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Abstract

Numerical linear algebra is fundamental to many computational models used in various
disciplines, from science to engineering. In the era of big data, the scale of numerical
linear algebraic problems often becomes prohibitively large, rendering classical algorithms
inefficient. To address this challenge, two common approaches are sampling and sketching,
which extract and retain succinct information of the data, enabling efficient algorithms to
produce approximate solutions that are acceptable for the original problem. A typical
model for handling massive data is the turnstile streaming model, where data entries are
updated incrementally, one at a time. Linear sketching, a widely used technique used in
turnstile streaming algorithms and encompassing matrix row sampling as a special case,
is the focus of this thesis.

This thesis studies three problems in randomized numerical linear algebra: (i) Entrywise-
Transformed Low-Rank Approximation. A matrix A = (a;;) is given in the turnstile
streaming model while the task is to find a low-rank approximation to the entrywise-
transformed matrix f(A) = (f(a;;)). The nonlinearity of f poses challenges, rendering
previous methods ineffective. We design a Count-Sketch-like structure to solve the problem.
(ii) Online Active Regression. The problem asks to solve the regression task min, || Az —b|,,
where A is given row-by-row in an online fashion and access to the entries of b should
be minimized. We show that this problem can be solved using ¢, Lewis weight sampling
and a compression technique for p € [1,2]. (iii) Active Regression with Shared Labels.
The objective is to simultaneously solve k regression problems min,cga || f(A7z) — b||, for
7 =1,2,...,k while minimizing the number of queries made to the entries of b, where f
is a Lipschitz function and f(z) = (f(z;)) is the entrywise transformation of z. We solve
the problem using a shared sampling matrix S for all matrices A7, based on Lewis weight
sampling.
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Chapter 1

Introduction

Numerical linear algebra forms the backbone of many computational techniques used
across various scientific and engineering disciplines. From natural language processing
to deep learning, matrices arising in these scenarios can be extremely large, making the
classical methods infeasible. This prompts the need for innovative techniques that reduce
the algorithmic complexity in both space and time. To address this challenge, sampling and
sketching have emerged as two prevalent approaches, which extract essential information
from large inputs, reducing the problem’s size while allowing for the computation of
acceptable approximation solutions. Typically, these methods give randomized algorithms,
using randomness as part of their internal logic without assuming a probability distribution
over possible inputs. Indeed, randomness and approximation are often necessary for
achieving efficiency, as many problems otherwise would require, provably, storing essentially
the entire input, which could be prohibitive for large matrices. In the field of numerical
linear algebra, this use of randomization has given rise to a research direction known as
randomized numerical linear algebra, which has now become a well-established field in
theoretical computer science.

In the following sections, we shall review the fundamental concepts related to sketching
and sampling algorithms. We shall also introduce definitions and notations used throughout
this thesis, followed by a discussion of the foundational techniques such as subspace
embeddings and Lewis weight sampling. We then present the randomized numerical linear
algebraic problems considered in this thesis. Finally, we provide an overview of the content
of each chapter.

1.1 Sketching and Sampling

Turnstile Streams. The turnstile streaming model is one of the earliest streaming
models studied in theoretical computer science and has been a prevailing model in the
research of streaming algorithms. In this model, the input corresponds to an underlying
vector € R™ and the data stream consists of updates of the form (i, A) € {1,...,n} xR,
where each update modifies the coordinate z; as x; < z; + A. The goal is to avoid storing
the entire vector while still being able to compute with an acceptable error a function
f(z) for the final vector x. The space usage should be o(n) and ideally only poly(logn).

In the case where the underlying vector has only integer entries, i.e. z € Z", the
increments A will also be integers. In the case where the input corresponds to a matrix
A € R™*™ which can be viewed as an (mn)-dimensional vector, the stream entries perform
matrix updates of the form A;; < A;; + A.

11
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Sketching. A powerful approach to handle massive inputs that correspond to a vector
xr € R™ is to use a linear sketch. Instead of storing the entire vector x € R", one stores a
much shorter vector Sz, where S € R™*" with m < n is called the sketching matrix. This
approach is particularly useful for turnstile streaming problems. When x receives an update
x; < x; + A, the corresponding sketch Sz is also updated to S(z + Ae;) = Sz + A(Se;),
where eq,...,e, are the canonical basis vectors in R”. This means that the sketch is
updated by A(Se;), which is the i-th column of S scaled by A. Therefore, a linear
sketch is easy to maintain throughout the streaming process. The linearity of the sketch
is also advantageous in distributed computing, where the input data stream is divided
across multiple servers. If the servers use the same sketching matrix S, each server can
independently sketch its portion of the data stream and the final sketch for the entire
problem will simply be the sum of the sketches maintained by each server.

When the input stream corresponds to a matrix A € R™*™ one can view A as a vector
of length mn and, consequently, a general sketching matrix S would have dimensions
s X (mn). More commonly, a sketching algorithm for matrix inputs maintains a matrix
product of the form SA or SAT, where S € R**™ and T" € R™*! are also called sketching
matrices. These types of sketches are usually referred to as one-sided and two-sided (or
bilinear) sketches, respectively.

