
to learn the correlation relationship between two latent representations by analyz-
ing their covariance and cross-covariance structure. However, these methods do
not preserve their geometric properties while learning correlation relationships for
covariance-based neuroimaging data with geometric characteristics.

In this chapter, we propose a geometric deep learning framework named Deep
Geodesic Canonical Correlation Analysis, or DeepGeoCCA. 1 It belongs to the

1 The work in this chapter has been published in the twelfth International Conference on
Learning Representations, 2024. (ICLR 2024, Spotlight)



Chapter 9. DeepGeoCCA 125

SSL-based deep representation learning family [202] as well as geometric modeling
techniques to learn latent SPD representations with high correlation consistency
among paired views in Figure 9.1. To characterize this correlation consistency,
we present a new correlation measure called geodesic correlation, which is ap-
plied to SPD manifolds equipped with the affine-invariant Riemannian metric. In-
tuitively, geodesic correlation essentially measures the correlation of paired data
along geodesics passing through the identity matrix e.

DeepGeoCCA introduces a novel geodesic loss function and SPD matrix-valued
neural network models to maximize this measure to learn latent SPD representa-
tions. Specifically, we devise a relaxation method, called ε−geodesic constraint,
that enables geometric classifiers to map covariance-based data onto or near geodesics
within a double-cone region around e.

Using theoretical analysis and experiments with simulations and real data, we
systematically study our framework, detailed in Section 9.2, and show that Deep-
GeoCCA:

• generates latent representations that maintain the properties of symmetry
and positive definiteness.

• supports a controllable projection region. Specifically, we prove that adjusting
ε in our relaxation approach can control the deviation of the mapped points
from the geodesics.

• allows flexible unit speeds for predefined geodesics in the sense that they can
be pre-defined by characteristics of downstream tasks or driven by data.

• effectively learns latent representations exhibiting significant geodesic corre-
lation for previously unseen data while preserving pertinent information.

9.1 Prelimnary

We will introduce the idea of orthogonal projection to clarify the geodesic con-
straints.
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Given that the SPD manifold (S++, g
AIRM) is geodesically complete, meaning that

all geodesics are defined for all time t ∈ R, any geodesic expe(tu) on S++ is solely
determined by u ∈ TeS++ and varies smoothly with respect to u.

Given an unit speed u ∈ Symn, the orthogonal projection of S ∈ Sn
++ on arc-length

geodesic expe(tu) : R 7−→ (Sn
++, g

AIRM ) is S† = expe(t
†u) 2 with the following

optimality condition:

t† := arg min
t∈R

d2gAIRM

(
S, expe(tu)

)
. (9.1)

When considering the Riemannian distance dgAIRM , Equation 9.1 becomes into the
following expression:

t† := arg min
t∈(−ϵ,ϵ)

Tr
(

log2
e

(
S−1 expe(tu)

))
. (9.2)

Take the derivative of Equation 9.2 with respect to time t, set it to zero, and we
obtain:

0 = ∂Tr
(

log2
e

(
S−1 expe(tu)

))/
∂t

(∗)
= 2Tr

(
loge

(
S−1 expe(tu)

)
expe(−tu) ∂ expe(tu)/∂t

)
,

which yields an equality as follows,

Tr
(

loge

(
S−1 expe(tu)

)
expe(−tu)u expe(tu)

)
= 0. (9.3)

Equality (∗) is valid by virtue of the following proposition [203]:

Proposition 1. Consider a real matrix-valued function S(t) defined on time t ∈ R.
Assume that S(t) is an invertible matrix and does not have eigenvalues on the
closed negative real line. Then, we have the following equality:

∂Tr
(

log2
e S(t)

)/
∂t = 2Tr

(
loge S(t)S

−1(t) ∂S(t)/∂t
)
.

2 A covariance matrix S marked with a † symbol in the upper right corner denoted as S†,
signifies that it represents the orthogonal projection of S on the geodesic.
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Suppose t := t† is optimal and thus S† := expe(t
†u). Hence, Equality 9.3 becomes

to be as follows,

Tr
(

loge

(
S−1S†)S†−1

uS†
)
= 0. (9.4)

9.2 Methodology

Like previous CCA variants, our framework resides within the SSL family, elimi-
nating the need for labels. Using established criteria, we consider paired views of
neural data from the same or different modalities. For example, we pair EEG and
fMRI views based on their recording time. We use SPD neural networks to learn
latent SPD representations by maximizing geodesic correlation. Formally, without
loss of generality, we define the term geodesic correlation at the identity matrix
e ∈ Sn

++, as illustrated in Figure 9.2.

Definition 9.1. On (Sn
++, g

AIRM ), given paired covariance-based data {Si}Ni=1

and {S̄i}Ni=1, each with Fréchet mean e, and two arc-length geodesics expe(tv) and
expe(tw) : Symn 7−→ Sn

++ with t ∈ R and unit speed v, w ∈ TeSn
++
∼= Symn,

respectively. Geodesic correlation with respect to v and w is defined as the cor-
relation between their Riemannian logarithm of the orthogonal projections on the
tangent space at e as follows,

corr({Si}Ni=1, {S̄i}Ni=1) :=

∑N
i=1 g

AIRM
e

(
loge(S

†
i ), loge(S̄

†
i )
)√∑N

i=1

∥∥∥loge(S
†
i )
∥∥∥2
e

√∑N
i=1

∥∥∥loge(S̄
†
i )
∥∥∥2
e

, (9.5)

where S†
i and S̄†

i represent the orthogonal projections on the given geodesics with
the following geodesic constraints:

Tr
(

loge

(
S−1
i S†

i

)
S†−1

i vS†
i

)
= 0;

Tr
(

loge

(
S̄−1
i S̄†

i

)
S̄†−1

i wS̄†
i

)
= 0,

for all i ∈ {1, ..., N}.

Geodesic correlation is better suited for use in the geometric deep learning frame-
work for SPD manifold-valued data compared to conventional correlation and
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Figure 9.2: Geodesic Correlation on Sn
++.

Riemannian correlation, illustrated in Figure 9.2. In particular, incorporating
geodesic correlation and introducing geodesic constraints can be reformulated as a
constrained nonlinear optimization problem, and its Lagrangian duality naturally
serves as a loss function for the neural network-based solutions, as explained in
Remark 9.2.

Remark 9.1. In this study, we employ parallel transport to relocate the Fréchet
means of each data cluster to the identity matrix e. This process preserves the
length since the Levi-Civita connection is metric-compatible. Hence, the Fréchet
variance of the set of covariance data can be simplified as follows:

σ2 =
1

N

N∑
i=1

‖loge(Si)‖2e ,

which is given by dgAIRM (e, S) = ‖loge(S)‖e.

Correlation, Riemannian Correlation, and Geodesic Corre-
lation

We provide a detailed explanation of the distinctions between correlation, Rieman-
nian correlation, and geodesic correlation. Figure 9.3 illustrates the distinctions
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between the three terms. All of them are utilized to elucidate statistical rela-
tionships between two random variables, whether causal or not. However, their
definitions encompass different scopes, as outlined below:

• Correlation: it is a general statistical term for any random variable [204].

• Riemannian Correlation: it is a generalized term of correlation for general
Riemannian manifolds. It is quantified by computing the correlation between
tangent vectors, which represent manifold-valued data projected onto the
respective geodesic submanifold of the tangent spaces at the Fréchet mean of
each modality [193].

• Geodesic Correlation: it is a generalized term of correlation for covariance-
based neuroimaging data. It is quantified by calculating the correlation be-
tween tangent vectors, representing manifold-valued data projected onto the
respective geodesics of the tangent spaces of each modality at the identity
matrix e.

Figure 9.3: Illustration of Correlation, Riemannian Correlation, and
Geodesic Correlation: From left to right, the concepts of Correlation, Rie-
mannian Correlation, and Geodesic Correlation are depicted with specific
descriptions as follows: 1). Correlation: This measures the relationship
between paired data without requiring proximity between the pairs.; 2).
Riemannian Correlation: This measure computes the correlation between
paired projection data on the tangent spaces of each modality, considering
their respective Fréchet means. The projection data is obtained by pro-
jecting the raw data onto geodesic submanifolds; 3). Geodesic Correlation:
This measure calculates the correlation between paired projection data in
the tangent space at the identity point e. The projection data is obtained
by projecting the raw data onto or near geodesics.
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Since (S++, g
AIRM ) is a Cartan-Hadamard manifold and geodesically complete,

every geodesic can be extended throughout the entire R. These favorable geometric
properties facilitate the simplification of Riemannian correlation within the SPD
cone. We leverage this fact as follows:

• Geodesics: We simplify the constraint of a geodesic submanifold in Rieman-
nian correlation to a geodesic.

