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Abstract6

The paper proposes a cross-validated linear shrinkage estimation for population covariance matrices. Moreover we
also propose a novel weighted estimator based on the thresholding and shrinkage methods for high dimensional
datasets. It is applicable to a wider scope of different structures of covariance matrices. Some theoretical results
about the cross-validated shrinkage method and weighted covariance estimation methods are also developed. The
finite-sample performance of the proposed methods is illustrated through extensive simulations and real data analysis.
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1. Introduction9

Estimation of the covariance matrix or its inverse plays a significant role in multivariate statistical analysis. There10

exists numerous literature investigating such a problem. It is well known that the sample covariance matrix is a11

consistent estimator of the population covariance matrix when the dimension p is fixed. However, the dimension12

of data in an era of big data increases rapidly among many areas, including gene data, e.g., Rothman et al. [14],13

economy data, e.g., Xue et al. [21], Fan et al. [8] and climate data, e.g., Bickel and Levina [2], etc. In those cases, the14

convention methods based on the low dimension setting are no longer applicable, especially when p is much larger15

than the sample size n. There are two main approaches in finding a proper covariance matrix estimation in the high16

dimensional setting.17

The first approach is the shrinkage method pioneered by Ledoit and Wolf [10] without assuming a particular18

structure for the population covariance matrices. There are a series of methods proposed since their paper. The19

linear shrinkage method proposed by Ledoit and Wolf [10] is to find an optimal trade-off between the identity matrix20

I and the sample covariance matrix S n so that the expected quadratic loss between their linear combination and21

the population covariance matrix is minimum. Moreover, using random matrix theory, Ledoit and Wolf ([11, 12])22

proposed a class of rotation-equivariant covariance estimator. This class of estimators was motivated by the idea in23

Stein [15], i.e., pulling up the small eigenvalues of the sample covariance matrix and pulling down the large ones by24

an amount that is determined individually for each eigenvalue. Fisher and Sun [9] developed an improved Stein-type25

shrinkage estimators for the high-dimensional multivariate normal covariance. One can see more extensions in Ledoit26

and Wolf [13], Wang et al. [19], etc.27

The second approach is to propose tailored estimators for the population covariance matrices with some special28

structures. Among others, Bickel and Levina [1] and Wu and Pourahmadi [20] proposed the regularized estimation29

for either banding or tapering covariance matrices. Bickel and Levina [2] and El Karoui [7] further proposed the hard30

thresholding estimation for sparse covariance matrices. Based on the seminal work of Bickel and Levina [2], Rothman31

et al. [14] consider thresholding estimation with some general thresholding functions. Cai and Liu [4] constructed an32
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adaptive thresholding estimator within a less restrictive set for sparse covariance matrices. For easier presentation, we33

refer to these two kinds of methods as shrinkage and thresholding methods, respectively.34

Both types of methods have pros and cons. Theoretically, the thresholding method only keeps the large covari-35

ances and omits the small ones, so that the variation of the covariance estimates can be reduced. the corresponding36

consistency in terms of the spectral norm (L2) and the entry-wise maximum norm (L∞) can be established. While,37

for the shrinkage method, it is applicable for more general settings. For example, the linear shrinkage method aims38

to find an optimal tradeoff between bias and variance. In this case, its consistency in terms of L∞ norm is hard to39

achieve. From our simulation results, we also observe that when the sparsity is strong enough (one may see Σ2 defined40

in the section of the simulation studies), the thresholding estimators proposed by Rothman et al. [14] and Cai and Liu41

[4] perform much better than the shrinkage estimators. However, without any special structures, as in Table 4 below42

shows, both linear (Lediot and Wolf [10]) and nonlinear (Lediot and Wolf ([11, 12])) shrinkage estimators outperform43

the thresholding based estimators. However, which type of method is preferred when the underlying covariance ma-44

trices have some weak structure such as Σ = Σ1 + Σ2, where Σ1 has strong sparsity and Σ2 does not have any special45

structure? Is there an alternative method that can be applied in such a case?46

The main contribution of this article is to propose a cross-validated linear shrinkage estimation for population47

covariance matrices and a new weighted estimator based on the thresholding and shrinkage methods such that it is48

applicable in a wider area. Furthermore, we propose a cross-validated linear shrinkage estimation. Our proposed linear49

shrinkage method performs better than some other shrinkage methods in many cases and enjoys fast computation50

time than nonlinear shrinkage method. In addition, we also propose an implementable algorithm in finding such an51

estimator by cross validation.52

The rest of the article is organized as follows. Section 2 provides the methodology and the implementable algo-53

rithm. Section 3 introduces the theoretical properties of proposed estimators. Simulation results and real data analysis54

are illustrated in Section 4. We relegate all the proof details to the Appendix.55

2. Methodolgy56

Before introducing the main results, we first introduce some basic notations for easier description. Let X1, . . . , Xn ∈57

Rp be i.i.d. random vectors with mean 0 and covariance matrix Σ, X = (X1, . . . , Xn)⊤ ∈ Rn×p be the corresponding data58

matrix, and S n = X⊤X/n = (si j) be the sample covariance matrix. Let D = (σii) = diag(Σ) and Dn = (sii) = diag(S n),59

where σii and sii are the i-th diagonal entry of Σ and S n, respectively. Denote the population correlation matrix and60

the sample correlation matrix respectively by61

RΣ = (ri j) = D−1/2ΣD−1/2, RΣn = (rn,i j) = D−1/2
n S nD−1/2

n .

Define s0 = max1≤i≤p
󰁓p

j=1 I(σi j 󲧰 0) and sR = max1≤i≤p
󰁓p

j=1 I(ri j 󲧰 0) to be the maximum number of nonzero62

elements on each row of the population covariance matrix and the correlation matrix, respectively.63

Moreover, for any A1, A2 ∈ Rp×p, 󰀂A1󰀂F , 󰀂A1󰀂2 and 〈A1, A2〉 = tr(A1A⊤2 ), are the Frobenius norm, the spectral64

norm and the inner product of matrices, respectively. Use I to denote the identity matrix with different dimension in65

different situations. We also set T = {(i, j)|σi j 󲧰 0, i 󲧰 j}. Note that under Condition (C3) below T is also the same66

as {(i, j)|ri j 󲧰 0, i 󲧰 j}, and s0 and sR are the same.67

2.1. Cross-validated linear shrinkage68

This section is to propose a cross-validated based linear shrinkage method. Unlike Ledoit and Wolf [10] we would69

like to propose the shrinkage target to be a diagonal matrix Dn, which consists of the respective variances of the entries70

of the population vector instead of the identity matrix as in Touloumis [16].71

Thus, we aim at finding an optimal trade-off between Dn and S n (recall the definition of Dn in section 2). More72

explicitly we consider the following linear shrinkage strategy:73

arg min
0<τ<1−ε′

E[󰀂(1 − τ)Dn + τS n − Σ󰀂2F],

where ε′ is a small positive constant. In our simulation studies, we take ε′ = 0.05. From Proposition 1 in Appendix,74

the above optimization problem is equivalent to75

arg min
0<τ<1−ε′

E[󰀂τS n,off − Σoff󰀂2F], (1)
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where Aoff represents the matrix of A with the diagonal entries removed. Rewriting (1), it becomes76

arg min
0<τ<1−ε′

󰁛

i󲧰 j

E(σi j − τsi j)2. (2)

Solving it yields the oracle estimator of τ,77

τo =

󰁓
i󲧰 j
σi jEsi j

󰁓
i󲧰 j

Es2
i j

=

󰁓
(i, j)∈T

σi jEsi j

󰁓
i󲧰 j

Es2
i j

. (3)

Hence, the oracle estimator of Σ is given as78

Σo
sh = Dn + τ

oS n,off. (4)

We use the idea of cross validation to estimate τo. Denote the set X1, . . . , Xn as U1, . . . ,Un1 ,V1, . . . ,Vn2 , where79

n1 + n2 = n, n1 = [cn], n2 = n − n1 and 0 < c < 1 is a constant. We set c = 0.6, and one can also find c by80

cross validation. Let S (1)
n = (s(1)

i j ) =
󰁓n1

k=1 UkU⊤k /n1 and S (2)
n = (s(2)

i j ) =
󰁓n2

k=1 VkV⊤k /n2. We propose the following81

optimization problem:82

τ̂ = arg min
󰁛

i󲧰 j

(s(2)
i j − τs

(1)
i j )2. (5)

Thus, if τ̂ ≤ 0, then τ̂e = 0, and if τ̂ ≥ 1 − ε′, then τ̂e = 1 − ε′, else83

τ̂e =

󰁓
(i, j)∈T

s(2)
i j s(1)

i j

󰁓
i󲧰 j

(s(1)
i j )2

, (6)

and84

󰁥Σe
sh = Dn + τ̂

eS n,off, (7)

where the set T is easy to be estimated by the thresholding method. Indeed, from the proof of the Theorem 2 in85

Rothman et al. (2009) one can see that the setT can be detected with probability 1 under the condition
√

n(τ−λ)→ ∞,86

where |σi j| > τ for all i, j and λ = O(
󰁳

log p/n). Our Condition C3 also ensures this condition. This condition does87

not require the signal to be strong and it could tend to zero with a slow convergence rate.88