As said earlier, algorithms for massive inputs are usually randomized, which means that
the sketching matrix S is random. If the distribution of S does not depend on the input,
we say S is an oblivious sketch; otherwise we say S is non-oblivious. Typical examples of
oblivious sketches include Count-Sketch [11] and Count-Min [19] for heavy hitter problems,
Johnson-Lindenstrauss Transform matrices [42, 44| for dimension reduction of vectors and
OSNAP [62] for subspace embeddings in the fy-norm. A typical example of non-oblivious
sketches is the subspace embedding matrix in the £,-norm for p # 2, see Section 1.2.3 for
more discussion.

Sampling. Sampling is a conventional technique for processing large datasets and is
widely used in statistical tasks. The idea is to select representative data items and use
these representatives to estimate the statistics of the original dataset. For matrix inputs,
one can sample either the entries or the rows of the matrix. For example, entry sampling
can be used to solve the matrix sparsification problem and row sampling the spectral
sparsification (see, e.g. [75] for details).

This thesis focuses on row sampling of matrices, a specific case of linear sketches. We
shall consider two sampling schemes, referred to as the first and second kind throughout
this thesis. The first kind independently retains or discards each row, while the second
kind ensures a fixed number of sampled rows, with each sample drawn from the same
distribution. Formally, suppose that a matrix A has n rows.

e First kind of row sampling: Let py,...,p, € [0,1] be the sampling probabilities. The
1-th row of A is retained with probability p; and discarded with probability 1 — p;.
In other words, let S be an n x n diagonal matrix, where the diagonal entries S;;
are independent Bernoulli variables with E S;; = p;. This S is called the sampling
matrix and the sampled matrix is S - A with zero rows removed.

e Second kind of row sampling: Let py,...,p, > 0 with > . p; = 1, and let m be the
prescribed sample size. We independently sample m rows of A, where each sample
is the i-th row of A with probability p;. In other words, the sampling matrix S is
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an m X n matrix of i.i.d. rows and Pr{S;, = ¢/ } = p;, where S;. denotes the j-th
row of S.

1.2 Preliminaries

Notation. We use [n] to denote the integer set {1,2,...,n} and |F| the cardinality of
a set F.

We use Ber(p) to denote the Bernoulli distribution with parameter p, i.e. for X ~
Ber(p), Pr{X =1} =pand Pr{X =0} =1 —p.

For a vector z € R", the weighted ¢,-norm of z is defined to be ||z, = O 1, w; |xi|p)%,
where wy, wy, ..., w, > 0 are the weights such that w; + --- 4w, = 1. The {)-norm of z
is defined to be ||z, = (32", |2:[P)7.

For a matrix A, we denote by A" its Moore—Penrose inverse, A" its transpose, o;(A)
its ¢-th singular value, sorted in the descending order, A, . its i-th row of A and A, ;
its j-th column. We define the operator norm of A, denoted by || A||2, to be ||All2 =
Max|z|,—=1 || Az||2. We denote nnz(A) the number of nonzero entries in matrix A. For two
symmetric matrices A and B, we write that A < B if B — A is positive semi-definite.

Suppose that a matrix A has the singular value decomposition A = Y""_ o;(A)uv,
where r is the rank of A and u;, v; are the singular vectors. By the Eckart-Young Theorem,
for every rotationally invariant norm || - ||, the matrix Zle o;(A)u;v, is the minimizer for
Minank(an<k |[A — A’||. Therefore, we call Zle o;(A)u;v; the best rank-k approximation
to A, denoted by [A]y.

We write a = (1£e€)bif (1—€)b < a < (1+€)band a Sy, 4, bif there exists a constant
C' depending only on t1,1s,... such that a < Cb. We also write a ~y, 4, . bif a Sy, 0
and b Sy, 4, G

Y

1.2.1 Concentration Inequalities

Two useful inequalities are Bernstein inequalities of scalars and of matrices. Both are
taken from [75].

Lemma 1.2.1 (Scalar Bernstein). Let Xy,..., X, be i.i.d. random variables such that
EX; =0, EX? <o? and |X;| < p almost surely for some constant M. For all € > 0, it

holds that
1< s€? /2
P - Xi| > <2 - .
r{ sizl 6} - exp( 02+pe/3)

Lemma 1.2.2 (Matrix Bernstein). Let X, ..., X be s independent copies of a symmetric
random matriz X € R™® with EX =0, || X||, < p and |E X?||, < 0. For all e > 0, it

holds that
1< s€? /2
P - Xill > < 2d- - .
2 e e D)

We shall also need Freedman’s inequality for martingales [29]. The form we cite in the
following lemma is taken from [74].
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Lemma 1.2.3 (Freedman’s inequality). Let Yy, Y:, ..., Y, be a martingale with the differ-
ence sequence X1, ..., X,. Assume that |X;| < p almost surely for alli=1,... n. Define
the predictable quadratic variation difference of the martingale

k
We =Y B(X]|Xy,....X;1), k=1,....n
=1

Then for allt > 0 and 0% > 0,

t2/2
2
PI‘{YnZtCLndeSO’}SeXP (—m)

From Chapter 3 onwards, we shall repeatedly need the tail bound of Dudley’s integral.
The following form is cited from [77, Problem 8.1.7].