• Base Point e of Tangent Space: We exclusively compute the correlation on
the tangent space at the identity point e rather than the Fréchet mean for
each modality. In particular, defining geodesic correlation at e is equivalent
to defining it at any point s ∈ S++. This equivalence is established through
parallel transportation.

• Correlation Measurement: We use the Riemannian metric to measure the
correlation between two tangent vectors on the tangent space at the identity
point e. In contrast, Riemannian Correlation relies on the inner product of
scalar values of tangent vectors based on different Fréchet means.

Given these simplifications, geodesic correlation fulfills the requirements of a neural
network-based solution. We summarize the primary distinctions from the four
aspects discussed earlier in Table 9.1 as follows:

Table 9.1: Difference between Correlation, Riemannian Correlation, and
Geodesic Correlation

Correlation Region Base Point Correlation Measurement Solver

Correlation Line 0 Dot Product CCA
Riemannian Correlation Geodesic Submanifolds Two Fréchet Means Scalar Dot Product RieCCA
Geodesic Correlation Geodesics e Riemannian Metric DeepGeoCCA

In fact, geodesic correlation has a relationship with correlation according to the
following proposition:
Proposition 2. Suppose v and w are tangent vectors on TeSn

++ of (Sn
++, g

AIRM ),
then we have

gAIRM
e (v, w) = 〈 vec(v), vec(w) 〉ℓ2 .

Proof. This proposition arises from the following derivation,

gAIRM
e (v, w) := Tr(vw) =

N∑
i=1

v[i, :]w[:, i] = 〈 vec(v>), vec(w) 〉ℓ2
(∗)
= 〈 vec(v), vec(w) 〉ℓ2 ,
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where (∗) is derived from the property that the tangent space of (Sn
++, g

AIRM ) is a
symmetric space.

This proposition demonstrates that maximizing the geodesic correlation at the base
point e is equivalent to maximizing the correlation if we view the covariance-based
data as flattened.

9.2.1 Neural Network-Based Solution

As outlined in Figure 9.1, we transform paired views of neural data into latent SPD
representations centered around e. Within our framework, we use them in three
conceptual modules. The first module, known as dimension adaptation network, is
responsible for converting input data of varying dimensions to a consistent dimen-
sion. The second module, referred to as transformation network, learns non-linear
transformations to center the data around the identity matrix e and project them
close to geodesics passing through e. Lastly, tangent space projection maps the
observations to the tangent space at e to form inputs for our proposed loss terms.
In particular, to enable computations to be performed at e, we employ Batch Nor-
malization on (Sn

++, g
AIRM ) with specially tuned step momentum parameter to

parallel transport Fréchet means of SPD data distribution to e.

9.2.2 Relaxed Orthogonal Projection

In this section, we propose a relaxation method for the geodesic constraints of
geodesic correlation, which is particularly suited for the neural network-based so-
lution. In intuitive terms, this relaxation assesses whether the projection Z ∼= S† on
tangent space TeSn

++, after being normalized, falls within the double cone centered
at identity e, with the unit geodesic speed u as the symmetric line, by calculating
the cosine value between it and u, defined as follows,

cos(Θ) :=
gAIRM
e

(
loge(Z), u

)
‖loge(Z)‖e ‖u‖e

. (9.6)

We introduce a relaxation parameter ε ∈ [0, 1] to control how much the projections
can deviate from the geodesic by ε ≤ |cos(Θ)|. We refer to this new constraint as
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the ε−geodesic constraint. Furthermore, we offer the following theorem to estimate
the discrepancies between projections precisely on the geodesic and those within
the tubular neighborhood of the geodesic expe(tu):

Theorem: Suppose {Zi}Ni=1 are a set of latent representations on (Sn
++, g

AIRM ),
and a δ-width tubular neighborhood of arc-length geodesic expe(tu) with unit speed
u is defined as {expe(tu + v)

∣∣v ∈ (TeSn
++)

⊥, ‖v‖e ≤ δ, t ∈ R}, where (TeSn
++)

⊥

represents the orthogonal complement of TeSn
++. Then, the width δ of this tubular

neighborhood is upper bounded by the following inequality,

δ ≤
√

1− ε2
ε2

max
i={1,...,N}

gAIRM
e

(
loge(Zi), u

)
,

where relaxation parameter ε ∈ (0, 1] regulates the deviation of the projections
from the geodesics by ε ≤ |cos(Θ)|. In particular, when ε→ 1, we have δ → 0.

Proof. The δ-width tubular neighborhood of a geodesic expe(tu) on (Sn
++, g

AIRM )

always exists inside its normal bundle according to general tubular neighborhood
theorem [205].

For any predefined unit speed u ∈ TeSn
++, let the subspace of speed vectors

U := {tu
∣∣t ∈ R} ⊂ TeSn

++. We can define the orthogonal complement of U as
U⊥ := {u⊥

∣∣gAIRM
e (u⊥, u) = 0} ⊂ TeSn

++. Note that the orthogonal complement
U⊥ is not an empty set, as the space of skew-symmetric matrices is the orthogonal
complement of the space of symmetric matrices.

For each i ∈ {1, ..., N}, suppose loge(Si)
⊥ are orthogonal components of loge Si

with respect to u as follows,

loge(Si)
⊥ = loge(Si)− gAIRM

e (loge(Si), u)u ∈ U⊥.

Assuming δ ∈ (0, 1] represents the deviation magnitude, it is defined as a magnitude
with the direction that is perpendicular to the vector u that passes through loge(S)

in the tangent space. The proposed approach requires that its projections fall
within a δ-width tubular neighborhood around u. This is expressed as:

u⊥i := δ
loge(Si)

⊥

‖loge(Si)⊥‖e
∈ U⊥, ∀ i = 1, ..., N.
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Since the relaxation parameter 0 ≤ ε < 1, we measure the cosine value cos(Θ)

between u⊥ + gAIRM
e (loge(S), u)u and u, and get the following inequality:

|gAIRM
e

(
u⊥i + gAIRM

e (loge(Si), u)u, u
)
|∥∥u⊥i + gAIRM

e (loge(Si), u)u
∥∥
e

≥ ϵ, ∀ i = 1, ..., N,

which implies a formula for δ as follows,

δ ≤
√

1− ε2
ε2

max
i={1,...,N}

gAIRM
e

(
loge(Si), u

)
.

Since maxi={1,...,N} g
AIRM
e

(
loge(Si), u

)
is upper bounded as it is a finite set, when

ε→ 1, we have δ → 0.

Figure 9.4: Illustration of Relaxation Deviation: The yellow region repre-
sents the double cone, where the maximum cosine value of the included
angles is ε. The region within the red dashed lines denotes the tubular
neighborhood of width δ along the speed of geodesic u on the tangent
space.

Here, we briefly explain the rationale for introducing geodesics and the orthogonal
projection onto them. The introduction of geodesics stems from a fundamental
concept in Geometric Statistics known as the geodesic subspace, which was initially
introduced in PGA and related works. In Riemannian geometry, a geodesic is a
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curve that locally represents the shortest path between points, generalizing the
concept of a straight line. Additionally, the geodesic subspace extends the idea
of linear spaces from Euclidean to Riemannian geometry. This concept is crucial
in PGA because projection onto the geodesic subspace preserves the Riemannian
distance, thereby capturing the variance of manifold-valued data.

In a formal sense, a submanifold H of manifold M is considered geodesic at
the point p ∈ H if all geodesics of N that pass through p remain geodesic of
M . A geodesic submanifold H at the Fréchet mean µ is represented as the ex-
ponential mapping of the linear span of r tangent vectors {wi}ri=1 ∈ TµM as
N = expµ

(
span({wi}ri=1)

)
.

In PGA, tangent vectors {wi}ri=1 are computed by sequentially maximizing the
Riemannian distance between each data point and the Fréchet mean. This process
captures the variance of the data at each step while progressively removing the in-
fluence of previously derived directional projections. This completes the reduction
of manifold-value data’s dimensionality. In this context, w1 can be analogous to
the first principal component in PCA. This work goes beyond finding the geodesic
submanifold’s tangent vectors {wi}ri=1, obtaining a novel low-dimensional data rep-
resentation is crucial.