In order to make the empirical estimator more precisely, we also give an improved estimator of τo by permuting89

the data X. To be specific, let Xm := (U⊤m ,V
⊤
m ), where U⊤m := (Um

1,1, . . . ,U
m
1,n1

) is obtained by randomly sampling90

without replacement n1 column from original X⊤ and V⊤m is the remaining n2 columns from X⊤, and hence denote the91

corresponding sample covariance matrix by S (1)
n,m = (s(1)

i j,m) and S (2)
n,m = (s(2)

i j,m), respectively. Define92

˜̂τe
sh =

1
M

M󰁛

m=1

󰁓
(i, j)∈T

s(2)
i j,ms(1)

i j,m

󰁓
i󲧰 j

(s(1)
i j,m)2

:=
1
M

M󰁛

m=1

τ̂e
m (8)

as the average over M different resamples. In our simulation studies, we take M = 50. Also, we have the empirical93

estimator of Σ,94

Σ̃e
sh = Dn + ˜̂τe

shS n,off. (9)

Compared with the linear shrinkage method (Ledoit and Wolf [10] ), nonlinear shrinkage (Ledoit and Wolf [11]) and95

the method proposed in Touloumis [16], our proposed estimator (9) performs much better. One can see more in Table96

3 below.97
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2.2. Weighted method98

This section is to propose a new weighted method based on both the shrinkage and thresholding methods to99

estimate the population covariance matrices.100

We first consider the population correlation matrix as in Cai and Liu [4] and Cui et al. [3]. To this end, define the101

set of correlation matrices102

U∗R(c(p), q) =

󰀻󰁁󰁁󰁁󰀿
󰁁󰁁󰁁󰀽

RΣ : RΣ ≻ 0,max
i

p󰁛

j=1

|ri j|q ≤ c(p)

󰀼󰁁󰁁󰁁󰁀
󰁁󰁁󰁁󰀾
, (10)

for 0 ≤ q < 1. It is easy to see thatU∗R(c(p), q) covers the sets proposed by Rothman et al. [14] and Cai and Liu [4].103

One may use the thresholding methods if a population correlation matrix belongs to the setU∗R(c(p), q).104

The idea behind our weighted method is as follows. Write105

RΣ = ρRΣ + (1 − ρ)RΣ, (11)

where 0 < ρ < 1. We hope to find an appropriate ρ such that ρRΣ ∈ U∗R(c(p), q) even if a population correlation matrix106

RΣ does not belong toU∗R(c(p), q) for a given c(p) and q. In this manner, once ρ is found out we can estimate ρRΣ and107

(1 − ρ)RΣ by the thresholding based method and the shrinkage based method, respectively.108

To this end, in practice, one has to find a consistent estimator of maxi
󰁓p

j=1 |ri j|q to decide whether a population cor-109

relation matrix RΣ or ρRΣ belongs to the setU∗R(c(p), q). Two natural estimators of maxi
󰁓p

j=1 |ri j|q are maxi
󰁓p

j=1 |rn,i j|q110

and maxi
󰁓p

j=1 |sλ(rn,i j)|q, the corresponding sample estimator and the thresholding version of the sample estimator,111

respectively. Here the thresholding function sλ : R → R satisfies three conditions |sλ(z)| ≤ |z|; sλ(z) = 0 for |z| ≤ λ112

and |sλ(z) − z| ≤ λ for all z ∈ R (one may see Rothman et al. [14]).113

We conduct simulations to investigate the performance of these two estimators, which turn out bad estimators. To
this end, we consider estimation of two (near) sparsity models RΣ = (ri j) with ri j = 0.7|i− j| or ri j = (1 − |i− j|

5 )+ when
(p, n) = (100, 100), both of which belong toU∗R(c(p), q) and can use the thresholding method. Table 1 below displays
the estimated errors of these two estimators, i.e.,

󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏
max

i

p󰁛

j=1

|ri j|q −max
i

p󰁛

j=1

|rn,i j|q
󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏

and 󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏
max

i

p󰁛

j=1

|ri j|q −max
i

p󰁛

j=1

|sλ(rn,i j)|q
󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏
.

From Table 1, we see that for different 0 < q < 1, all the estimated values are not precise enough, especially for small114

q. Moreover, the selection of q is also difficult to determine in practice.

Table 1: The estimated errors for different q

q 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
1 ri j = 0.7|i− j| 70.65 55.27 43.56 34.76 28.02 22.80 18.73 15.54 13.07

ri j = (1 − |i− j|
5 )+ 33.22 37.38 34.33 29.85 25.52 21.74 18.57 15.94 13.78

2 ri j = 0.7|i− j| 9.67 6.51 4.37 4.58 4.11 3.49 2.92 2.43 2.09
ri j = (1 − |i− j|

5 )+ 22.69 16.08 11.34 7.92 5.44 3.80 2.77 2.18 2.03

115

We have seen that these two estimators are not precise although using the thresholding estimator may not increase116

the order of c(p) when c(p) is replaced with (c(p) + 2.03) if q = 0.9 is used from Table 1. We next see whether these117

two estimators can help select an appropriate ρ so that ρRΣ ∈ U∗R(c(p), q). Recall that Rothman et al. [14] obtained118

the convergence rate 󰀂sλ(Σn) − Σ󰀂2 = OP

󰀓
c(p)
󰀃 log p

n
󰀄 1−q

2
󰀔
. We set below119

c(p) = C
󰀣

n
log p

󰀤 1−q
2 −󰂃
, (12)
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for 0 ≤ q < 1, where C > 0 is a constant and 0 < 󰂃 < 1−q
2 is an arbitrarily small value. This c(p) is used throughout120

the paper. Define121

ρ̄ =

󰀳
󰁅󰁅󰁅󰁅󰁅󰁃

c(p)
maxi

󰁓p
j=1 |ri j|q

󰀴
󰁆󰁆󰁆󰁆󰁆󰁄

1
q

. (13)

One should note that ρ̄ is the maximum value of ρ which belongs to 0 ≤ ρ ≤ 1 such that ρRΣ ∈ U∗R(c(p), q). We still122

use maxi
󰁓p

j=1 |rn,i j|q and maxi
󰁓p

j=1 |sλ(rn,i j)|q to estimate maxi
󰁓p

j=1 |ri j|q so that we are able to obtain the estimators123

of ρ̄ via (13), denoted by ρ1 and ρ2, respectively. Use the same setting as in the example in Table 1. Ideally, ρ1 and ρ2124

should be close to one in view of (11) and the (near) sparsity structures of two population covariance matrices used.125

However, from Table 2 one can see that the estimator ρ1 is still close to 0, and ρ2 performs slightly better than ρ1, but126

still far from one. This indicates the above two estimators fail in selecting an appropriate an appropriate ρ.127

Table 2: The estimator of ρ.

q 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
ρ1 ri j = 0.7|i− j| 0 0 0 0 0.01 0.03 0.05 0.07 0.09

ri j = (1 − |i− j|
5 )+ 0 0 0 0 0.01 0.03 0.05 0.06 0.09

ρ2 ri j = 0.7|i− j| 0 0 0.04 0.09 0.14 0.19 0.23 0.27 0.29
ri j = (1 − |i− j|

5 )+ 0 0 0 0.03 0.07 0.13 0.18 0.23 0.26
ρ3 ri j = 0.7|i− j| 0.93 0.93 0.93 0.93 0.93 0.93 0.93 0.93 0.93

ri j = (1 − |i− j|
5 )+ 0.87 0.87 0.87 0.87 0.87 0.87 0.87 0.87 0.87

Based on these observations, we see that it may be hard to estimate such a ρ directly. To avoid the estimation128

of maxi
󰁓p

j=1 |ri j|q, we construct a “bridge function” g(s), which depends on sR, the maximum of the numbers of the129

nonzero elements in each row of RΣ such that130

max
i
ρq

p󰁛

j=1

|ri j|q ≤ ρq · g(sR). (14)

We treat ρq · g(sR) as the term c(p) involved inU∗R(c(p), q). Thus, we set

ρ =

󰀣
c(p)
g(sR)

󰀤 1
q

,

where g(sR) > c(p). In Table 2, we denote the estimator of ρ̄ through “bridge” function by ρ3, and we see that it131

performs much better than estimating
󰁓p

j=1 |ri j|q directly. To obtain ρ3 in practice, one can refer to (25) or (27) below.132

Ideally, we hope to find an optimal ρ to minimize133

E󰀂RΣ − ρ󰁥RΣ1 − (1 − ρ)󰁥RΣ2󰀂2F , (15)

where 󰁥RΣ1 and 󰁥RΣ2 are the estimator of RΣ obtained by the thresholding method and new proposed linear shrinkage134

method, respectively.135

2.3. Estimation of the weighted method136

Let L(sR) =
󰀃 c(p)

g(sR)
󰀄 1

q . In view of (15) we propose the following optimization problem to obtain the corresponding137

oracle estimator of g(s):138

go(sR) = arg min
g

E
󰀐󰀐󰀐󰀐RΣ − L(sR)󰁥RΣ1 −

󰁫
1 − L(sR)

󰁬
󰁥RΣ2
󰀐󰀐󰀐󰀐

2

F

subject to g(sR) ≥ c(p), (16)
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where 󰁥RΣ1 = (r1,i j) is a thresholding based estimator of the correlation matrix and the shrinkage estimator139