Lemma 1.2.4 (Dudley’s integral, tail bound). Let X; be a zero-mean stochastic process
that is subgaussian w.r.t. a pseudo-metric d on the indexing set T'. Then it holds for all
u > 0 that

Pr { sup | X; — X,| > C </ V1og N(T, d, €)de + udiam(T))} < 2exp(—u?),
0

t,s€T
where C is an absolute constant.

The preceding tail bound provides a subgaussian tail, which can be converted into a
moment bound through integration. The following proposition states this basic fact.

Proposition 1.2.5. Let X be a subgaussian variable such that Pr{|X| >t} < Ce~ for

some constants C,c > 0 and every t > 0. Then (E |X|£) He < K1 for all ¢ > 1, where
K is a constant that depends on C' and c only.

1.2.2 Subspace Embeddings

Originally introduced as a purely mathematical problem in geometric functional analysis,
subspace embedding now serves as a fundamental component in many efficient algorithms
for solving large-scale linear algebraic problems. The following is a formal definition,
described in the language of linear algebra.

Definition 1.2.6 (Subspace embeddings). Given p > 1, a distortion parameter € € [0,1)
and a matrix A € R™*¢, we say a matrix S € R™" is a (1 + ¢)-subspace-embedding for A
in the /,-norm if it holds

1
T 154zl < llAzl, < (1 + €)l|SAz], (1.1)

for all z € R4,

Note that S can be viewed as a linear map from R" to R™ and it preserves the ¢,-norm
of all vectors in the column space of A, which is a subspace of R™ of dimension at most d,
up to a factor of 1 4+ €. In other words, S embeds the column space of A from R"™ to R™
with a small distortion of (1 + €)/3= = 1+ O(e) for small ¢, hence the term ‘subspace
embedding’.
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Since 1/(1+¢€) =1 — O(e) for small ¢, it is common to use
(1= o)[SAz]l, < [[Az]l, < (1 + €)[[SAz], (1.2)

instead of (1.1) in the definition of a subspace embedding.
The key question regarding subspace embedding is determining the value of m, which
is the number of rows in S and represents the target dimension of the embedding.

Problem. Given p > 1, a dimension parameter d and a small distortion parameter e,
what is the smallest N = N,(d,€) such that for every matriz A € R"4, there exists a
(1 + €)-subspace embedding S € RN ™ for A?

For a comprehensive survey of this problem, we refer readers to [43]. Below, we briefly
review the existing results.

The case of p = 2 is immediate, where one can take the QR decomposition of A = QR
with Q@ € R™*¢ having orthonormal columns and R € R%*? being upper triagonal, Taking
S = QT gives an isometric embedding, i.e. € = 0. In fact, when p is an even integer, there
always exists an isometric embedding with n = (d+§ 1) — 1 (see, e.g. [46]). In general, the
best existing upper bounds on N,(d, €) are as follows.

Lemma 1.2.7. The following bounds on N,(d,€) hold.

Ce 2dlogd p=1
“2d(log e 2d)(log log e 2d + log(1/¢))? 1,2
No(d,€) < 067 (loge 2 )(logloge™®d +log(1/€))*  pe€(1,2) (13)
Coe2dP? log? dlog(d/¢) p € (2,00)\2Z
Ce~2(10d/p)P/? p € 2Z,

where C' > 0 is an absolute constant and C,, > 0 is a constant that depends only on p.

The result for p = 1 and p € (1,2) are due to Talagrand and can be found in [71]
and [72], respectively. The result for p > 2 is presented in the famous monograph by
Ledoux and Talagrand [47, Section 15|, which also includes a simpler proof for the case
p < 2, albeit with slightly worse logarithmic factors. The result for even integers p is due
to Schechtman [68].

We remark that the dependence on d in the results of Lemma 1.2.7 is tight for p € 2Z
and tight up to logarithmic factors for other values of p. The right dependence on € has
been a long-standing open problem; see [43, p845] for a discussion.

When d is a small constant, it is known that the e-dependence can be better than 1/€2.
The case of p = 1 has been near perfectly solved, as it is now known that

(e721og(1/e))~@=D/(d+2) " if 4 = 3 4;

¢~ 2d-1)/(d+2) ifd=2ord>5. (1.4)

E—Q(d—l)/(d+2) sd Nl(d) 6) ,Sd {

The lower bound is due to Bourgain et al. [6], the upper bound for d > 5 to Matousek
[56] and the upper bound for d = 3,4 to [5, 56]. The proof of the lower bound has been
generalized recently by Li et al. [52] to show that the lower bound

Np<d, 6) >d 6—2(d—1)/(d+2p)'
holds for all p € [1,00) \ (2Z) and a near-tight upper bound

Ny(d, €) Sq (e 2log(e™t)) @/ (d+2p)
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holds for all odd integers p.

For larger d 2 log(1/e), another recent work by Li et al. [50] shows that N,(d,€) 2
e 2/ poly(log(1/¢)) for all p > [1,00) \ (2Z), which is optimal up to logarithmic factors.
However, a lower bound of Q(d/e?) or even €)(d/e) remains an open question.