CCA aims to identify the maximum correlation between two variables. Specifically,
CCA aims to find linear transformations for paired matrices X ∈ RN×p and X̄ ∈
RN×q, denoted as w ∈ Rp and w̄ ∈ Rq, respectively, to maximize the correlation
between these two linear combinations Xw and X̄w̄. CCA is typically transformed
into an eigenvalue decomposition problem using the Lagrange multipliers method.
Consequently, the objective often involves identifying a set of r pairs of canonical
variables along with corresponding linear transformations W ∈ Rp×r and W̄ ∈
Rq×r, where each column in these matrices signifies a mapping to the respective pair
of the canonical covariate. A constraint is imposed to render them uncorrelated
to one another to ensure that each pair of canonical variables captures distinct
phenomena.

When extending the CCA method to Riemannian manifolds, Kim et al. [193] was
the first to replace geodesic submanifolds for linear subspaces. They did not under-
score the orthogonal constraints for each pair of canonical covariates and obtained
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them through a nonlinear optimization approach. Each resulting pair of canoni-
cal covariates corresponds to tangent vectors {wi}ri=1 and {w̄i}ri=1 for two geodesic
submanifolds. Therefore, orthogonal projection on the geodesic can be seen as
projecting the data onto a lower-dimensional space by analogy with a linear trans-
formation in classical CCA. Each tangent vector in the tangent space corresponds
to a column vector in the linear transformation (canonical covariates).

In this study, our primary goal is to improve the temporal dynamic consistency of
simultaneously recorded EEG-fMRI signals. To streamline the method, we utilize
a single geodesic path for each modality. This design simplification results in a
well-defined convex optimization problem and provides computational advantages
within our deep learning architecture. Specifically, employing a single geodesic
path for each modality is analogous to using the first pair of canonical covari-
ates in CCA. In other words, the tangent vector w1, which is a symmetric matrix
(the tangent vector for SPD manifolds), directly corresponds to the first canon-
ical covariate. Consequently, although the method for obtaining w1 differs from
the eigenvalue decomposition approach used in CCA or DeepCCA, our proposed
component analysis method inherently includes a directional component.

Remark 9.2. This remark will show how to convert geodesic correlation into a
constrained nonlinear optimization problem in matrix and Euclidean space. In
matrix space, the constrained nonlinear optimization problem is depicted as follows,

minimize
v, w, S†

i , S̄
†
i

−
∑N

i=1 g
AIRM
e

(
loge(S

†
i ), loge(S̄

†
i )
)

(
∑N

i=1

∥∥∥loge(S
†
i )
∥∥∥2
e
)
1
2 (
∑N

i=1

∥∥∥loge(S̄
†
i )
∥∥∥2
e
)
1
2

subject to Tr
(

loge

(
S−1
i S†

i

)
S†−1

i vS†
i

)
= 0,

Tr
(

loge

(
S̄−1
i S̄†

i

)
S̄†−1

i wS̄†
i

)
= 0

(9.7)

with variables v, w ∈ Symn and S†
i , S̄

†
i ∈ S++ for i = 1, ..., N .

The consistency targeted by this constrained nonlinear optimization problem using
correlation on the tangent space is referred to as geodesic correlation.

The constrained nonlinear optimization problem can also be written in Euclidean
space. However, when the results obtained through a constrained nonlinear op-
timization algorithm in Euclidean space are converted back into matrices, they
cannot be guaranteed to be positive definite and symmetric.
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Next, we will derive the constrained nonlinear optimization problem in Euclidean
space, equivalent to Problem 9.7 in the matrix space.

We substitute the correlation on (Sn
++, g

AIRM ) with conventional correlation de-
noted as follows,

tiv := vec
(

loge(Si)
)
, and tiw := vec

(
loge(S̄i)

)
, for i = 1, ..., N.

Then, we obtain the constrained nonlinear optimization problem in Euclidean space
with a total of 2N constraints, depicted as follows,

minimize
v, w, tiv, t

i
w

−
∑N

i=1〈tiv, tiw〉
(
∑N

i=1 ‖tiv‖
2
ℓ2)

1
2 (
∑N

i=1 ‖tiw‖
2
ℓ2)

1
2

subject to Tr
(

loge

(
S−1
i expe(t

i
vv)
)

expe(−tivv)v expe(t
i
vv)
)
= 0,

Tr
(

loge

(
S̄−1
i expe(t

i
ww)

)
expe(−tiww)w expe(t

i
ww)

)
= 0

(9.8)

with variables v, w ∈ Symn and tiv, t
i
w ∈ Rn2 for i = 1, ..., N .

By solving Problem 9.8 through constrained nonlinear optimization algorithms,
even when the resulting tv and tw are converted into a matrix, it no longer maintains
the positive definite symmetric properties.

In the following, we will derive the Lagrangian for Problem 9.7 in the matrix
space. We arrive at the expression for Lagrangian L(S†, S̄†, v, w, λ, γ) : Sn

++ ×
Sn
++ × Symn × Symn × RN × RN 7−→ R, as follow,

L(S†, S̄†, v, w, λ, γ) : = −
∑N

i=1 g
AIRM
e

(
loge(S

†
i ), loge(S̄

†
i )
)

(
∑N

i=1

∥∥∥loge(S
†
i )
∥∥∥2
e
)
1
2 (
∑N

i=1

∥∥∥loge(S̄
†
i )
∥∥∥2
e
)
1
2

+
N∑
i=1

λiTr
(

loge

(
S−1
i S†

i

)
S†−1

i vS†
i

)
+

N∑
i=1

γiTr
(

loge

(
S̄−1
i S̄†

i

)
S̄†−1

i wS̄†
i

)
,

where {λi ∈ R}Ni=1 and {γi ∈ R}Ni=1 are Lagrange multipliers.

In the context that follows, we refer to the orthogonal projection S† or S̄† as Z or
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Z̄, respectively. 3 These orthogonal projections are obtained by neural network-
based training using gradient descent. In practical implementation, these values
precede the input to the LOG layer. The results produced by the LOG layer are
denoted as loge(Zi) and loge(Z̄i).

Hence, the Lagrangian duality is naturally a loss function for DeepGeoCCA, de-
picted as follows,

L(Z, Z̄) : = −
∑N

i=1 Tr
(

loge(Zi) loge(Z̄i)
)√∑N

i=1 Tr
(

log2
e(Zi)

)√∑N
i=1 Tr

(
log2

e(Z̄i)
)

+
N∑
i=1

λiTr2
(

loge

(
S−1
i Zi

)
Z−1

i vZi

)
+

N∑
i=1

γiTr2
(

loge

(
S̄−1
i Z̄i

)
Z̄−1

i wZ̄i

)
,

where λi, γi ∈ R are preset coefficients, for i = 1, . . . , N , and v, w ∈ Symn are
preset tangent vectors.

9.2.3 Loss Function

To maximize geodesic correlation among paired views, we utilize the following loss:

Lρ :=−
∑N

i=1 Tr
(

loge(Zi) loge(Z̄i)
)√∑N

i=1 Tr
(

log2
e(Zi)

)√∑N
i=1 Tr

(
log2

e(Z̄i)
) ,

where Zi and Z̄i denote the latent SPD representations for two paired views, re-
spectively, and symmetric matrices loge(Zi) and loge(Z̄i) are their projections on
the tangent space at e. In addition, we use the relaxed ε−geodesic constraints to
penalize projections outside the double-cone regions as follows,

Lε :=
N∑
i=1

min {ε, 1−
∣∣Tr
(

loge(Zi)v)
∣∣

‖loge(Zi)‖e ‖v‖e
)}+

N∑
i=1

min {ε, 1−
∣∣Tr
(

loge(Z̄i)w)
∣∣∥∥loge(Z̄i)

∥∥
e
‖w‖e

},

where geodesic speeds v, w ∈ Symn are pre-defined or learnable parameters, and
ε is a preset relaxation parameter. To mitigate potential dimensional collapse,

3 Letter Z is commonly recognized as symbols representing latent representations in deep
learning.
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frequently encountered in the SSL framework [206], we use a variance-preserving
loss proposed in [199] to preserve the variance of the original data distribution
using a hinge function applied to the standard deviation of the projections along
the batch dimension as follows:

Lσ :=
1

d

d∑
i=1

max
{
0, 1−

√
Var
(
S(Z)i

)
+ ϵ
}
+

1

d

d∑
i=1

max
{
0, 1−

√
Var(S

(
Z̄)i
)
+ ϵ
}
,

where d is the dimension of vec(loge(Z)), S(Z)i is the vector composed of values
at the ith dimension of

(
vec(loge(Z1)), · · · , vec(loge(ZN))

)
∈ RN×d, and ϵ = 10−4

is a scalar to prevent numerical instabilities.