󰁥RΣ2 = D−
1
2

n 󰁥Σe
shD−

1
2

n (17)

with󰁥Σe
sh is given in (7). For definiteness, we use the soft thresholding method, i.e.,140

r1,i j = sλ(rn,i j) = sign(rn,i j)(|rn,i j| − λ)+, (18)

where λ = O(
󰁳

(log p)/n). Other methods can be similarly discussed. (16) is equivalent with141

Lo(sR) = arg min
0≤L(sR)<1

E󰀂RΣ − 󰁥RΣ2 − L(sR) · (󰁥RΣ1 − 󰁥RΣ2 )󰀂2F . (19)

Solving (19) yields,142

Lo(sR) =
E〈RΣ − 󰁥RΣ2 ,󰁥RΣ1 − 󰁥RΣ2〉

E󰀂󰁥RΣ1 − 󰁥RΣ2󰀂2F
. (20)

Recalling (11), we can set the oracle estimator of ρ to be143

ρo(sR) =
󰀫

1 if sR ≤ c(p),
Lo(sR) else, (21)

so that the oracle estimator of Σ is defined as144

󰁥Σo
w = ρ

o(sR)D1/2
n
󰁥RΣ1 D1/2

n + (1 − ρo(sR))󰁥Σe
sh. (22)

Remark 1. For any population correlation matrices R, we denote its thresholding estimator and new shrinkage145

estimator by 󰁥R1 and 󰁥R2, respectively. It is easy to see ρ󰁥R2 is still the unique shrinkage estimator of ρR once ρ is given.146

While, for the thresholding estimator, ρ󰁥R1 = sρλ(ρR), may not be the optimal one. This is because the threshold ρλ147

may be slightly different. Thus, we also consider the following optimization problem148

(ρo,󰁥Ro
1) = arg min

ρ, R1
󰀂R − ρ󰁥R2 − R1󰀂2F + λ󰀂R1󰀂1,

which is able to select the threshold automatically. By plenty of simulations, we find that it performs worse than (19)149

in practice.150

We next proceed to find an estimator of ρo. Motivated by the idea of cross validation we propose the following151

approach to estimate it. Denote X1, . . . , Xn by U1, . . . ,Un1 ,V1, . . . ,Vn2 , where n1 + n2 = n, U and V have no overlap.152

Use R(1)
n = (r(1)

i j ) and R(2)
n = (r(2)

i j ) to denote the corresponding sample correlation matrix according to U and V , respec-153

tively. Based on the subset U, we construct estimators of RΣ by the thresholding method and the new proposed linear154

shrinkage method, and denoted by 󰁥RΣ(1)

1 and 󰁥RΣ(1)

2 , respectively. Thus, we propose following optimization problem:155

󰁥Le = arg min
L
󰀂R(2)

n − 󰁥RΣ
(1)

2 − L(󰁥RΣ(1)

1 − 󰁥RΣ(1)

2 )󰀂2F , (23)

and solve it to yield156

󰁥Le =
E〈R(2)

n − 󰁥RΣ
(1)

2 ,
󰁥RΣ(1)

1 − 󰁥RΣ(1)

2 〉
E󰀂󰁥RΣ(1)

1 − 󰁥RΣ(1)

2 󰀂2F
. (24)

It follows that157

ρ̂e(ŝ) =
󰀫

1 if ŝ ≤ c(p),
󰁥Le else,

(25)

where ŝ = max1≤i≤p
󰁓p

j=1 I(sλ(rn,i j) 󲧰 0) and sλ(·) is defined in (18). One can see more from Rothman et al. [14]. It is158

easy to see that equations (23)-(25) are the empirical versions corresponding to equations (19)-(21). Thus,159

󰁥Σe
w = ρ̂

e(ŝ)D
1
2
n󰁥RΣ1 D

1
2
n + (1 − ρ̂e(ŝ))󰁥Σe

sh, (26)
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where 󰁥RΣ1 and󰁥Σe
sh are given in (18) and (7), respectively. Moreover we can improve the estimator of Lo(sR) by taking160

an average of the M resamples. Let161

L̃e =
1
M

M󰁛

l=1

󰁥Le
l , (27)

where 󰁥Le
l is obtained from (23) the lth resamples, and hence ρ̃e(s) is obtained. The corresponding average version of162

󰁥Σe
w is given as163

󰁨Σe
w = ρ̃

e(ŝ)D
1
2
n󰁥RΣ1 D

1
2
n + (1 − ρ̃e(ŝ))󰁨Σe

sh, (28)

where 󰁥RΣ1 and 󰁨Σe
sh are obtained from whole samples defined as in (18) and (9) below and ŝ has the same definition as164

in (25). In the simulation, we usually take n1 = [0.6n]. One can also select the split location, n1, by the following165

criterion:166

h(n1) =

󰀐󰀐󰀐󰀐󰀐󰀐
1
M

M󰁛

l=1

󰀣
R(2)

n,l − 󰁥R
Σ(1)

2,l − L(󰁥RΣ(1)

1,l − 󰁥RΣ
(1)

2,l )
󰀤󰀐󰀐󰀐󰀐󰀐󰀐

2

F

, (29)

where 󰁥RΣ(1)

1,l and 󰁥RΣ(1)

2,l are the estimators by the thresholding method and the new proposed linear shrinkage estimator167

below according to n1 samples in the l-th trial, respectively, and R(2)
n,l is the sample covariance matrix of the remaining168

n2 = n − n1 samples in the l-th trail. We suggest to select n1 over (0.4n, 0.5n, 0.6n, 0.7n, 0.8n).169

2.4. Implementable algorithm170

This part is to propose an implementable algorithm for the weighted approach. Since we want to obtain (28), we171

conduct M = 50 permutations. For simplicity, in the l-th permutation, we denote {X1, . . . , Xn} by P and randomly172

choose subsets P1 = {X(l)
1 , . . . , X

(l)
n1 }, P2 = {X(l)

n1+1, . . . , X
(l)
n } from P, where P1 ∪ P2 = P and n1 = 0.6n.173

Algorithm174

1. By the method proposed by Rothman et al. [14], the estimators of T and s0 can be obtained, denoted by 󰁥T and175

ŝ. If ŝ < c(p), let ρ̃e = 1 and plug it into (28), where c(p) = C(n/(log p))(1−q)/2−󰂃 as in (12). In practice, we set176

C = 2, q = 0.1 and 󰂃 = 0.05.177

2. According to (9) and (18), we can have the corresponding ˜̂τe
sh, Σ̃e

sh and 󰁥RΣ1 from whole samples {X1, . . . , Xn}.178

For l-th iteration:179

3. Let S (1)
n,l be the sample covariance matrix based on P1, and 󰁨Σe

2,l = D(1)
n,l +

˜̂τe
shS (1)

n,l,off, where D(1)
n,l and S (1)

n,l,off is180

the diagonal and the off-diagonal matrix of S (1)
n,l respectively. Hence, 󰁥RΣ(1)

2,l = (D(1)
n,l )
−1/2󰁨Σe

2,l(D
(1)
n,l )
−1/2 is obtained.181

Also, Let R(1)
n,l = (D(1)

n,l )
−1/2S (1)

n,l (D
(1)
n,l )
−1/2 and 󰁥RΣ(1)

1,l = sλ(R
(1)
n,l ), where sλ(·) is the soft thresholding function defined182

in (18).183

4. Let S (2)
n,l be the sample covariance matrix based on P2, and denote the corresponding sample correlation matrix184

by R(2)
n,l . Solving 󰁥Le

l = arg minL 󰀂R(2)
n,l − 󰁥RΣ

(1)

2,l − L(󰁥RΣ(1)

1,l − 󰁥RΣ
(1)

2,l )󰀂2F , so that ρ̂e
l can be obtained as in (25).185

5. We repeat Step 3 to Step 4 for M = 50 permutations, so that ρ̃e = 1
M
󰁓M

l=1 ρ̂
e
l . Hence, the estimator of the186

population covariance matrix 󰁨Σe
w is given as in (28).187

Remark 2. One can also use adaptive threshold method in Step 3 to obtain the corresponding estimator. From188

the above algorithm, we see that the estimators ŝ, 󰁥RΣ1 , 󰁥RΣ2 , ˜̂τe
sh and ρ̃e is obtained separately. Thus, it is fast when189

implemented this algorithm.190

Remark 3. Since we mainly focus on the covariance matrices estimation we have not mentioned the inverse corre-191

lation matrices estimation in the subsequent parts. But we think the weighted method can be also applicable to the192

inverse correlation matrices estimation. This is because Ledoit and Wolf [10] and Ledoit and Wolf [11] proposed the193

shrinkage method to estimate the inverse correlation matrices, which do not depend on any special structures. On the194

other hand, Cai et al. [5] proposed a kind of CLIME estimator for the inverse correlation matrices that depend on195

some special structures. Thus one can also propose a corresponding method to do the inverse correlation matrices196

estimation by the weighted idea.197
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3. Theoretical Properties198

This section is to consider the asymptotic properties of the new proposed shrinkage estimator and the weighted199

estimator defined in (7) and (26), respectively. Throughout the paper, for two sequence of real numbers {an} and200