1.2.3 Lewis Weight Sampling

For general p, the upper bounds in Lemma 1.2.7 are traditionally established by a technique
known as Lewis’s “change of density” and an iterative argument [43]. Let £ C R™ denote
the column space of A. Consider p > 2 for example. Roughly speaking, one can find
weights wy, ..., w, for E such that || - [ly2 < d/>7Y/?|| - ||,,. This property does not
generally hold for the standard ¢, norm because the underlying space is n-dimensional.
These weights, now called £,-Lewis weights in the literature of computer science, facilitate
a proof, via a chaining argument, that, with high probability, randomly subsampling
coordinates (using a sampling distribution based on these weights) induces a low-distortion
isomorphism between E and its restriction on the sampled coordinates. Repeating this
process progressively reduces the dimension while increasing the distortion until the
distortion meets the desired threshold. We remark that a non-iterative argument for p > 2
is given by Bourgain et al. [6], but the upper bound on N is O(d?/?/€%), which has a much
worse dependence on €.

While the iterative argument satisfactorily resolves the subspace embedding problem
from the mathematical perspective, it falls short from a computational one. First,
computing the Lewis weight involves maximizing the volume of non-Euclidean ellipsoids
and is thus not computationally efficient. Second, the process gives only an implicit
subspace embedding due to its iterative nature, making it challenging to construct the
subspace embedding S explicitly. A breakthrough occurred about a decade ago when
Cohen and Peng [16] showed that a simple iteration calculates the ¢,-Lewis weights up
to a constant factor for p < 4. They also showed that sampling the rows of A according
to these approximate Lewis weights is sufficient to obtain a subspace embedding. More
recently, Fazel et al. [28] designed an efficient algorithm for calculating the Lewis weights
when p > 4. The Lewis weights for all values of p > 1 can now be approximated up to a
constant factor in near-input-sparsity time, i.e. O(nnz(A) + poly(d)).

Below we give a brief review of Lewis weights sampling. We first define the Lewis
weights. Here we take the definition from [16]. A more systematic study of Lewis weights
can be found in mathematical texts on Banach spaces, e.g., [79].

Definition 1.2.8 (Lewis weights). Suppose that A € R"*? and p > 1. The ¢, Lewis
weights of A, denoted by w;(A),...,w,(A), are the unique real numbers such that

wi(A) = (a] (ATW2/P A)Tq;)P/2,

where W is the diagonal matrix with diagonal elements wy(A), ..., w,(A) and a; € R? is
the i-th row of A (viewed as a column vector).

Note that all Lewis weights w;(A) € [0,1]. The ¢ Lewis weight is also called the
leverage score. The following lemma summarizes a few useful properties of Lewis weights.
See, e.g., [79] for a proof.

Lemma 1.2.9. Suppose that A € R™ % have full column rank and p > 2. Let W =
diag{wi(A), ..., w,(A)}. It holds that
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(1) Zz w; =d;

1_1 1_1 _1
(2) W25 Az, < dZ77||W 5 Az |y
(3) W™ Az|lse < VAW 5 A||,n,p.

Below we define rescaled sampling matrices for both the first and the second kind of
sampling scheme.

Definition 1.2.10 (Rescaled Sampling Matrix of First Kind). Suppose that py,...,p, >0
such that p; +pa+---+p, = 1. A diagonal matrix S € R™™" is called a rescaled sampling
matrix of the first kind it S;; = p, P with probability p; and S; = 0 with probability
1 — p;. The number m of nonzero rows in S is called the sample size.

Definition 1.2.11 (Rescaled Sampling Matrix of Second Kind). Given a sample size
m and pi,...,p, > 0 such that p; +p2 + -+ p, = 1. A matrix § € R™*" is called a
rescaled sampling matrix of the second kind if the rows of S are i.i.d. copies of random
vector X, where X = (mpj)*l/pejT with probability p,;, j =1,...,n.

Note that a rescaled sampling matrix gives an unbiased estimator, i.e. satisfying that
E[[SAz[P = || Az|[? for all z. The Lewis weight sampling scheme used by Cohen and Peng
[16] is of the second kind. We restate their result below.

Theorem 1.2.12 (Lewis weight sampling, [16, Theorem 7.1]). Given A € R™ 4. Suppose
that t; > Pw; for all i € [n], where

Z(log 4log*(log ) +log3), 1<p<2,p+#1
BZp < Slog4, —1,2

L4

L—(log ¢ + log }) 2<p<oo

is the oversampling parameter. Let m = Y"1 t;. If S € R™" is a rescaled sampling

matriz of the second kind with sampling probability p; = tn—; for all i, then S is an (1 + €)-
subspace-embedding matriz for A in the £,-norm with probability at least 1 — 0.

Remark. Theorem 1.2.12 also holds when S is a rescaled sampling matrix of the first kind.
Specifically, let 5 be the same as in Theorem 1.2.12 and suppose that py, ..., p, satisfy
that min{fw;(A),1} < p; <1 for each i. Let S be a rescaled sampling matrix of the first
kind with probabilities p1,...,p,. Then, S is an (1 + €)-subspace-embedding matrix for A
in the ¢,-norm with probability at least 1 — 0.