The overall loss function L to maximize geodesic correlation combines the corre-
lation loss Lρ, the relaxed ε−geodesic constraints Lε, and the variance-preserving
loss Lσ, as follows,

L := α1Lρ + α2Lε + α3Lσ. (9.9)

with coefficients α1, α2, and α3 ≥ 0.

Remark 9.3. 1). Choice of Geodesic Speeds v and w: The selection of the geodesic
speeds v and w for two covariance-based modalities can be influenced by the spe-
cific requirements of downstream tasks or solely dictated by the data. For example,
a choice can be the most significant canonical correlation obtained from the con-
ventional CCA method as vec(v), vec(w) := CCA({vec(Si)}Ni=1, {vec(S̄i)}Ni=1).

2). Choice of Loss Coefficients: Depending on the specific scenario and architecture,
the coefficients (α1, α2, α3) can be determined to give more importance to the
geodesic correlation or the constraints. By default, we set α1 = 1, α2 = 0.25, α3 = 0

to give more weight to Lρ. If a specific architecture tends to dimensional collapse,
we enable the variance-preserving loss (α3 > 0).

3). Loss function on Symn: Note that all loss terms in Loss 9.9 operate with
tangent space projections loge(Zi), loge(Z̄i) ∈ TeSn

++ corresponding to the space of
symmetric matrices Symn. Consequently, our proposed loss can also be computed
for any neural network generating latent representations in Symn. For example,
the output x ∈ Rn(n+1)/2 of any standard neural network layer can be transformed
to Symn via applying upper−1 where the norm-preserving map upper vectorizes a
matrix’s elements along the upper triangular part.
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Figure 9.5: Simulations on S2
++. a, Generative process and visualization of

generated observations (N = 500) with a shared latent source. b, Visual-
ization of the latent representations learned with DeepGeoCCA (ε = 0.75).
c, Boxplots summarize the simulation results for test data (10-fold CV).
DeepGeoCCA can obtain high geodesic correlation (left panel; higher is
better) and at the same time approx. constrain the representations to
geodesics (right panel; coefficient of determination R2; mean across modal-
ities; higher is better).

9.3 Experimental Results

We conducted simulations and two experiments using public datasets to empirically
evaluate our proposed framework in challenging neuroimaging tasks. These tasks
present several unique challenges, including relatively small datasets, multivariate
non-stationary signals with complex dynamics, distribution shifts (particularly se-
vere across subjects, as illustrated in Figure 9.8), low signal-to-noise ratios, and
non-linear coupling mechanisms between EEG and fMRI.

9.3.1 Simulations

To study the effect of the ε−geodesic constraint and demonstrate that our frame-
work can recover the activity of a latent, shared source, we generated paired SPD
data. Specifically, we generated a shared noise source with fixed, modality-specific
projections to Sym2 and paired it with a modality-specific noise source. To generate
matrices on S2

++, we applied the matrix exponential and then biased these matrices
to vary around a random, modality-specific Fréchet mean. Figure 9.5 summarizes
the generative process and the considered architecture. For both modalities, we
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used a Tensor-CSPNet as a dimension adaptation and transformation module (Fig-
ure 9.5b). As a tangent space projection module, we combine an SPDMBN layer
and a LOG layer.

To quantify performance, we used the fitted models to transform {(Si, S̄i)}Ni=1 into
latent representations {(Zi, Z̄i)}Ni=1, converted their tangent space projections to
Euclidean vector space features (X, X̄), and submitted these features to standard
CCA to obtain (z, z̄) for the first component. To do so, we computed the matrix
logarithm and extracted elements along the upper triangular part while preserving
the norm. CCA was fitted to the CV split’s entire training data. We report Pearson
correlation coefficients between z and z̄ to measure geodesic correlation, and the
coefficient of determination (R2) to evaluate the geodesic constraint. We use R2

to quantify how much variance in X (or X̄) can be explained by z (or z̄), i.e.,
R2 = 1⇔ data distributed along a geodesic.

Figure 9.5c summarizes our framework’s cross-validation (CV) results for various
ε compared to several baseline methods. The baseline methods were fitted to the
generated SPD data (CCA and RieCCA) or used as alternative loss terms (Deep-
CCA, VICReg) for the considered architecture. For ε = 0 (no geodesic constraint),
DeepGeoCCA shared the highest correlation score with DeepCCA among the deep
learning methods (left panel) at the cost of small explained variance (i.e., small R2)
in the latent representation (right panel). This result can be expected because both
objectives only aim to maximize geometric correlation in latent space. For ε = 1,
the trained network traded a noticeable reduction in correlation for minimizing de-
viations from the geodesic constraint. Moreover, for some CV splits, the network
got stuck in poor local minima (noticeable lower correlation and R2). We found
that ε = 0.75 resulted in a good trade-off between both objectives while avoiding
poor local minima. Scatterplots in Figure 9.5b visualize the learned representations
(ε = 0.75) for a representative CV split. Comparing the correlation scores of CCA
and RieCCA demonstrates the importance of utilizing the mathematical structure
of SPD matrices. Overall, RieCCA obtained the highest correlation score. This
is likely because RieCCA had access to all the training data to find the optimal
solution for this toy problem, while the deep learning approaches were fitted to
randomly sampled mini-batches.



Chapter 9. DeepGeoCCA 141

9.3.2 Simultaneous EEG-fMRI

Implementation Details

The implementation details provided in this section apply to the simulation and
EEG-fMRI experiments.

Architecture

Figures 9.6 and 9.7 visualize the architecture used in the simulation and EEG-fMRI
experiments.

Figure 9.6: Illustration of network architecture for the simulations with
paired SPD manifold-valued data. The BiMap layers used unconstrained
parameters. For the ReiEig layers, we used a threshold of 1.0. The tangent
space projection module used an SPDMBN layer without learnable param-
eters, i.e., the rebias parameter was fixed at the identity matrix e and the
scaling parameter was fixed to 1..
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Figure 9.7: Illustration of Network Architecture for the EEG-fMRI exper-
iment. For EEG views S̄, we used either Tensor-CSPNet or TSMNet.
For the ReiEig layer within Tensor-CSPNet, we used a threshold of 0.5
and unconstrained parameters in BiMap. For TSMNet, we used standard
parameters except for 10 latent SPD dimensions instead of 20. The tan-
gent space projection module used a domain-specific SPDMBN layer with-
out learnable parameters. For fMRI views S̄, we use a standard single
Transformer-encoder layer as implemented in the torch.

Geodesic Speeds

We fitted the geodesic speeds in a data-driven fashion. Specifically, we treated
them as learnable parameters on the Stiefel manifold (random initializations). In
addition to Lσ, we additionally employed them to project the latent tangent space
representations (loge(Zi), loge(Z̄i)) to scalars and quantify correlation among these
in Lρ.

Parameter Optimization

We used a minibatch-based training scheme to fit the learnable parameters for
250 epochs. Batches contained 128 paired views (stratified for subject and run).
As an optimizer, we used the Adam optimizer with a learning rate of 1e-3 (5e-3
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for the simulations experiment) and applied a weight decay 1e-3 to all learnable
parameters except the manifold-constrained ones. To put more emphasis on maxi-
mizing correlation than fulfilling the geodesic projection constraint, we set α1 = 1,
α2 = 0.25, and α3 = 0. To discourage the architectures from collapsing dimensions,
we fixed the learnable rescaling parameter of SPDMBN to 1 so that the Fréchet
variance of the latent representations remains approximately constant. During
training, we used a dedicated validation set to monitor the total loss of held-out
data after every epoch. The parameters that resulted in the lowest validation set
loss were then used to transform the test data.

This experiment serves as a feasibility study. EEG and fMRI offer distinct per-
spectives on brain dynamics due to their differing spatiotemporal sensitivities and
underlying neurophysiological mechanisms. Previous data-driven approaches have
relied heavily on domain knowledge to extract low-dimensional representations
[190, 191, 207–210]. Our approach diverges fundamentally by focusing on paired
observations to learn latent representations where EEG and fMRI dynamics are
highly correlated and maintain this correlation in held-out data. To demonstrate
feasibility, we utilized a publicly available dataset [60] that includes simultaneous
EEG-fMRI recordings from 8 subjects resting under two conditions (eyes closed
and eyes open). Both conditions induce changes in whole-brain dynamics, which
are detectable by both EEG [211] and fMRI [212], making this dataset an ideal
choice for evaluating our proposed framework against baseline methods.