{bn}, we write an = O(bn) if there exists a positive constant C such that |an| ≤ C|bn| holds for all sufficiently large n,201

an = o(bn) if limn→∞ an/bn = 0, an = Ω(bn) if there exists a constant c such that c|bn| ≤ |an| holds for all sufficiently202

large n and an ≍ bn if there exists a positive constant c and C such that c|bn| ≤ |an| ≤ C|bn| holds for all sufficiently203

large n. Also, the subscript P in above notation means the corresponding conclusion hold with high probability, i.e.,204

with probability 1 − o(1) hold.205

We first specify some necessary conditions for further analysis: For Xi = (Xi1, . . . , Xip)⊤ define Yi j = Xi j/
󰁳

var(Xi j).206

Conditions207

(C1) (Exponential-type tails) Suppose that there exists some η > 0 such that

E exp(tYi j) ≤ K1

for all |t| < η and i, j.208

(C2) (Polynomial-type tails) Suppose that Xi = Σ
1
2 Zi, where Zi = (zi1, . . . , zip) ∈ Rp and zi j are i.i.d random variables

with mean 0 and finite fourth moment. In addition, for some ℓ ≥ 1, there is

E|Yi j|4ℓ ≤ K1

for all i, j.209

(C3) pα ≍ n for α > 0, assume the nonzero off-diagonal entries ri j = Ω
󰀃
p−ξ
󰀄

and the maximum entry σi j = O(pζ), for210

0 < ξ < α/4, ζ ≥ 0 and 4ξ + 4ζ < α. Further, min var(XikX jk) > c > 0.211

(C4) Let |T | ≍ pγ1 , |T c| ≍ pγ2 and |T | + |T c| = p2 − p, where 0 ≤ γ2 ≤ 2 and γ1 < 2 − α − 2ξ − 2ζ or 2 ≥ γ1 >212

2− α+ 2ξ + 2ζ. Let θ1 = α− 4ξ − 2ε1 − 4ζ > 0, θ2 = α+ 2− γ1 − ε1 − 4ζ > 0 and θ′2 = α+ γ1 − γ2 − 2ξ − ε1 − 2ζ > 0213

for some small ε1 > 0.214

(C5) µ1 ≤ C, where µ1 is the largest eigenvalue of RΣ.215

Remark 4. Condition (C1) and (C2) are the moment conditions for X, which are similar to Cai and Liu [4] and Cui216

et al. [3]. We see that under the Condition (C3), T and s0 can be detected with probability tend to 1, that is217

P(T = 󰁥T ) = 1 − o(1), (30)

where 󰁥T is the set detected by the method proposed by Rothman et al. [14]. For the proof of (30), one can also refer to218

Theorem 2 in Rothman et al. [14]. Further, the constraint 4ξ+4ζ < α keeps sR = s0. Condition min var(XikX jk) > c >219

0 is also proposed in Cai and Liu [4]. From Condition (C4), we see that our proposed new linear shrinkage method220

aims at wider scope population covariance matrices. Additionally, it covers the cases of |T | = 0 and |T | = p2 − p,221

i.e., the identity and totally dense cases, respectively. Combining Condition (C3) with (C4), we see that the condition222

between p and n is much weaker than that in the shrinkage methods. Condition (C5) states that all eigenvalues of RΣ223

is bounded away from infinity.224

Set A = {T = 󰁥T }. In the following we consider all the conclusions when the event A happens (otherwise use (30)).225

We first consider convergence of the cross-validated linear shrinkage to the oracle linear shrinkage estimator.226

Theorem 1. Suppose that Conditions (C3), (C4) and (C5) hold.227

1. Under Condition (C1), τ̂e tends to τo with high probability, and

󰀂󰁥Σe
sh − Σo

sh󰀂2 = OP

󰀣
p−ε1 max

󰀣󰁵
p
n
, 1
󰀤
󰀂Σ󰀂2
󰀤
,

for some ε1 > 0, where τ̂e, τo,󰁥Σe
sh and Σo

sh are defined in (6), (3), (7) and (4), respectively.228

2. Under Condition (C2), the above conclusions still holds as long as ℓ > max{2/θ1, 2/θ2, 2/θ′2}.229
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Comparing with the condition p/n ≤ K in Ledoit and Wolf [10] or p/n → c ∈ (0,∞) as n tends to ∞ in Ledoit230

and Wolf ([11, 12]), our result is less restrictive. For the estimators defined in (8) and (9), we also have231

Corollary 1. Under conditions of Theorem 1, we have ˜̂τe tends to τo with high probability. Further, 󰀂Σ̃e
sh − Σo

sh󰀂2 =232

OP

󰀓
p−ε1 max

󰀓 󰁳
p/n, 1

󰀔
󰀂Σ󰀂2
󰀔

or some ε1 > 0, where Σ̃e
sh is given in (9).233

From Corollary 1, we see that Dn+ ˜̂τeS n,off is a proper shrinkage estimator of Σ, hence 󰁥RΣ2 = D−1/2
n (Dn+ ˜̂τeS n,off)D

−1/2
n .234

Also, by soft thresholding method, we have the estimator sλ(RΣn ), denoted as 󰁥RΣ1 . In order to obtain the results of235

weighted estimator, we propose one more condition:236

(C6) Let θ∗1 := α − 8ξ − 4ζ − 2ε1 > 0, and θ∗2 := 2 − 4ξ − γ1 − 4ζ − ε1 > 0 and θ∗
′

2 := 2 − 4ξ − γ2 − 4ζ − ε1 > 0 for237

some small ε1 > 0.238

By solving (19), we have the following theorem:239

Theorem 2. Suppose that Conditions (C3), (C5) and (C6) hold.240

1. Under Condition (C1), ρ̂e(ŝ) tends to ρo(sR) for any sR ∈ (c(p), p) with high probability. Further,

󰀂󰁥Σe
w −󰁥Σo

w󰀂2 ≤P Cp−ε1

󰀳
󰁅󰁅󰁅󰁅󰁅󰁃max

󰀻󰁁󰁁󰀿
󰁁󰁁󰀽

󰁵
sR log p

n
max(σi j),max(σi j),

󰁵
p
n
󰀂Σ󰀂2

󰀼󰁁󰁁󰁀
󰁁󰁁󰀾

󰀴
󰁆󰁆󰁆󰁆󰁆󰁄 .

Here ρ̂e(ŝ), ρo(sR),󰁥Σe
w and󰁥Σo

w are defined in (25), (21), (26), (22), respectively.241

2. Under Conditions (C2), he above conclusions still holds as long as ℓ > max{ 2
θ∗1
, 2
θ∗2
, 2
θ∗
′

2
}.242

Corollary 2. Under conditions of Theorem 2 ρ̃e still converges to ρo with high probability. Further, the bound of243

󰀂󰁨Σe
w −󰁥Σo

w󰀂2 is the same as that in Theorem 2, where 󰁨Σe
w is given in (26).244

4. Simulation studies245

This section is to investigate the finite sample performance of the proposed methods and compare with other246

existing methods in literature. We generate data X = ΓZ, where Σ = ΓΓ⊤, Z ∈ Rn×p is a random matrix consisting247

of i.i.d random variables either N(0, 1) or t20. Similar to Bickel and Levina [2], we consider p = 30, 100, 200 for248

n = 100. As discussed in Rothman et al. [14], there are many options in thresholding functions. In what follows, we249

use the soft thresholding function, i.e., sλ(z) = sign(z)(|z| − λ)+. Here, we use the universal thresholds as in Rothman250

et al. [14] (Proposed 1) and adaptive thresholds as in Cai and Liu [4] (Proposed 2) to test the performances. All the251

simulation studies are replicated for 100 times.252

4.1. Simulation design253

First, we consider the same covariance model Σ = UDU⊤ := Σ1, where D is a diagonal matrix with 20% 1, 40%254

3 and 40% 10, U is a random orthogonal matrix, as in Ledoit and Wolf [10, 11], to verify that the new proposed255

shrinkage estimator performs better than the linear and nonlinear shrinkage methods in many cases, denoted as LW1256

and LW2, respectively. In addition, we also compare our method with the method proposed in Touloumis [16] (Tou),257

which is also aim to find a trade off between S n and Dn. In Table 3, we evaluate the spectral norm of the difference258

between the estimated covariance matrix and the true one. From Table 3, one can see that the new proposed linear259

shrinkage method is competitive, and hence can be applied in the next step, i.e., the weighted estimation.260

In the next step, we also consider the model with strong sparsity, i.e., Σ = (1− |i− j|
5 )+ := Σ2, which is similar as Cui261

et al. [3]. For comparison, we also consider some other methods proposed in Bickel and Levina [2] (BL), Ledoit and262

Wolf [10] (LW1) Ledoit and Wolf [12] (LW2) and Cai and Liu [4] (CL). For each scenario, we evaluate the Spectral263

norm of the difference between the estimated covariance matrix and the true one. Table 4 illustrates the performances264

when the underlying covariance matrix enjoys strong sparsity (Σ2) and without any structure known in advance (Σ1).265