The case of p < 2 is proved by [16], based on the bounds in Lemma 1.2.7, while the
case of p > 2 is claimed to be implicit in [6]. Note that when p > 2, the resulting sample
size is O(dP/?/e® - log dlog(1/¢)) for constant &, as opposed to the improved bound of
O(dP? /€*) mentioned in Lemma 1.2.7. Woodruff and Yasuda [82] improved the sample
complexity to O(dP/?/e? -log® d - log n), achieving a good dependence on ¢ but introducing
an undesirable logn factor.

1.3 Randomized Numerical Linear Algebra

In this section, we give a brief review of linear regression and low-rank approximation
problems, which are two important problems in randomized numerical linear algebra and
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the focus of this thesis. The rapid growth of machine learning has lead to a huge increase
in the demand for computational resources. Machine learning methods are particularly
well-suited to the probabilistic and approximate techniques found in randomized numerical
linear algebra. Because randomization is both cheap and highly effective, it has gained
significant attention and will continue to play an important role as we look for ways to
meet the growing need for computational resources [58]. For comprehensive and systematic
studies of randomized numerical linear algebra, we refer readers to monographs such as
[81] and [22].

Linear Regression Given A € R™*? and b € R?, where each row A;, in A represents
a data point with d features and the corresponding coordinate b; of b represents the
associated label, linear regression in the £,-norm is to solve min,cga || Az —b||,. We assume
n > d and the problem is over-constrained. When p = 1, this is a linear programme; when
p = 2, classical methods such as QR decomposition take O(nd?) runtime; for other values
of p, convex programme solvers are typically used, but they run in time O((nd)) for some
¢ > 1 and are thus prohibitive for large n. A natural idea is to reduce n, thereby reducing
the original linear regression problem to a smaller one where classical methods can be
applied efficiently. When p = 1, the ¢; regression provides robustness to outliers; when
p < 2, the regression is less sensitive to outliers because the loss function are not squared
and when p > 2, the regression is even more sensitive to outliers. The ¢, regression for
p > 1 has found various applications in machine learning, such as data clustering [27] and
graph based semi-supervised learning [1].

Notice that Ax — b always lies in the column space of the concatenated matrix
A= (A b). If Sis a (1+ ¢)-subspace embedding matrix for A’ in the ¢,-norm, then
|SAx — Sb||, = (1 £ €)||Az — b||, for all . This allows one to solve the sketched version
T = argmin,pa ||[SAz — Sb||,, which has significantly fewer rows. To see that Z is a good
solution to the original regression problem, observe that

) 1 ) 1 .
< 1+e

[Az” = bl[, < (1 + 3e) [[Az” - b]],

— €

for e € (0,1/3). In other words, Z is a good solution in the sense that the objective
function ||AZ — b||, is very close to the optimal value.

Earlier works primarily focused on the case of p = 2. The idea of applying subspace
embeddings was first employed by Sarlos [67] in his pioneering work on numerical random-
ized linear algebra, where he used a Johnson-Lindenstrauss Transform matrix S, which
is an oblivious sketch (the distribution of S does not depend on A and b). Later, more
subspace embeddings for p = 2 were constructed. Non-oblivious sketches such as leverage
score sampling matrices [23] and oblivious ones like OSNAP [62] and Count-Sketch [15]
were developed. Dasgupta et al. [20] used two-stage sampling algorithm for general ¢,
regression when p > 1. Research into the general ¢, Lewis weight row sampling began
with the groundbreaking work of Cohen and Peng [16]. Beyond ¢, loss functions, several
studies have generalized row sampling techniques to non-norm functions such as Huber
losses, quantile losses and semi-norms [61, 49, 38, 39], extending the applicability of these
techniques to a broader range of problems.
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Low-Rank Approximation Low-rank approximation is at the core of many data
modelling problems; see, for example, [55] for a comprehensive study. In its simplest form,
given a matrix A € R"*" the goal is to find a rank-k matrix [A]; such that

[A]), = argmin ||A— A'|.
rank(A’)<k

where A’ is an n X n matrix and || - || is a matrix norm that is typically unitarily invariant.
When n is large, directly outputting an n x n matrix A’ is already computationally
expensive. Therefore, it is preferable to seek a factorization A’ = BC, where B € R"*¥
and C € R¥*" and output the factors B and C.

The best known exact solution to rank-£ approximation is via singular value decom-
position, which takes O(n*) time, where w < 2.38 is the matrix multiplication exponent
[2]. Therefore, it is desirable to have a runtime proportional to n?, the size of the input

matrix A, for which one would only ask for a (1 + €)-approximate rank-k approximation
B - C such that
A= BO| < (1+e)fA— [Alll

A significant amount of research has been done for the case where the matrix norm || - || is
the Frobenius norm. In this case, a common approach is to find first a subspace £ C R"”
(dependent on A) with dim(E) = poly(k/e) such that a good rank-k approximation can
be found within E. Specifically, there exists a rank-k matrix X such that every row of
X lies in E and satisfies | X — Al|lr < (1 + €)||A — [A]x||#. This subspace E is usually
obtained via a linear sketch, meaning that F is the row space of SA for some sketching
matrix S. The construction of S largely overlaps with classical subspace embeddings;
oblivious constructions include fast Johnson-Lindenstrauss Transform matrices [67] and
Count-Sketch [15], while non-oblivious examples include the leverage score sampling
matrix [25]. Randomized low-rank approximation is used in support vector machine
to efficiently compute the kernel matrix and in principle component analysis to extract
principal components, enabling the simplification of high-dimensional data analysis [36].