Figure 9.8 summarizes our experimental approach. We used t-SNE to visualize
the preprocessed EEG and fMRI data {(Si, S̄i)}Ni=1 as well as the learned repre-
sentations {(Zi, Z̄i)}Ni=1 for a representative CV split. For EEG data, we tested
two architectures, both extracting latent representations in S10

++. The first one was
similar to the architecture used in the simulations. The second one (TSMNet)
is conceptually similar except that it applies convolutional feature extractors to
EEG time-series data before covariance pooling [3, 213]. To accommodate large
distribution shifts (e.g., in top-left t-SNE plot in Figure 9.8) across subjects and
runs often encountered in EEG [72, 214–216], we used subject and run-specific
batch normalization layers [3]. For fMRI data, we used a standard transformer-
encoder layer [217], which proved helpful in learning latent representations from
large-scale, diverse fMRI datasets [1]. This approach considered each fMRI volume
inside a sliding window as a token. At the end of each window, we concatenated a
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Figure 9.8: DeepGeoCCA for simultaneous EEG-fMRI data. Using simulta-
neously recorded observations (Si, S̄i), we aim to learn a latent space where
brain dynamics (Zi, Z̄i), shared between EEG and fMRI, covary with high-
congruence. After preprocessing and extracting sliding windows, we use
established decoder models to convert fMRI time-series activity [1] and os-
cillatory EEG activity [2, 3] to latent representations. t-SNE visualizations
(perplexity=30) summarize input and latent data distributions after model
fitting.

learnable summary (SUM) token. Finally, a linear layer projected the transformed
SUM token into a symmetric matrix (Sym10) which we used as loge(Z̄i) to minimize
Loss 9.9 according to Remark 9.3.

Table 9.2 summarizes the results for a 10-fold cross-validation scenario. We use
Pearson correlation to assess the consistency between the learned EEG and fMRI
representations and R2 to quantify the geodesic constraints. The combination
of TSMNet and DeepGeoCCA obtained a significantly higher correlation than all
other candidates. Learning the considered architectures with alternative loss terms
(VICReg, DeepCCA) resulted in clear performance drops for either EEG architec-
ture. Comparing the architectures, our results suggest an advantage of combining
learnable convolutional layers with latent covariance pooling over covariance-based
inputs. Compared to the performance of RieCCA 4, our results demonstrate the
utility of DeepGeoCCA to extract shared, latent brain dynamics whose coupling
generalizes to unseen data. Additional results that test generalization across sub-
jects (Table 9.3) show similar effects, confirming the robustness of our framework.

In addition to the 10-fold CV results reported in the main text, this section presents
additional results that test generalization across runs (LORO CV scenario) and

4 To mitigate distribution shifts in the EEG data for the conventional baseline methods (CCA,
RieCCA), we debiased the covariance matrices per run [218].
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Table 9.2: Simultaneous EEG-fMRI dataset results. As before, test-set
model performance (higher is better) is evaluated with correlation and R2

metrics across 10-fold CV with stratification across subjects and runs. Ex-
haustive permutation t-tests (df=9, 7 tests with t-max adjustment) were
used to identify significant differences between TSMNet+DeepGeoCCA and
baseline methods.

fMRI EEG algorithm correlation ↑ R2 ↑
model model mean (std) t-val (p-val) mean (std) t-val (p-val)

- - CCA 0.02 (0.15) -9.9 (0.002) 0.07 (0.08) -19.8 (0.002)
RieCCA 0.38 (0.10) -5.4 (0.002) 0.01 (0.01) -88.4 (0.002)

Trans- Tensor- DeepCCA 0.42 (0.11) -3.5 (0.031) 0.30 (0.07) -12.3 (0.002)
former CSPNet VICReg 0.29 (0.19) -4.0 (0.018) 0.28 (0.10) -9.2 (0.002)

DeepGeoCCA 0.44 (0.11) -3.0 (0.049) 0.58 (0.02) 3.8 (0.023)
TSMNet DeepCCA 0.29 (0.10) -8.8 (0.002) 0.18 (0.09) -15.2 (0.002)

VICReg 0.38 (0.10) -5.5 (0.002) 0.24 (0.03) -40.5 (0.002)
DeepGeoCCA 0.58 (0.08) - 0.55 (0.02) -

subjects (LOSO CV scenario). The results are summarized in Table 9.3 and Fig-
ure 9.9, along with the 10-fold CV results provided in the main text. Comparing
the results, we noticed large variability for the LORO and LOSO evaluation scenar-
ios. All models failed to generalize, particularly for subjects 1 and 5 (highlighted
with red dots in Figure 9.9). We consulted the accompanying publication [59] to
understand why this is the case. We identified that for these subjects, there was
no task effect (eyes open vs. closed) in the EEG data. Since the effect is promi-
nent in the other subjects, naturally, models that utilize the “majority”effect
will not generalize to these particular subjects. That is why we report the results
in Table 9.3 with (w/) and without (w/o) test-set folds associated with subjects
1 and 5. Apart from the large variability (mostly due to subjects 1 and 5), we
found that the overall effects identified in the 10-fold CV scenario are preserved in
the other evaluation scenarios. If we exclude the results for subjects 1 and 5, the
average correlation score for all methods increases drastically (approx. 0.2). Par-
ticularly, the combination of DeepGeoCCA and TSMNet yields correlations close
to 0.7 on held-out data. These additional results clearly demonstrate that our pro-
posed framework can extract representations that generalize to new subjects and
pave the way for potential clinical applications with sufficiently large and diverse
datasets.
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Table 9.3: Simultaneous EEG-fMRI dataset results. Additional test-set
results for the EEG-fMRI dataset that extend Table 9.2 with regard to
the considered evaluation scenario. In addition to the 10-fold CV scenario
results reported in Table 9.2, this table also summarizes results for leave-
one-run-out (LORO) and leave-one-subject-out (LOSO) CV scenarios. For
LORO and LOSO, we report summary statistics (mean and std) with (w/)
and without (w/o) outlier subjects (i.e., subjects 1 and 5).

evaluation: 10-fold LORO LOSO
outlier: w/ w/ w/o w/ w/o

EEG model algorithm

correlation ↑

none CCA 0.02 (0.15) 0.18 (0.35) 0.34 (0.21) 0.13 (0.30) 0.27 (0.17)
RieCCA 0.38 (0.10) 0.37 (0.44) 0.59 (0.13) 0.24 (0.39) 0.45 (0.10)

Tensor- DeepCCA 0.42 (0.11) 0.36 (0.43) 0.56 (0.23) 0.30 (0.32) 0.45 (0.16)
CSPNet VICReg 0.29 (0.19) 0.24 (0.43) 0.46 (0.21) 0.31 (0.28) 0.43 (0.19)

DeepGeoCCA 0.44 (0.11) 0.39 (0.45) 0.58 (0.27) 0.24 (0.47) 0.44 (0.35)
TSMNet DeepCCA 0.29 (0.10) 0.17 (0.34) 0.25 (0.32) 0.12 (0.46) 0.30 (0.35)

VICReg 0.38 (0.10) 0.42 (0.36) 0.58 (0.22) 0.25 (0.37) 0.42 (0.19)
DeepGeoCCA 0.58 (0.08) 0.46 (0.45) 0.68 (0.18) 0.45 (0.43) 0.68 (0.14)

R2 ↑

none CCA 0.07 (0.08) -2.32 (1.29) -2.26 (1.31) -1.05 (0.70) -1.19 (0.76)
RieCCA 0.01 (0.01) 0.00 (0.02) -0.00 (0.02) 0.01 (0.01) 0.01 (0.01)

Tensor- DeepCCA 0.30 (0.07) 0.27 (0.13) 0.28 (0.13) 0.23 (0.10) 0.24 (0.12)
CSPNet VICReg 0.28 (0.10) 0.18 (0.12) 0.20 (0.14) 0.23 (0.07) 0.24 (0.07)

DeepGeoCCA 0.58 (0.02) 0.56 (0.05) 0.57 (0.05) 0.54 (0.07) 0.54 (0.08)
TSMNet DeepCCA 0.18 (0.09) 0.10 (0.06) 0.11 (0.05) 0.13 (0.04) 0.13 (0.05)

VICReg 0.24 (0.03) 0.22 (0.11) 0.23 (0.10) 0.22 (0.09) 0.22 (0.09)
DeepGeoCCA 0.55 (0.02) 0.53 (0.06) 0.54 (0.06) 0.54 (0.02) 0.54 (0.02)

Figure 9.9: Graphical representation of the results summarized in Table 9.3
for the correlation metric on test set data. Each dot summarizes a CV
split result. (left) 10-fold CV scenario. (middle) LORO scenario (16
runs=folds). Red dots highlight fold for which the test set was sampled
from outlier subjects (subjects 1 and 5). (right) LOSO scenario (8 subjects
= folds).