One can see that our proposed weighted covariance estimator is able to achieve the same result as the thresholding266

methods when Σ = Σ2, and performs much better than the shrinkage methods in most cases.267
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Table 3: Performance of new linear shrinkage method

p Proposed LW1 LW2 Tou Proposed LW1 LW2 Tou
N(0, 1) t20

30 5.050 5.077 4.469 8.399 4.838 5.503 5.204 8.354
100 5.682 5.957 6.291 7.763 5.767 6.578 7.635 7.613
200 5.722 5.723 5.964 6.986 6.033 6.654 8.840 6.881

Table 4: Σ = Σ1 and Σ = Σ2

p Proposed 1 Proposed 2 BL LW1 LW2 CL
Σ1, N(0, 1)

30 5.174 5.155 5.824 5.125 4.647 5.769
100 5.840 5.866 7.222 5.962 6.311 7.455
200 6.086 6.072 7.847 5.826 5.927 7.529

Σ1, t20

30 5.030 4.953 6.151 5.495 5.290 5.813
100 5.846 5.763 8.210 6.711 7.931 7.297
200 7.006 6.809 11.598 6.993 10.833 7.350

Σ2, N(0, 1)
30 0.815 0.838 0.816 0.937 0.795 0.839

100 0.919 0.973 0.917 1.100 1.183 1.005
200 1.087 1.075 1.098 1.128 1.152 1.090

Σ2, t20

30 0.785 0.787 0.796 1.021 0.939 0.787
100 0.946 0.946 0.963 1.170 1.321 0.961
200 1.056 1.017 1.108 1.246 1.854 1.060

Furthermore, in order to demonstrate the merit of the proposed weighted methods, the cases with weak sparsity268

are also taken into consideration. Specifically, we also consider the covariance model Σ = aΣ1 + bΣ2, where (a, b)269

is randomly chosen from sequence (1, 1.1, . . . , 5). Since the results for different choice of (a, b) are similar, we only270

take (a, b) = (1.4, 2.3) and (a, b) = (4.6, 1.2) in simulation results, and denote the corresponding covariance matrix by271

Σ3 and Σ4, respectively. Table 5 reports the performance of those methods as Table 1 and it indicates that it performs272

better than the remaining methods for t20 and is competitive to the shrinkage method proposed by Ledoit and Wolf273

[12] for normal disribution.274

Last but not least, as in Ledoit and Wolf [10, 11], we define Percentage Relative Improvement in Average Loss
(PRIAL):

PRIAL(󰁥Σn) = 100 ×
󰀻󰁁󰁁󰀿
󰁁󰁁󰀽1 −

E󰀂󰁥Σn − Σ󰀂2F
E󰀂S n − Σ󰀂2F

󰀼󰁁󰁁󰁀
󰁁󰁁󰀾%,

where󰁥Σn is an arbitrary estimator of Σ. For simplicity, we only consider the case of Σ = Σ4 and t20 when p/n equal to275

1/3, 3 and 10, respectively. Figures 1 - 3 display that our proposed methods perform much better than others.276

From above analysis, we see that our proposed methods is competitive in most cases, especially in the case of t-277

distributions. What’s more, comparing with the nonlinear shrinkage methods, the proposed methods are much faster.278
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Table 5: Σ = Σ3 and Σ = Σ4

p Proposed 1 Proposed 2 BL LW1 LW2 CL
Σ3, N(0, 1)

30 8.168 8.210 9.709 8.044 7.955 9.630
100 9.515 9.585 14.197 9.045 9.332 11.927
200 9.620 9.733 21.643 9.072 9.068 12.258

Σ3, t20

30 8.276 8.079 12.204 8.562 9.263 9.516
100 9.775 9.554 23.383 9.882 13.504 11.596
200 10.902 10.494 36.282 10.245 19.012 11.951

Σ4, N(0, 1)
30 23.711 24.124 31.850 23.939 22.263 27.270
100 27.305 27.349 66.225 27.448 28.955 34.791
200 26.394 26.322 103.984 26.459 27.139 35.204

Σ4, t20

30 23.808 23.191 42.767 25.493 25.292 27.288
100 27.888 27.090 94.614 30.876 37.605 34.057
200 32.893 31.698 154.365 32.149 51.812 34.355

Figure 1: PRIAL when p/n = 1/3.

Appendix283

For easier presentation, set T = {(i, j)|σi j 󲧰 0, i 󲧰 j}, T c = {(i, j)|σi j = 0, i 󲧰 j}, letD = {(i, j)|i = j}, |T |, |T c| and284

|D| be the corresponding cardinalities. We also use C to denote the positive constants, which can change from line to285

line.286

Before introducing the proof of the main theorems, we present some useful lemmas:287
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Figure 2: PRIAL when p/n = 3.

Figure 3: PRIAL when p/n = 10.
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Lemma 1. Under Conditions (C1) or (C2), we have for some constant K,

P

󰀳
󰁅󰁅󰁅󰁅󰁅󰁃max

i j
|si j − σi j| > K

󰁵
log p

n
max

i j
(σi j)

󰀴
󰁆󰁆󰁆󰁆󰁆󰁄 = o(1).

Lemma 2. Under Conditions (C1) or (C2), we have for some constant K,

P

󰀳
󰁅󰁅󰁅󰁅󰁅󰁃max

i j
|rn,i j − ri j| > K

󰁵
log p

n

󰀴
󰁆󰁆󰁆󰁆󰁆󰁄 = o(1).

The proofs of Lemmas 1-2 follow from Cui et al. [3], and we omit them.288

Lemma 3. Under Condition (C1), 󰀂S n − Σ󰀂 ≤ max(δ, δ2)󰀂Σ󰀂 with probability at least 1 − exp(−ct2), where δ =289

K
󰁳

p/n + t/
√

n, K and c are constant only depend on Xi.290

Proof. See in Vershynin [17].291

Lemma 4. Under Condition (C2), 󰀂S n − Σ󰀂2 ≤
󰁴

p
n 󰀂Σ󰀂 with high probability.292

Proof. By 󰀂S n−Σ󰀂2 ≤ 󰀂Σ󰀂 ·󰀂Σ−1/2S nΣ
−1/2− I󰀂2 and the results in Yin and Li [22] and Chen and Pan [6], the conclusion293

follows.294

Lemma 5. Under Condition (C1) or (C2) and (C3), for (i, j) ∈ T , we have |E(s2
i j)− s2

i j| = O(p−(2ξ+ε1)) with probability295

at least 1 − p−ℓ(α−4ξ−4ζ−2ε1).296

Proof. Recall Yi j = Xi j/
󰁳

var(Xi j). Write297

󰀏󰀏󰀏(s12)2 − E(s12)2
󰀏󰀏󰀏 =

󰀏󰀏󰀏󰀏󰀏󰀏󰀏

󰀳
󰁅󰁅󰁅󰁅󰁅󰁃

1
n

n󰁛

k=1

X1kX2k

󰀴
󰁆󰁆󰁆󰁆󰁆󰁄

2

− E

󰀳
󰁅󰁅󰁅󰁅󰁅󰁃

1
n

n󰁛

k=1

X1kX2k

󰀴
󰁆󰁆󰁆󰁆󰁆󰁄

2󰀏󰀏󰀏󰀏󰀏󰀏󰀏

≤ 1
n2

󰀏󰀏󰀏󰀏󰀏󰀏󰀏

󰀵
󰀹󰀹󰀹󰀹󰀹󰀷

n󰁛

k=1

(X1kX2k − EX1kX2k)

󰀶
󰀺󰀺󰀺󰀺󰀺󰀸

2

− E

󰀵
󰀹󰀹󰀹󰀹󰀹󰀷

n󰁛

k=1

(X1kX2k − EX1kX2k)

󰀶
󰀺󰀺󰀺󰀺󰀺󰀸

2󰀏󰀏󰀏󰀏󰀏󰀏󰀏

+2
1
n

󰀏󰀏󰀏󰀏󰀏󰀏󰀏

n󰁛

k=1

(X1kX2k − EX1kX2k)

󰀏󰀏󰀏󰀏󰀏󰀏󰀏
·
󰀏󰀏󰀏󰀏󰀏󰀏󰀏
1
n

n󰁛

k=1

EX1kX2k

󰀏󰀏󰀏󰀏󰀏󰀏󰀏

≤
σ2

11σ
2
22

n2

󰀏󰀏󰀏󰀏󰀏󰀏󰀏

󰀏󰀏󰀏󰀏
n󰁛

k=1

Y1kY2k − EY1kY2k

󰀏󰀏󰀏󰀏
2
− E
󰀏󰀏󰀏󰀏

n󰁛

k=1

Y1kY2k − EY1kY2k

󰀏󰀏󰀏󰀏
2
󰀏󰀏󰀏󰀏󰀏󰀏󰀏

+2
|√σ11σ22σ12|

n

󰀏󰀏󰀏󰀏
n󰁛

k=1

Y1kY2k − EY1kY2k

󰀏󰀏󰀏󰀏

≜ σ2
11σ

2
22A + 2|√σ11σ22σ12|B.