As mentioned previously, linear sketches are well-suited when A is given in the turnstile
streaming model. However, for low-rank approximation of f(A), where A is still given in
the turnstile streaming model and f is a non-linear function applied entrywise to A, it
becomes difficult to update the entries of f(A) in small space, which poses a significant
challenge.

1.4 Thesis Organization and Overview

Chapters 2 to 4 are devoted to three numerical linear algebraic problems. Chapter 5
discusses £,-subspace embeddings for p > 2. Below is an overview of each chapter.

Chapter 2: Entrywise-Transformed Low-Rank Approximation Given a large
n x d matrix A = (a;;), one would like to compute a low-rank approximation of f(A) =
(f(a;;)), the resulting matrix of a function f applied entrywise to A. An important special
case in applications is the likelihood function f(z) = log(|z| + 1). The straightforward
solution of applying f to each entry of A and then computing the low-rank approximation
requires storing all of A as well as making multiple passes over its entries. The work
of Liang et al. [53] shows how to find a rank-k factorization to f(A) for an n x n
matrix A using only n - poly(e 'klogn) words of memory, with an overall error of
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10] f(A) = [f(A)]kll% + poly(e/k)|| f(A)||T 5, where [f(A)]x is the optimal rank-k matrix
approximating f(A) in Frobenius norm and || f(A)|l12 = >_, [[(f(A))+||2. Their algorithm
uses three passes over the entries of A. In this chapter, we present the first one-pass
algorithm for this problem, for the same class of functions f studied by Liang et al.
[53]. Moreover, our error is || f(A) — [f(A)]x]|% + poly(e/k)|| f(A)||%, which is significantly
smaller, as it removes the factor of 10 and also || f(A)[|7 < [|f(A)[|7,. We also give an

algorithm for regression, pointing out an error in previous work.

Chapter 3: Online Active Regression Active regression considers a linear regression
problem min, ||Ax — bl|,, where the matrix A is fully accessible, but the vector b can
only be queried by its coordinates. The goal is to minimize the number of queries to b.
In this chapter, we consider an online extension of the active regression problem: the
matrix A is revealed row by row and a decision must be made immediately on whether to
query the corresponding entry of b. We propose novel algorithms for this problem under
¢, loss, where p € [1,2]. Given an accuracy parameter e, our proposed algorithms only
require O(e~'dlog(nk)) queries of labels, where n is the number of data points and & is
a quantity, called the condition number, of the data points. A technical contribution is
that we prove one can compress a fraction of rows in a matrix by sampling these rows
according to their Lewis weights while preserving the Lewis weights of the uncompressed
rows (see Lemma 3.4.3 for a formal statement).

Chapter 4: Active Regression with Shared Labels Active learning for multiple
target models aims to reduce the amount of labelled data querying while effectively
training multiple models concurrently. One application in deep learning with multiple
models is to consider different representations of the same dataset using distinct network
backbones and to learn the linear prediction layer on each representation. Formulated as
linear regression problems, this means simultaneously solving k instances of £,-regression
problems min, || f(A7z) —b||, for j =1,...,k, where f is a Lipschitz function. The data
matrices A',..., A¥ € R™ are fully accessible, while the label vector b € R", shared
by all data matrices, can only be queried by coordinates. The goal is to minimize the
number of queries to b. We solve this problem using Lewis weight sampling and build on
the previous work of [31], improving their query complexity by removing a factor of d and
extending their result from the case of p = 2 to a general p.

Chapter 5: /,-Subspace Embeddings for p > 2 Recall the Lewis weight sampling
lemma (Theorem 1.2.12) given by Cohen and Peng [16]. However, their paper [16] does
not provide a clear proof for the case of p > 2. For completeness, we include a detailed
proof in this chapter, based on the work of Bourgain et al. [6]. This proof gives a target
dimension of O(d”/?/€%). We then improve this bound to O(dP/?/€®), matching the target
dimension achieved by recursive sampling and removing an undesirable log n factor present
in the result of Woodruff and Yasuda [82]. Our analysis is based upon Theorem 1.2.12 for
constant-factor approximation (i.e., € is a constant) and is simpler than the analysis of
[82].



Chapter 2

Entrywise-Transformed Low-Rank
Approximation

2.1 Introduction

In numerous applications with matrices, such as machine learning, image clustering and
recommendation systems, a common goal is to compute a low-rank approximation to a
large matrix A € R™?. If the rank of the low-rank approximation is k, then one can
approximate A as U -V, where U € R™* and V € R**?. This results in a parameter
reduction, as U and V only have (n + d)k parameters in total, as compared to the nd
parameters required of A. Since k < min(n,d), this parameter reduction is significant.
Not only does it result in much smaller storage, when multiplying A by a vector x, it also
now only takes O((n + d)k) time instead of O(nd) time, since one can first compute V' -
and then U - (V - x).