Specific challenges associated with neuroimaging data

For the neuroimaging tasks that we study, we have to deal with relatively small
datasets (recording human neuroimaging data is expensive and time-consuming),
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non-stationary signals, and distribution shifts that limit generalization across days
and subjects (also indicated in Figure 9.8), inherently low signal-to-noise ratios,
transient high-variance artifacts (i.e., outliers), and non-linear, poorly understood
coupling mechanisms that link views of different modalities [219]. For more de-
tails, let us refer to recent reviews elaborating not only on challenges but also
opportunities of EEG BCI [220] and simultaneous EEG-fMRI [186].

9.3.3 Multi-View EEG

Korean University Dataset

The following two-view DeepGeoSSL model is employed:

• 1st-View: Two electrodes (C3 and C4);

• 2nd-View: Twenty electrodes (FC-5/3/1/2/4/6, C-5/3/1/z/2/4/5, and CP-
5/3/1/z/2/4/6).

All 21,600 trials are utilized in training the self-supervised learning framework.

For the downstream classification task, we use a tensor-based approach for seg-
mentation in time and frequency domains [2]. In the time domain, there are three
segments as follows:

[0 ∼ 1.5], [0.5 ∼ 2], and [1 ∼ 2.5].

The frequency band has been partitioned into 9 segments, each spanning a 4Hz
bandwidth. These segments cover the range from 4Hz to 40Hz and are evenly
distributed within this range. Chebyshev Type II filters with 4 Hz intervals were
employed to process the digital signals. These filters were meticulously designed
to ensure a maximum passband loss of 3 dB and a minimum stopband attenuation
of 30 dB.

It results in 27 channels (3 temporal segments × 9 frequency bands). Additionally,
the BiMap layer in the architecture takes the input dimension of 20, transforms it
to 30, and then returns it to an output dimension of 20. The architecture details
can be found in Figure 9.10.
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Figure 9.10: Illustration of network architecture for the KU dataset: The
spatial covariance matrices from both the 2-channel EEG setup (i.e.,
C3 and C4) and the 20-channel EEG setup (i.e., FC-5/3/1/2/4/6, C-
5/3/1/z/2/4/5, and CP-5/3/1/z/2/4/6) are transformed into a common
dimension using the Dimension Adaptation Network. During the train-
ing of the self-supervised learning (indicated by the solid black lines), the
Transformation Network and Projection Head retain the parameters in the
neural networks, and geodesic correlation is calculated. The dashed red
lines represent the downstream task classifier. Specifically, in the upper
right corner of Riemannian BN∗, the asterisk ∗ denotes that we use a spe-
cially designed Riemannian BN to perform center-parallel translation of
outputs to point e.

BNCI2015001 Dataset

The following two-view DeepGeoSSL model is employed:

• 1st-View: Two electrodes (FCz and C3);

• 2nd-View: Twenty electrodes (FC-3/z/4, C-5/3/1/z/2/4/6, and CP-3/z/4).
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All 5,600 trials are utilized in training the self-supervised learning framework.

In the time domain, there are three segments as follows:

[0 ∼ 1], [1 ∼ 2], [2 ∼ 3], [3 ∼ 4], and [4 ∼ 5].

The frequency division was performed at the same intervals and filter settings as
in the KU dataset, resulting in 45 channels (5 temporal segments × 9 frequency
bands). Additionally, the BiMap layer in the architecture takes the input dimension
of 13, transforms it to 30, and then returns it to an output dimension of 13. The
architecture details can be found in Figure 9.11.

Figure 9.11: Illustration of network architecture for the BNCI2015001
dataset: The spatial covariance matrices for the 2-channel EEG setup are
derived from FCz and C3, while for the 20-channel EEG setup, they are
derived from FC-3/z/4, C-5/3/1/z/2/4/6, and CP-3/z/4. The description
of this architecture is consistent with it provided in Figure 9.10.



150 9.3. Experimental Results

Geodesic Speed

Since the downstream motor imagery tasks emphasize spectral information for
classification, we utilize the largest principal component from Tangent Principle
Component Analysis (Tangent PCA) 5 as the initial speed for both v and w as
follows,

v = w := TPCA({vec(loge(S̄i))}Ni=1),

where {S̄i}Ni=1 represents a set of 20-channel EEG signals. In particular, we compute
v = w using Tangent PCA for each channel of 27 channels for the KU dataset and
45 channels for the BNCI2015001 dataset.

The choice of this speed can be understood as both modalities projecting signals
onto high-information-content spectral principal component directions and keeping
the two signals geodesically consistent. This is akin to neural networks augmenting
low-information-content signals with sufficient information.

Estimation of Covariance Matrices

It is well-known that the estimation of the sample covariance matrix can be in-
accurate, particularly in high-dimensional settings with limited observations. To
address this challenge, we employ a regularization technique known as shrinkage,
which involves adding a scaled identity matrix (typically multiplied by a small
value, such as 1e-2 in this experiment) to the sample covariance matrix.

Average Accuracy Changes

In this experiment, two figures present the average accuracy changes for each par-
ticipant across six scenarios in two datasets. The baseline is the result obtained
by running the 2-channel EEGs using Tensor-CSPNet. The changes are calculated
by subtracting the baseline results from DeepGeoCCA (ε = 0.05, α1 = 1, α2 = 1,
α3 = 0.1 ), as shown in Figures 9.12 and 9.13.

5 We implemented the initialization of v and w using the Tangent PCA approach according to
the Geomstats Package in the following address: https://geomstats.github.io/notebooks/
06_practical_methods__riemannian_frechet_mean_and_tangent_pca.html.

https://geomstats.github.io/notebooks/06_practical_methods__riemannian_frechet_mean_and_tangent_pca.html
https://geomstats.github.io/notebooks/06_practical_methods__riemannian_frechet_mean_and_tangent_pca.html
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Figure 9.12: This figure displays the average accuracy changes (%) for each
subject in the KU dataset across two 10-fold cross-validation scenarios S1

and S2, and a holdout scenario S1 7→ S2. Subjects with larger improve-
ments are positioned at the top, arranged in descending order from top to
bottom. Green represents an increase, while blue represents a decrease.
Corresponding increases are labeled with the respective subject number.
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Figure 9.13: This figure displays the average accuracy changes (%) for each
subject in the BNCI2015001 dataset across two 10-fold cross-validation
scenarios SA and SB, and a holdout scenario SA 7→ SB. Subjects with
larger improvements are positioned at the top, arranged in descending order
from top to bottom. Green represents an increase, while blue represents a
decrease. Corresponding increases are labeled with the respective subject
number.



Table 9.4: Multi-View EEG downstream results. Average (std across subjects in brackets) classification accuracy for the
motor imagery task (higher is better). We considered two public datasets and scenarios: within-session 10-fold CV (sessions
S1 and S2) and a hold-out scenario (train S1; test S2). For the KU and BNCI2015001 datasets, the full-channel EEG views
comprise 20 and 13 channels covering the sensorimotor cortex. The network architecture was Tensor-CSPNet.

Channel SSL-Loss KU (54 subjects, 2 classes) BNCI2015001 (12 subjects, 2 classes)
S1 S2 S1 → S2 SA SB SA → SB

2 Lower Bound 62.97 (15.72) 65.85 (16.03) 62.89 (12.18) 74.12 (18.20) 75.62 (14.22) 75.00 (14.10)

VICReg 66.12 (15.80) 67.35 (16.80) 65.20 (13.51) 77.21 (15.96) 77.25 (13.46) 77.00 (13.97)
DeepCCA 66.24 (15.73) 68.11 (15.67) 65.20 (13.24) 76.46 (16.83) 78.33 (11.33) 76.58 (13.23)
DeepGeoCCA 66.26 (17.05) 68.27 (17.23) 65.93 (13.68) 77.58 (16.26) 78.46 (12.82) 77.83 (13.11)

Full Upper Bound 70.56 (16.26) 72.86 (15.86) 68.85 (14.18) 84.33 (10.10) 86.46 (14.19) 85.17 (11.31)

Table 9.4 summarizes the multi-view EEG downstream results. Compared to the lower bound (using 2 EEG channels with no SSL
pre-training), pre-training with DeepGeoCCA led to statistically significant group-level improvements in both datasets presented
in Table 9.5. Although our proposed loss function consistently achieved significant improvements, the effect was relatively modest
across scenarios when compared to other SSL pre-training losses. Nonetheless, these results demonstrate that our framework, which
pre-trains SPD neural networks such as Tensor-CSPNet with paired views, can enhance performance in downstream tasks.
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Table 9.5 additionally summarizes the significance of these differences. In these
figures, green areas indicate the subject’s improvements, while blue areas represent
those with declines. Our method is effective for a large proportion of subjects in
all scenarios.