Let αk = Y1kY2k − EY1kY2k. Note that αk are independent with mean 0. For term A, by Chebyshev’s inequality and298

Rosenthal’s inequality,299

P

󰀳
󰁅󰁅󰁅󰁅󰁅󰁃
󰀏󰀏󰀏󰀏
󰀏󰀏󰀏

n󰁛

k=1

αk

󰀏󰀏󰀏2 − E
󰀏󰀏󰀏

n󰁛

k=1

αk

󰀏󰀏󰀏2
󰀏󰀏󰀏󰀏 > n2󰂃

󰀴
󰁆󰁆󰁆󰁆󰁆󰁄 ≤ C

E
󰀏󰀏󰀏󰀏

n󰁓
k=1
αk

󰀏󰀏󰀏󰀏
2ℓ

n2ℓ󰂃ℓ
≤

C
n󰁓

k=1
E
󰀏󰀏󰀏󰀏αk

󰀏󰀏󰀏󰀏
2ℓ
+C
󰀣

n󰁓
k=1

Eα2
k

󰀤ℓ

n2ℓ󰂃ℓ
= O(

1
nℓ󰂃ℓ

). (31)

Similarly, for term B, we have300

P

󰀳
󰁅󰁅󰁅󰁅󰁅󰁃
󰀏󰀏󰀏󰀏

n󰁛

k=1

αk

󰀏󰀏󰀏󰀏 > n󰂃

󰀴
󰁆󰁆󰁆󰁆󰁆󰁄 ≤

C · E
󰁫󰀏󰀏󰀏

n󰁓
k=1
αk

󰀏󰀏󰀏2ℓ
󰁬

n2ℓ󰂃2ℓ
≤

C
n󰁓

k=1
E
󰀏󰀏󰀏󰀏αk

󰀏󰀏󰀏󰀏
2ℓ
+C
󰀣

n󰁓
k=1

Eα2
k

󰀤ℓ

n2ℓ󰂃2ℓ
= O(

1
nℓ󰂃2ℓ

). (32)
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For (i, j) ∈ T , i.e., σ12 󲧰 0. Recall max(σi j) = O(pζ) in Condition (C3). We let 󰂃 = p−(2ξ+4ζ+ε1) for some small ε1 > 0
in (31). There is

P(A > 󰂃) = O(p−ℓ(α−2ξ−2ζ−ε1)).

Let 󰂃 = p−(2ξ+2ζ+ε1) for some small ε1 > 0 in (32). We have

P(B > 󰂃) = O(p−ℓ(α−4ξ−4ζ−2ε1)).

Thus, when (i, j) ∈ T , there is |E(s2
i j) − s2

i j| = O(p−(2ξ+ε1)), with probability as least 1 − p−ℓ(α−4ξ−2ε1−4ζ).301

Lemma 6. Under Condition (C1) or (C2) and (C3),302

I: for (i, j) ∈ T , we have |E(r2
n,i j) − r2

n,i j| = O(p−2ξ−ε1 ) with probability at least 1 − p−ℓ(α−4ξ−2ε1−4ζ).303

II: for (i, j) ∈ T c, we have |E(r2
n,i j) − r2

n,i j| = O(p2−α−2ξ−2ζ−γ1−ε1 ) for some small ε1 > 0 with probability at least304

1− p−ℓ(2−4ξ−ε1−4ζ−γ1), when 2− α > γ1. Similarly, for 2− α < γ1, there is |E(r2
n,i j)− r2

n,i j| = O(pγ1−2ξ−2ζ−γ2−ε1 ) for some305

small ε1 > 0 with probability at least 1 − p−ℓ(2−4ξ−ε1−4ζ−γ2).306

Proof. (I) For (i, j) ∈ T , write307

|E(r2
n,i j) − r2

n,i j| =
󰀏󰀏󰀏󰀏󰀏󰀏󰀏

s2
i j

siis j j
− E

s2
i j

siis j j

󰀏󰀏󰀏󰀏󰀏󰀏󰀏
≤
󰀏󰀏󰀏󰀏󰀏󰀏󰀏

s2
i j

siis j j
−
σ2

i j

σiiσ j j

󰀏󰀏󰀏󰀏󰀏󰀏󰀏
+

󰀏󰀏󰀏󰀏󰀏󰀏󰀏
E

󰀵
󰀹󰀹󰀹󰀹󰀹󰀷

s2
i j

siis j j
−
σ2

i j

σiiσ j j

󰀶
󰀺󰀺󰀺󰀺󰀺󰀸

󰀏󰀏󰀏󰀏󰀏󰀏󰀏
:= A + B.

By Lemma 1 and Condition (C3), there is |σiiσ j j − siis j j| ≤ C(
󰁳

log p · p−(α/2−2ζ)) with high probability. Under308

Condition (C3), we can obtain siis j j = ΩP(p−2ξ). Also, following the strategy of the proof of Lemma 5, it is easy to309

obtain that |s2
i j − Es2

i j| = OP(−p(4ξ+ε1)) under Condition (C1) and |s2
i j − Es2

i j| = OP(−p(4ξ+ε1)) under Condition (C2) as310

long as ℓ > 2/(α − 8ξ − 4ζ − 2ε1). Moreover, by the upper bound of σi j in Condition (C3), Es2
i j − σ2

i j = O(p4ζ/n) =311

O(p−(α−4ζ)). Therefore,312

A ≤
|s2

i j − σ2
i j|

|siis j j|
+
|σiiσ j j − siis j j|σ2

i j

|siis j jσiiσ j j|
≤
|s2

i j − σ2
i j|

|siis j j|
+
|σii||σ j j − s j j| + |s j j||σii − sii|

|siis j j|
≤ C(p−(2ξ+ε1) +

󰁳
log p · p−(α/2−ξ−ζ)) ≤ C(p−(2ξ+ε1)),

with probability at least 1 − o(p−2), where the last inequality follows from Condition (C6). For term B, we define313

Bi = {|sii| > 1
2σii} and Bc

i = {|sii| ≤ 1
2σii}. Write314

B ≤
󰀏󰀏󰀏󰀏󰀏󰀏󰀏
E

󰀵
󰀹󰀹󰀹󰀹󰀹󰀷
󰀓 s2

i j

siis j j
−
σ2

i j

σiiσ j j

󰀔
I(Bi ∩ B j)

󰀶
󰀺󰀺󰀺󰀺󰀺󰀸

󰀏󰀏󰀏󰀏󰀏󰀏󰀏
+

󰀏󰀏󰀏󰀏󰀏󰀏󰀏
E

󰀵
󰀹󰀹󰀹󰀹󰀹󰀷
󰀓 s2

i j

siis j j
−
σ2

i j

σiiσ j j

󰀔
I(Bc

i ∪ Bc
j)

󰀶
󰀺󰀺󰀺󰀺󰀺󰀸

󰀏󰀏󰀏󰀏󰀏󰀏󰀏
(33)

The first term in (33) can be similarly handled as in the term A. While, for the second term in (33), by the fact of315

boundedness of
󰀏󰀏󰀏󰀏󰀏

s2
i j

sii s j j
− σ2

i j

σiiσ j j

󰀏󰀏󰀏󰀏󰀏, we have316

󰀏󰀏󰀏󰀏󰀏󰀏󰀏
E

󰀵
󰀹󰀹󰀹󰀹󰀹󰀷
󰀓 s2

i j

siis j j
−
σ2

i j

σiiσ j j

󰀔
I(Bc

i ∪ Bc
j)

󰀶
󰀺󰀺󰀺󰀺󰀺󰀸

󰀏󰀏󰀏󰀏󰀏󰀏󰀏
≤ C
󰀃
P(Bi) + P(B j)

󰀄 ≤ CP
󰀣
|sii − σii| ≥

1
2
σii

󰀤
≤ Cp−(2ξ+ε1).

II: If 2−α > γ1, for (i, j) ∈ T c, by the same method, it is easy to obtain that |E(r2
n,i j)− r2

n,i j| = O(p2−α−2ξ−2ζ−γ1−ε1 ) with317

probability at least 1 − o(p−2) under Condition (C1). Also, the bound of |E(r2
n,i j) − r2

n,i j| achieves the same order under318

Condition (C2) as long as ℓ > 2/(2 − 4ξ − ε1 − 4ζ − γ1). If 2 − α < γ1, we can also obtain similar conclusion.319

Lemma 7. Under conditions of Theorem 2, there is

E󰀂󰁥RΣ1 − 󰁥RΣ2󰀂2F ≥ C1 p2−α−2ξ−2ζ +C2 pγ1−2ξ−2ζ .
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Proof. Let T+ = {(i, j) ∈ T |rn,i j > 0} and T+ = {(i, j) ∈ T |rn,i j < 0}. Recalling definition of 󰁥RΣ1 in (18) and 󰁥RΣ2 in (17),320

we write321

E󰀂󰁥RΣ1 − 󰁥RΣ2󰀂2F =
󰁛

(i, j)∈T
E
󰁫
r1,i j − rn,i j + (1 − τ)rn,i j

󰁬2
+ τ2

󰁛

(i, j)∈T c

Er2
n,i j +

p󰁛

i=1

E(r1,ii − 1)2

=
󰁛

(i, j)∈T+

E
󰁫
(1 − τ)rn,i j − λ

󰁬2
+
󰁛

(i, j)∈T−

E
󰁫
(1 − τ)rn,i j + λ

󰁬2
+ τ2

󰁛

(i, j)∈T c

Er2
n,i j + λ

2 p

≥
󰁛

(i, j)∈T+

E
󰁫
(1 − τ)rn,i j − λ

󰁬2
+
󰁛

(i, j)∈T−

E
󰁫
(1 − τ)rn,i j + λ

󰁬2
+ λ2 p

≥ (1 − τ)2
󰁛

(i, j)∈T
Er2

n,i j + τ
2
󰁛

(i, j)∈T c

Er2
n,i j + λ

2 p + H1, (34)

where H1 is a negligible term compared with the first two terms. Expanding Er2
n,i j, there is322

Er2
n,i j ≥ E

󰀵
󰀹󰀹󰀹󰀹󰀹󰀷

s2
i j

siis j j
I
󰀓
|siis j j − σiiσ j j| ≤

󰁳
log p · p−α/2−2ζ

󰀔󰀶󰀺󰀺󰀺󰀺󰀺󰀸 ≥ C
1
n EX2

ikX2
jk +

n2−n
n2 σ

2
i j

σiiσ j j
.