A challenge in the above applications is that often wants to compute a low-rank
approximation not to A, but to an entrywise transformation to A by a function f. Namely,
if A = (a;;), then we define f(A) = f(a;;) where we apply the function f to each entry of
A. Common functions f include f(x) = logs(|xz|+1) or f(z) = |z|* for 0 < o < 2. Indeed,
for word embeddings in natural language processing (NLP), an essential subroutine is to
perform a low-rank approximation of a matrix after applying the log-likelihood function
to each entry, which corresponds to f(x) = log,(|z| + 1).. Note that in NLP the input
matrices are often word co-occurrence count matrices, which can be created, e.g., from
the entire Wikipedia database. Thus, such matrices are huge, with millions of rows and
columns, and hard to store in memory. This necessitates models such as the streaming
model for processing such data.

We can indeed capture the above scenarios formally with the turnstile streaming model.
Recall that in this model, there is a large underlying matrix A, and we see a long sequence of
updates to its entries. Each pass over the data stream is very expensive, and thus one would
like to minimize the number of such passes. Also, one would like to use as little memory as
possible to compute a low-rank approximation of the transformed matrix f(A) in this model.
In this chapter we will consider approximately optimal low-rank approximations, meaning
factorizations U -V for which [|U -V — f(A)[[5 < [[[f (A)]r — f(A)[I7 + poly(e/ k)| £ (A) I3,
where [f(A)]x is the optimal rank-k matrix approximating f(A) in Frobenius norm. Recall
the Frobenius norm || B|r of a matrix B is defined to be (3_, ; Bﬁj)l/Q, which is the
entrywise Euclidean norm of B.

Although there is a body of work in the streaming model computing low-rank approxi-

21
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mations of matrices [7, 14, 24, 76, 80], such methods no longer apply in our setting due
to the non-linearity of the function f. Indeed, a number of existing methods are based
on sketching, whereby one stores S - A for a random matrix S with a small number of
rows. Given an entrywise transformation f, which may be nonlinear, it is not clear how
to maintain S - f(A) in a stream.

A natural question is: can we compute a low-rank approximation to f(A) in the
streaming model with a small number of passes, ideally one, and a small amount of
memory, ideally n - poly(k/e) memory?

Motivated by the applications above, this question was asked by Liang et al. [53]; see
also earlier work which studies entrywise low-rank approximation in the distributed model
[83]. The work of [53] studies the function f(x) = logy(|z| + 1) and gives a three-pass
algorithm for n x n matrices A achieving n - poly(¢ 'klogn) memory and outputting
factors U and V' with the following error guarantee:

U~V = f(A)[ < 101 (A)]k = F(A)]F + poly(e/k) | F (A7,

where for a matrix B, ||B|li2 = Y, ||Bsill2. We note that this error guarantee is con-
siderably weaker than what we would like, as there is a multiplicative factor 10 and an
additive error that depends on || f(A)||12. Using the relationship between the 1-norm and
the 2-norm, we have that || f(A)|12 could be as large as /n|| f(A)| r, and so their additive
error can be a /n factor larger than what is desired. Also, although the memory is of
the desired order, the fact that the algorithm requires 3 passes can significantly slow it
down. Moreover, when data is crawled from the internet, e.g. in applications of network
traffic, it may be impractical to store the entire data set [26]. Therefore, in these settings
it is impossible to make more than one pass over the data. Liang et al. [53] say “Whether
there exists a one-pass algorithm is still an open problem, and is left for future work.”

2.1.1 Owur Contributions

In this chapter, we resolve this main open question of [53], obtaining a one-pass algorithm
achieving (n + d) - poly(¢ "'k log n) memory for outputting a low-rank approximation for
the function f(z) = log,(|x| + 1), and achieving the stronger error guarantee:

UV = F5 < N = FA) I + poly(e/k) [ F(A)F-

We note that the poly(e/k) factor in both the algorithm of [53] and our algorithm can
be made arbitrarily small by increasing the memory by a poly(k/¢) factor, and thus it
suffices to consider error of the form ||[f(A)]x — f(A)||% + €|l f(A)[|%. We also note that
our algorithm can be trivially adapted to rectangular matrices, so for ease of notation, we
focus on the case n = d.

At a conceptual level, the algorithm of [53] uses one pass to obtain so-called approximate
leverage scores of f(A), then a second pass to sample columns of f(A) according to these,
and finally a third pass to do so-called adaptive sampling. In contrast, we observe that one
can just do squared column norm sampling of f(A) to obtain the above error guarantee,
which is a common method for low-rank approximation to A. However, in one pass it is
not possible to sample actual columns of A or of f(A) according to these probabilities, so
we build a data structure to sample noisy columns by approximations to their squared
norms in a single pass. This is related to block /y-sampling in a stream, see, e.g., [54].
However, the situation here is complicated by the fact that we must sample according to
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the sum of squares of f values of entries in a column of A, rather than the squared length
of the column of A itself. The transformation function f’s nonlinearity makes many of
the techniques considered in [54] inapplicable. To this end we build new hashing and
sub-sampling data structures, generalizing data structures for length or squared length
sampling from [3, 4, 48], and we give a novel analysis for sampling noisy columns of A
proportional to the sum of squares of f values to their entries.