This experiment aims to evaluate the performance of DeepGeoCCA in a down-
stream task, namely EEG-based motor imagery classification. During planning
and executing but also imagining limb movements, EEG captures spatio-spectrally
localized fluctuations in sensorimotor rhythms. These fluctuations give rise to
identifiable patterns that consistently enable the classification of EEG data.

Motivated by the emergence of mobile, few-channel EEG devices, we generate pairs
of 2-channel EEG and multi-channel EEG views, i.e., full sensorimotor coverage.
Like standard SSL, we use DeepGeoCCA for model pre-training to improve the
downstream classification performance of the 2-channel EEG views. Here, we fixed
geodesic speeds v = w and initialized them with tangent space principal component
vectors of the EEG spatial covariance matrices of the full-channel EEG views.

Table 9.5: Simultaneous EEG-fMRI dataset results. Statistical test results
for downstream test set accuracy differences in the multi-view EEG experi-
ment, extending Table 9.4. We used permutation, paired t-tests to identify
significant differences between the lower bound (i.e., no pre-training; 2
channel EEG) with DeepGeoCCA for three scenarios (S1, S2, S1 → S2; t-
max adjustment for multiple comparisons) and the KU dataset (df=53, 1e4
permutations) and the BNCI dataset (df=11, exhaustive permutations).
Significant differences are highlighted in bold (p-val ≤ 0.05) and trends in
italic (p-val ≤ 0.1).

KU dataset BNCI dataset
scenario SSL pretraining mean (std) t-val (p-val) mean (std) t-val (p-val)

S1 no 62.97 (12.46) -6.1 (0.0001) 74.12 (16.50) -3.1 (0.0391)
DeepGeoCCA 65.90 (12.95) - 77.58 (14.56) -

S2 no 65.85 (12.95) -4.0 (0.0006) 75.62 (14.58) -2.9 (0.0469)
DeepGeoCCA 68.11 (13.64) - 78.46 (13.95) -

S1 → S2 no 62.89 (12.29) -4.4 (0.0003) 75.00 (14.73) -2.6 (0.0825)
DeepGeoCCA 65.43 (13.42) - 77.83 (13.70) -

Ablation Study

The loss function of DeepGeoCCA has a total of four hyperparameters: ε for
the ε-geodesic constraints, and three coefficients α1, α2, and α3 for the three loss
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functions. In the following two ablation studies, we analyze these parameters:

In the first experiment, the model’s overall performance does not vary significantly
with different values of ε. Smaller values of ε lead to a slight improvement in
classification performance. The results reported in the main text are based on
the setting where ε = 0.05. In the second experiment, we observed that using
the variance loss slightly improved the performance compared to not using it.
Therefore, in the results reported in the main text, we used the variance loss with
a coefficient of α = 0.1.

Lε S1 S2

Lower Bound 62.97 (15.72) 65.85 (16.03)
ε = 0.9 65.94 (16.10) 68.19 (16.02)
ε = 0.7 65.82 (15.35) 67.77 (16.04)
ε = 0.5 66.23 (16.10) 68.06 (16.66)
ε = 0.3 66.14 (15.93) 68.09 (16.07)
ε = 0.1 66.03 (15.56) 68.13 (15.87)
ε = 0.05 66.26 (17.05) 68.27 (17.23)
ε = 0 66.32 (16.40) 68.13 (16.55)

(a) Lε in L: α1 = α2 = 1, α3 = 0.1.

Lσ S1 S2

Lower Bound 62.97 (15.72) 65.85 (16.03)
α3 = 0 65.74 (16.59 ) 67.33 (16.34)
α3 = 0.1 66.26 (17.05) 68.27 (17.23)

(b) Lσ in L: α1 = α2 = 1, ε = 0.05.

Table 9.6: Ablation Studies: Average (std across subjects in brackets) clas-
sification accuracy for the motor imagery task (higher is better). We con-
sidered the KU dataset with scenario 10-fold CV (sessions S1 and S2).

9.4 Discussions

Motivated by widespread applications of covariance-based data in uni- and mul-
timodal neuroimaging, we capture the correlation consistency of paired views on
SPD manifolds using a novel measure called geodesic correlation. geodesic corre-
lation is a generalized concept of correlation for SPD manifold-valued data. It is
well suited for geometric deep learning with SPD manifold-valued data compared
to conventional and Riemannian correlations.

To maximize geodesic correlation in a latent space between paired views of SPD
manifold-valued data, we propose a novel loss function using the relaxed geodesic
constraints and present a novel geometric deep learning framework, referred to as
DeepGeoCCA. DeepGeoCCA is more generally applicable than previous classical
non-deep learning approaches because, in a general sense, deep learning is capable
of handling larger datasets with intricate high-dimensional data distributions or
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aligning latent representations of neural data collected from a diverse population.
Unlike conventional deep learning, our framework respects the geometric structure
of the SPD manifold-valued data. In simulations and experiments with EEG and
fMRI data, we found that DeepGeoCCA can learn representations whose dynamics
generalize favorably to held-out data while preserving task-relevant information.

In Table 9.7, we analyze the similarities and differences between several related
variants of the CCA method and our proposed method from three perspectives,
including:

• Nonlinear Projection: Projections on the nonlinear subspace or not.

• Eigendecomposition: Utilizing the eigendecomposition method or not, i.e.,
eigendecomposition for Frobenius Norm function

∥∥∥∑−1/2
11

∑
12

∑−1/2
22

∥∥∥
F

.

• Neural Networks-Based Approach: the neural networks-based approach or
not.

• Geometry: SPD matrix-valued outputs or not.

Table 9.7: Comparisons between different CCAs.

Methodology Nonlinear Projection Eigendecomposition Neural Networks Geometry

CCA × ✓ × ×
DeepCCA ✓ ✓ ✓ ×
RieCCA ✓ ✓ × ✓
DeepGeoCCA ✓ × ✓ ✓

We view this work as a proof-of-concept demonstrating that geometric deep learn-
ing can effectively extract meaningful representations from simultaneous EEG-
fMRI data obtained from paired observations. Although our experiments with
EEG-fMRI data were limited to a small dataset featuring well-known task-related
effects in either modality, this work represents the first fully data-driven SSL ap-
proach in this context. For applications beyond the tasks considered, it will be
necessary to identify relevant factors of variation to generate paired views. Nat-
urally, views associated with the same subject could be treated as paired. For
instance, our framework could facilitate the relationship between functional con-
nectomes, derived from fMRI, and anatomical connectomes, derived from diffusion
tensor imaging, to identify latent, potentially clinically relevant modes of variation
across subjects.
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Chapter 10

Conclusions

10.1 Summary and Significance

In this thesis, we present and advance innovative EEG-based motor imagery classi-
fiers, termed geometric classifiers. These classifiers utilize neural networks on SPD
manifolds to derive discriminative features from EEG spatial covariance matrices.
To address the challenges of cross-session variability, the classifiers integrate an op-
timal transport-domain adaptation framework. Furthermore, we explore cutting-
edge generative models for synthesizing EEG spatial covariance matrices, which
enhances the accuracy of the geometric classifiers. We also propose a novel method
for integrating multimodal neuroimaging data, such as simultaneous EEG-fMRI,
via a geodesic correlation approach. This multimodal fusion, implemented within
a self-supervised framework, significantly boosts the performance of the geometric
classifiers in downstream tasks.

The significance of this study lies in its shift from traditional CNN-based methods
for EEG motor imagery classification to a geometric deep learning approach. This
novel approach builds on concepts related to conventional CSP-based classifiers.
The proposed classifiers, such as Tensor-CSPNet and Graph-CSPNet, achieve per-
formance on par with leading classifiers across various public datasets, demonstrat-
ing their practical effectiveness. More importantly, the integration of Riemannian
geometry with these methods links them to modern mathematics, statistics, and
physics, providing new insights and tools for brain-computer interfacing beyond
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the deep learning paradigm. Consequently, this work bridges the gap between
artificial intelligence and applied mathematics.