Hence, we have (34)≥ C1 p2−α−2ξ−2ζ +C2 pγ1−2ξ−2ζ .323

Proposition 1. The optimization problem324

arg min
0<τ<1−ε′

E[󰀂(1 − τ)Dn + τS n − Σ󰀂2F]

is equivalent to
arg min

0<τ<1−ε′
E[󰀂τS n,off − Σoff󰀂2F].

Proof. Expanding E[󰀂(1 − τ)Dn + τS n − Σ󰀂2F], we obtain325

E[󰀂(1 − τ)Dn + τS n − Σ󰀂2F] = E[󰀂Dn − diag(Σ)󰀂2F] + E[󰀂τS n,off − Σoff󰀂2F] + E〈Dn − diag(Σ), τS n,off − Σoff〉,

where the third term above is equal to 0. Hence, the conclusion follows.326

Proof of Theorem 1. For the first statement, write327

|τ̂e − τ̂o| ≤

󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏

󰁓
(i, j)∈T

s(2)
i j s(1)

i j

󰁓
i󲧰 j

󰀃
s(1)

i j
󰀄2 −

󰁓
(i, j)∈T

σ2
i j

󰁓
i󲧰 j

󰀃
s(1)

i j
󰀄2

󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏
+

󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏

󰁓
(i, j)∈T

σ2
i j

󰁓
i󲧰 j

󰀃
s(1)

i j
󰀄2 −

󰁓
(i, j)∈T

σ2
i j

󰁓
i󲧰 j

Es2
i j

󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏
:= I + II.

We first consider I:328

I ≤

󰁓
(i, j)∈T

|s(2)
i j s(1)

i j − σ2
i j|

󰁓
i󲧰 j

󰀃
s(1)

i j
󰀄2 ≤

󰁓
(i, j)∈T

󰀋|s(2)
i j ||s

(1)
i j − σi j| + |σi j||s(2)

i j − σi j|
󰀌

󰁓
i󲧰 j

󰀃
s(1)

i j
󰀄2

≤
C
󰁴

log p
n |T | ·max |σi j|2

|T | · p−2ξ = O(
󰁳

log p · p−(α/2−2ξ−2ζ))

where the third inequality is obtained by Lemma 1 and Condition (C3).329

Next consider II. Recalling |T | ≍ pγ1 , |T c| ≍ pγ2 and |T |+ |T c| = p2 − p in Condition (C4), we consider following330

three cases:331

1. γ1 < 2 − α − 2ξ − 2ζ and γ2 = 2.332

2. 2 > γ1 > 2 − α + 2ξ + 2ζ and γ2 = 2.333

3. γ1 = 2 and γ2 ∈ [0, 2].334
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For Cases 1, 2 and 3, we rewrite335

II =
󰀓 󰁛

(i, j)∈T
σ2

i j

󰀔
·
󰀏󰀏󰀏󰀏󰀏󰀏

󰁓
i󲧰 j

󰀏󰀏󰀏Es2
i j − (s(2)

i j )2
󰀏󰀏󰀏

󰀅 󰁓
i󲧰 j

Es2
i j
󰀆󰀅 󰁓

i󲧰 j
(s(1)

i j )2󰀆

󰀏󰀏󰀏󰀏󰀏󰀏 =

󰀳
󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁃

󰁓
(i, j)∈T

σ2
i j

󰁓
i󲧰 j

Es2
i j

󰀴
󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁄
·
󰀏󰀏󰀏󰀏󰀏󰀏

󰁓
i󲧰 j

󰀏󰀏󰀏Es2
i j − (s(2)

i j )2
󰀏󰀏󰀏

󰁓
i󲧰 j

(s(1)
i j )2

󰀏󰀏󰀏󰀏󰀏󰀏. (35)

Since var(X2
ikX2

jk) > c > 0, it is easy to obtain n−1󰁓n
k=1 X2

ikX2
jk = EX2

ikX2
jk + oP(EX2

ikX2
jk). Also, for (i, j) ∈ T , there is336

n−2󰁓
k1󲧰k2

Xik1 X jk1 Xik2 X jk2 = σ
2
i j + oP(σ2

i j). Therefore, write337

󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏

󰁓
i󲧰 j

󰀏󰀏󰀏Es2
i j − (s(2)

i j )2
󰀏󰀏󰀏

󰁓
i󲧰 j

(s(1)
i j )2

󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏
≤ C

󰀳
󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁃

󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏

󰁓
(i, j)∈T

|E(s(2)
i j )2 − (s(2)

i j )2|

1
n
󰁓
i󲧰 j

EX2
ikX2

jk +
n2−n

n2

󰁓
(i, j)∈T

σ2
i j

󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏
+

󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏

󰁓
(i, j)∈T c

|E(s(2)
i j )2 − (s(2)

i j )2|

1
n
󰁓
i󲧰 j

EX2
ikX2

jk +
n2−n

n2

󰁓
(i, j)∈T

σ2
i j

󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏

󰀴
󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁄

(36)

with high probability. The first term in the right hand side of (36) is bounded by Op(p−ε1 ) for all these three cases by338

Lemma 5. Now, consider the second term of (36). Under Case 1, according to
󰁓

i󲧰 j Es2
i j = n−1󰁓

i󲧰 j EX2
ikX2

jk + (n2 −339

n)n−2󰁓
(i, j)∈T σ

2
i j and Condition (C3), there is

󰁓
i󲧰 j Es2

i j = Ω(p2−α−2ξ), and hence340

lim
n→∞

󰀳
󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁃

󰁓
(i, j)∈T

σ2
i j

󰁓
i󲧰 j

Es2
i j

󰀴
󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁄
= O(pγ1−2−α−2ξ+2ζ).

By setting 󰂃 = p2−γ1−4ζ−ε1 in (31), we can obtain that II = Op(p−ε1 ).341

Under Cases 2 and 3, there is342

lim
n→∞

󰀳
󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁃

󰁓
(i, j)∈T

σ2
i j

󰁓
i󲧰 j

Es2
i j

󰀴
󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁄
= 1.

It is easy to obtain that (n2 − n)(n−2)
󰁓

(i, j)∈T σ
2
i j ≫ n−1󰁓

i󲧰 j EX2
ikX2

jk under Cases 2 and 3. Thus, taking 󰂃 =343

pγ1−γ2−2ζ−2ξ−ε1 in (31), we can also have II = Op(p−ε1 ).344

Thus, we conclude that |τ̂e − τo| = O(p−ε1 ), with high probability.345

Further, by Lemma 3, the definitions in (4) and (7),346

󰀂󰁥Σe
sh − Σo

sh󰀂2 ≤ p−ε1󰀂S n,off󰀂2 ≤ Cp−ε1 max
󰀣󰁵

p
n
, 1
󰀤
󰀂Σ󰀂2.

Thus, the first statement follows.347

For the second statement, most proof is similar. The only difference is that it requires |E(s2
i j) − s2

i j| = O(p−(2ξ+ε1))348

with probability as least 1 − o(p−2) in Lemma 5. Thus, recalling θ1 and θ2 in Condition (C4), we let ℓ in Condition349

(C2) larger than max{2/θ1, 2/θ2, 2/θ′2}. Combining with Lemma 4, the conclusion follows.350

Proof of Corollary 1. From (8), we see | ˜̂τe − τo| = |M−1󰁓M
m=1(τ̂e

m − τo)| ≤ M−1󰁓M
m=1 |(τ̂e

m − τo)|. Thus, following the351

proof of Theorem 1, we can draw the conclusion.352

Proof of Theorem 2. Note that there is no difference between 󰁥RΣ(1)

1 and 󰁥RΣ1 (or 󰁥RΣ(1)

2 and 󰁥RΣ2 ) as long as R(2)
n is353

independent of 󰁥RΣ(1)

1 and 󰁥RΣ(1)

2 , and these two estimators constructed from the same samples. For simplicity, we below354

suppress superscripts from 󰁥RΣ(1)

1 and 󰁥RΣ(1)