10.2 Future Directions

Several practical improvements are needed along this pathway, including, but not
limited to, the following:

• Computational Limitations: The foundational architecture of this study is
currently optimized for small-scale data and a limited number of device chan-
nels. To improve computational efficiency, it is necessary to optimize these
network structures from a computational perspective.

• Scenario-Specific Adaptation: The methods proposed in this research are
generally applicable but require further optimization for specific scenarios.
These scenarios are technically more complex and involve additional engi-
neering considerations, necessitating structural modifications to the models
to better accommodate these specific environments.

• Scalability: The neural network architectures proposed in this study differ
from state-of-the-art deep learning solutions, such as large language models.
Investigating the scalability of these architectures in comparison to large
language models could be crucial for enhancing their adaptability to broader
applications.
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Appendix A

Diffusion Model

This appendix aims to provide a brief introduction to the algorithm for score-
based generative modeling. For a formal convention, we suppose we have samples
of spatial covariance matrices {Si}Ni=1 ∈ RnC×nC from an unknown distribution
pdata(S).

A.1 Score-Based Generative Modeling

In the score-based generative modeling [175, 176], the score network sθ : RnC×nC 7−→
RnC×nC is a deep neural network parametrized by θ and used to learn the score of
a probability density ∇S log p(S).

To train score network sθ, a technique called denoising score matching [221, 222]
is proposed to firstly replace pdata(S) using a Gaussian noise σ-pertubed version
pσdata(S̃), where pσdata(S̃) =

∫
pσN (S̃|S)pdata(S) dS, and the denoising objective JD(θ)

with noise level σ is then given as follows:

J σ
D(θ) := EpσN (S̃|S)pdata(S)||sθ(S̃)−∇S̃ log pσN (S̃|S)||.

Keep in mind that the noise model term∇S̃ log pσN (S̃|S) has a simple analytic form,
written ∇S̃ log pσN (S̃|S) = (S − S̃)/σ2.
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In the sampling phase, Langevin dynamics are applied to recursively generate sam-
ples using the score function sθ, as follows,

S̃t = S̃t−1 +
ϵ

2
sθ(S̃t−1) +

√
ϵZt,

where initial S̃0 ∼ π(S) (prior distribution) and fixed step size ϵ > 0 are given, and
Zt ∈ N (0, I).

A.2 Diffusing Samples through Stochastic Diffu-
sion Equations

The integration of score-based generative modeling with diffusion probabilistic
modeling has provided a unified framework for capturing the evolution of a contin-
uum of distributions over time t through Stochastic Diffusion Equations (SDEs) [177].

Formally, an SDE is of the form by:

dSt = f(St, t) dt+ g(St, t) dWt,

where f(s, t) and g(s, t) are drift coefficient and diffusion coefficient, respectively.
Wt is a standard Wiener process or Brownian motion. If the noise coefficient
vanishes, the above SDE becomes an ordinary differential equation dSt = f(St, t)dt.

The objective of score-based generative modeling is to construct a diffusion process
{St ∈ RnC×nC}t∈[0,T ], with t being a continuous time variable in the interval [0, T ],
such that S0 ∼ p0(S) and ST ∼ pT (S), where p0 (i.e., pdata in Section A.1) represents
the data distribution and pT is the prior distribution. Under the assumption that
the diffusion coefficient is independent of the state variable St, the score-based
generative modeling involves the following Itô SDE:

dSt = f(Xt, t) dt+ g(t) dWt,

where f(· , t) : RnC×nC 7−→ RnC×nC and g(t) ∈ R, and Wt ∈ RnC×nC is a Wiener
process.



Appendix A. Diffusion Model 165

To generate samples, the score-based generative modeling follows a time-reversal
diffusion process by starting from samples of ST ∼ pT (S) and reversing the process
to obtain a sample S0 ∼ p0(S). This time-reversal diffusion process is implemented
using the following steps:

dSt =
(
f(St, t)− g(t)2∇S log pt(St)

)
dt+ g(t) dW̄t,

where pt is the marginal distribution of St, and W̄t is a standard Wiener process
in the reverse-time direction. Marginal distribution ∇S log pt(S) for all time t is
usually unknown.

The approach to achieve ∇S log pt(S) is the above denoising score matching in Sec-
tion A.1 utilizing a time-dependent neural network sθ(S, t) to estimate ∇S log pt(S)
by squeezing the loss JD

(
θ;λ
)
, as follows,

∫ T

0

Ep0t(St|S0)×p0(S0)λ(t)||sθ(St, t)−∇S̃ log p0t(St|S0)|| dt,

where p0t(St|S0) is the transition distribution from S0 to St, and λ : [0, T ]→ R>0 is
a positive weighting function. Therefore, by deriving the reverse diffusion process
and sampling from p0 according to the reverse-time SDE, we can obtain samples
of S0 ∼ p0(S) from the samples of ST ∼ pT (S).





Appendix B

Canonical Correlation Analysis

We will briefly introduce canonical correlation analysis [187], a deep learning-based
canonical correlation analysis extension [201], and a generalized canonical correla-
tion analysis method on general Riemannian manifolds [193].

Canonical correlation analysis (CCA) is a statistical method that identifies links
between variable sets from different modalities [187]. Applications of CCA to neu-
roimaging data have been widely utilized in contemporary cognitive neuroscience;
please refer to [223] for further details.

B.1 Canonical Correlation Analysis

Let two paired matrices of data distributions be X ∈ RN×p and X̄ ∈ RN×q, where
N represents the number of observations, while p and q denote the dimensions of
two variables, respectively. Paired means that each ith row in both X and X̄ are
coupled (e.g., recorded at the same time). We assume the columns in X and X̄

are zero-mean.

CCA aims to find two linear transformations, denoted as w ∈ Rp and w̄ ∈ Rq, in
such a way that the cosine of the angle Θ between the projected vectors z† and z̄†

onto the unit ball is maximized, as described below,

cosΘ := max
z†,z̄†∈RN

〈 z†, z̄† 〉,

167



168 B.2. Deep Canonical Correlation Analysis

where z† := (Xw)/ ‖Xw‖ ∈ RN , and z̄† := (X̄w̄)/
∥∥X̄w̄∥∥ ∈ RN .

B.2 Deep Canonical Correlation Analysis

Deep canonical correlation analysis (DeepCCA) employs neural networks to learn
latent representations with the goal maximize the CCA objective between latent
representations of two modalities, as follows,

max
θ,θ̄

corr
(
φ(x; θ), φ̄(x̄; θ̄)

)
,

where φ(· ; θ) and φ̄(· ; θ̄) are neural networks with parameters θ and θ̄, respec-
tively.

Inspired by CCA, DeepCCA is proposed to compute and maximize the following
matrix multiplication term in the loss function:

L :=

∥∥∥∥∥∑
φφ

−1/2∑
φφ̄

∑
φ̄φ̄

−1/2

∥∥∥∥∥
F

,

where
∑

φφ and
∑

φ̄φ̄ represent within-modality covariances of latent representa-
tion, and

∑
φφ̄ represents cross-modality covariance of latent representations. Their

preprocessing procedure includes centering and regularization.

B.3 Riemannian Canonical Correlation Analysis

Given a set of paired manifold-valued data {xi}Ni=1 and {x̄i}Ni=1 ∈ (M, g), Rieman-
nian canonical correlation analysis (RieCCA) seeks to maximize the Riemannian
correlation defined as follows,

cosΘ := 〈z/ ‖z‖ , z̄/ ‖z̄‖〉ℓ2 ,

where z and x̄ are the logrithm of orthogonal projections of {xi}Ni=1 and {x̄i}Ni=1

onto two geodesic submanifolds expµx
(Ux), expµx̄

(Ūx̄) ⊂M, respectively.
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Each coordinate of z and z̄ are zi :=
∥∥∥logµx

(x†i )
∥∥∥
µx

and z̄i :=
∥∥∥logµx̄

(x̄†i )
∥∥∥
µx̄

, respec-
tively, and open neighborhoods Ux ⊂ TµxM and Ūx̄ ⊂ Tµx̄M are linearly combined
by tangent vectors at Fréchet means µx and µx̄, respectively.

In particular, orthogonal projections on the geodesic submanifolds are defined as
follows

x†i := min
x∈M

d2g(xi, expµx
(Ux)), and x̄†i := min

x̄∈M
d2g(x̄i, expµx̄

(Ūx̄)),

for all i ∈ {1, ..., N}.
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