2 .355

Recall (20) and (24). Rewrite

󰁥Le =
〈R(2)

n − 󰁥RΣ2 ,󰁥RΣ1 − 󰁥RΣ2〉
󰀂󰁥RΣ1 − 󰁥RΣ2󰀂2F

.
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Note that here R(2)
n and 󰁥RΣ1 or R(2)

n and 󰁥RΣ2 come from different samples, and hence they are independent each other. We356

first consider the difference between Lo(sR) and 󰁥Le. Specifically,357

|Lo(sR) −󰁥Le| =
󰀏󰀏󰀏󰀏󰀏󰀏󰀏
E〈RΣ − 󰁥RΣ2 ,󰁥RΣ1 − 󰁥RΣ2〉󰀂󰁥RΣ1 − 󰁥RΣ2󰀂2F − 〈R

(2)
n − 󰁥RΣ2 ,󰁥RΣ1 − 󰁥RΣ2〉E󰀂󰁥RΣ1 − 󰁥RΣ2󰀂2F

󰀂󰁥RΣ1 − 󰁥RΣ2󰀂2F E󰀂󰁥RΣ1 − 󰁥RΣ2󰀂2F

󰀏󰀏󰀏󰀏󰀏󰀏󰀏

≤

󰀏󰀏󰀏󰀏〈R(2)
n − 󰁥RΣ2 ,󰁥RΣ1 − 󰁥RΣ2〉 − E〈RΣ − 󰁥RΣ2 ,󰁥RΣ1 − 󰁥RΣ2〉

󰀏󰀏󰀏󰀏

E󰀂󰁥RΣ1 − 󰁥RΣ2󰀂2F
(37)

+

󰀏󰀏󰀏󰀏〈R(2)
n − 󰁥RΣ2 ,󰁥RΣ1 − 󰁥RΣ2〉

󰀏󰀏󰀏󰀏 ·
󰀏󰀏󰀏󰀏󰀂󰁥RΣ1 − 󰁥RΣ2󰀂2F − E󰀂󰁥RΣ1 − 󰁥RΣ2󰀂2F

󰀏󰀏󰀏󰀏

󰀂󰁥RΣ1 − 󰁥RΣ2󰀂2F E󰀂󰁥RΣ1 − 󰁥RΣ2󰀂2F
. (38)

For the nominator of (37), recalling the definition of T+ and T+ in Lemma 7,358

󰀏󰀏󰀏󰀏〈R(2)
n − 󰁥RΣ2 ,󰁥RΣ1 − 󰁥RΣ2〉 − E〈RΣ − 󰁥RΣ2 ,󰁥RΣ1 − 󰁥RΣ2〉

󰀏󰀏󰀏󰀏

=

󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏

󰁛

i󲧰 j

󰁫
(r(2)

n,i j − τr2,i j)(r1,i j − r2,i j) − E(ri j − τrn,i j)(r1,i j − r2,i j)
󰁬
󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏

≤

󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏

󰁛

(i, j)∈T+

(r(2)
n,i j − τrn,i j)(rn,i j − λ − τrn,i j) − E(ri j − τrn,i j)(rn,i j − λ − τrn,i j)

󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏
(39)

+

󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏

󰁛

(i, j)∈T−

(r(2)
n,i j − τrn,i j)(rn,i j + λ − τrn,i j) − E(ri j − τrn,i j)(rn,i j + λ − τrn,i j)

󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏
(40)

+

󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏

󰁛

(i, j)∈T c

τ(r(2)
n,i j − τrn,i j)rn,i j + τ

2Er2
n,i j

󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏
. (41)

By the fact of |r(2)
n,i jrn,i j − r2

i j| ≤ |r
(2)
n,i j − ri j||rn,i j| + |rn,i j − ri j||ri j|, Lemma 2 and the first statement of Lemma 6, it is

easy to obtain that
(39) ≤ C|T+|p−(2ξ+ε1),

with high probability. By similar arguments, we also have

(40) ≤ C|T−|p−(2ξ+ε1).

with high probability. It follows from the second statement of Lemma 6 that

(41) ≤ C|T c|p−(α+2ξ+2ζ+γ2+ε1−2) as 2 − α > γ1,

or
(41) ≤ C|T c|p−(γ1−γ2−2ξ−2ζ−ε1) as 2 − α < γ1,

with high probability. Via Lemma 7, there is359

(37) = OP(p−ε1 ). (42)

Now, we consider (38). Similarly, we can obtain that360

󰀏󰀏󰀏󰀏󰀂󰁥RΣ1 − 󰁥RΣ2󰀂2F − E󰀂󰁥RΣ1 − 󰁥RΣ2󰀂2F
󰀏󰀏󰀏󰀏

E󰀂󰁥RΣ1 − 󰁥RΣ2󰀂2F
= OP(p−ε1 ). (43)

Thus, if there is361 󰀏󰀏󰀏󰀏〈R(2)
n − 󰁥RΣ2 ,󰁥RΣ1 − 󰁥RΣ2〉

󰀏󰀏󰀏󰀏

󰀂󰁥RΣ1 − 󰁥RΣ2󰀂2F
= OP(1), (44)
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the conclusion follows.362

Consider (44) now and write363

󰀏󰀏󰀏󰀏E〈RΣ − 󰁥RΣ2 ,󰁥RΣ1 − 󰁥RΣ2〉
󰀏󰀏󰀏󰀏 =

󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏
E
󰁛

i󲧰 j

(ri j − τrn,i j)(rn,i j − λ − τrn,i j)

󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏

=

󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏

󰁛

(i, j)∈T

󰀅
(1 − τ)r2

i j − τ(1 − τ)Er2
n,i j + H1

󰀆 −
󰁛

(i, j)∈T c

τ(1 − τ)Er2
n,i j

󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏

=

󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏

󰁛

(i, j)∈T

󰀅
(1 − τ)2Er2

n,i j + H1 + H2
󰀆 −
󰁛

(i, j)∈T c

τ(1 − τ)Er2
n,i j

󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏

≤

󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏

󰁛

(i, j)∈T

󰀅
(1 − τ)2Er2

n,i j + H1 + H2
󰀆
󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏
+

󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏

󰁛

(i, j)∈T c

τ(1 − τ)Er2
n,i j

󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏
:= H2 + H3,

where H2 and H3 are of the lower order terms than
󰁓

(i, j)∈T [Er2
n,i j]. For (i, j) ∈ T c, it is easy to obtain Er2

n,i j =

O(p−(α−2ξ−4ζ)). Note that R(2)
n is independent of 󰁥RΣ1 and 󰁥RΣ2 .Thus, combining with the first statement in Lemma 7 and

Condition (C6), we have 󰀏󰀏󰀏󰀏E〈R(2)
n − 󰁥RΣ2 ,󰁥RΣ1 − 󰁥RΣ2〉

󰀏󰀏󰀏󰀏

E󰀂󰁥RΣ1 − 󰁥RΣ2󰀂2F
= O(1).

This, together with (42) and (43), implies (44). By the argument in (37) and the bound of
󰀏󰀏󰀏󰀏󰀂󰁥RΣ1 − 󰁥RΣ2󰀂2F − E󰀂󰁥RΣ1 − 󰁥RΣ2󰀂2F

󰀏󰀏󰀏󰀏,364

we can draw the first conclusion. Since we have obtained |󰁥Le − Lo(sR)| = OP(p−ε1 ), through the the results in Rothman365

et al. [14], there is |ρe(ŝ) − ρo(sR)| = OP(p−ε1 ). Recalling the definition in (26) and (22), there is366

󰀂󰁥Σe
w −󰁥Σo

w󰀂2 ≤ Cp−ε1

󰀕
󰀂D

1
2
n (󰁥RΣ1 − RΣ)D

1
2
n 󰀂2 + 󰀂D

1
2
n RΣD

1
2
n 󰀂2
󰀖
+ p−ε1

󰀓
󰀂󰁥Σe

sh −󰁥Σo
sh󰀂2
󰀔
+ p−ε1󰀂󰁥Σo

sh󰀂2

≤ Cp−ε1

󰀳
󰁅󰁅󰁅󰁅󰁅󰁃max{

󰁵
sR log p

n
, 1}max(σi j)

󰀴
󰁆󰁆󰁆󰁆󰁆󰁄 + p−2ε1 max(

󰁵
p
n
, 1)󰀂Σ󰀂2 + p−ε1

󰀣󰁵
p
n
󰀂Σ󰀂2 +max(σi j)

󰀤

≤ Cp−ε1

󰀳
󰁅󰁅󰁅󰁅󰁅󰁃max

󰀻󰁁󰁁󰀿
󰁁󰁁󰀽

󰁵
sR log p

n
max(σi j),max(σi j),

󰁵
p
n
󰀂Σ󰀂2

󰀼󰁁󰁁󰁀
󰁁󰁁󰀾

󰀴
󰁆󰁆󰁆󰁆󰁆󰁄 ,

where the second inequality follows from Cui et al. [3], Theorem 1 and Lemma 3 or Lemma 4.367

The proof of the second statement is similar. The only difference is that it requires |E(r2
ni j) − r2

ni j| = O(p−(2ξ+ε1))368

with probability as least 1 − o(p−2) in Lemma 6. Thus, recalling θ∗1 and θ∗2 in Condition (C6), we let ℓ in Condition369

(C2) larger than max{2/θ∗1, 2/θ∗2, 2/θ∗
′

2 }. This and Lemma 4 lead to the conclusion.370

Proof of Corollary 2. The proof of Corollary 2 is similar to the Corollary 1, hence omitted.371
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