Finally, we apply our new sampling techniques to the regression problem, showing
that our techniques are more broadly applicable.

2.2 Preliminaries

Notation. For a vector x € R™, we denote by |z| the vector whose i-th entry is |z;|. For
a function f, let f(A) denote the entrywise-transformed matrix (f(A)):;; = f(A4;;).

Useful Inequalities. Below we list a few useful inequalities regarding the function
f(z) = log(1 + |z).
Proposition 2.2.1. For x > 0, it holds that In(1 + x) > x/(1 + 2z).

Proof. Let h(x) = (1+2x)In(1+z) —z. Since h(0) = 0, it suffices to show that h'(z) > 0.
We calculate that .
"(r) = —— +2In(1 .
h'(z) 1+x+ n(l+ )
Since A'(0) = 0, it suffices to show that hA”(x) > 0. This can be readily verified by

calculating that

34 2z
Wiz) = —— ) O
(x) TEE >0

Proposition 2.2.2. It holds for all z,y € R and all a > 0 that f(x +y) < f(x) + f(y)
and f(ax) < af(x). As a consequence, for x,y € R"™ it holds that ||f(z + y)||3 <

(f @2 + 1 @)ll2)>.
Proposition 2.2.3. It holds for all x,y > 0 that f(\/22 +y2)* < f(2)* + f(y)%

Proof. Let f(z,y) = In*(1+z) +In*(1 +y) — In*(1 + /22 + 2). It suffices to show that
f(z,y) > 0. The inequality is clearly true when z = 0 or y = 0. Note that

of 5 log(1+x)  xln(l+ /2% +y?)
or 1+ 22 + 2 + /2% + o2
of _ 5 log(1+y)  yln(l+ /2 +y?)
0y Lty a2+y2 4 /22 + 42

Assuming x,y > 0, 0f/0x = 0f /0y = 0 implies that

log(1+xz) log(l+x)
r(1+2) y(l+y)

It is easy to verify that log(1+x))/(z(1+x)) is decreasing w.r.t. = (checking the derivative
and using Proposition 2.2.3), so we must have z = y. Now, let

B ~2ln(1+2)  V2In(l+v2z2)
h(az)—a—(az,x)— 12 Y
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We shall show that h(x) > 0 for all x > 0. This will imply that f(x,y) has no local
minimum or maximum when z,y > 0 and so it is easy to see that f(x,y) attains the
minimum at its boundary z = 0 or y = 0, yielding that f(z,y) > 0 for all z,y > 0.
To see that h(z) > 0, let
In(1 + ax)
9la) = a(l+ax)

We calculate
ax — (1 + 2ax)In(1 + az)

g'(a) =

a?(1+ ax)?
It follows from Proposition 2.2.1 that ¢’(a) < 0. Hence g(a) is decreasing w.r.t. a and
9(V/2) < g(1), which is exactly \/iih(a:) > 0. O
Lemma 2.2.4. Let ay,...,a, be real numbers and €q,...,¢€, be 4-wise independent

random variables on the set {—1,1} (i.e., Rademacher random variables). It holds that

7

where C > 0 is an absolute constant.

Proof. 1t is clear that the base of the logarithm does not matter and we assume that the
base is e. Let Z =Y, ¢;a; and 02 = Y a?. Then EZ%? =02 and E|Z| < (E|Z]})Y? = 0.
Let g(x) = In(1 + x) and

Z], |Z]| > e— 1 0, |Z]ze-1;
Zy = . Zy = .
0, otherwise, |Z], otherwise.
Then |Z| = Zl + ZQ and
Eg(|1Z))* = E(9(Z1 + 22))* < E(9(Z1) + 9(22))* < E2(9(Z1)* + 9(Z2)*),

where the first inequality follows from Proposition 2.2.2. For the first term, we define
h(z) = g(x) - 1{z>e—13. Then h(x)? is concave on [0, 00). Hence

Eg(Z:)* = Eh(Z1)? = ER(|Z])* < h(E|Z])? < h(o)? < g(0)"

Next we upper bound the second term. The first case is 0 < e — 1. Since E Z* < 304, it
holds that Pr{Z, > to} < Pr{|Z| > to} < 3/t*. Then

E g(Z)* <Egle — 1)g(Zs)
=Eg(Z,)

e—1
= / g(x) Pr{Zy > x}dx
0
(e=1)/o
= 0/ g(to) Pr{Zy > to}dt
0
(e—1)/o
= 02/ g(t)Pr{Zy > to}dt (by Proposition 2.2.2)
0

1 (e=1)/o
g(t)
< o2 (/0 g(t)dt+3/1 t—4dt>

§ 010'2
< Ci(e—1)%g(0)?,
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where C'; > 0 is an absolute constant and the last inequality follows from the fact that
g(x) > z/(e —1) on [0,e — 1]. The second case is ¢ > e — 1. In this case,

Eg(Z2)* <1< g(0)”.

Therefore, we conclude that

Eg(|2))* < 2(1+ Ci(e = 1)*)g(0)” = Cag |, /Za < ngg(\ai!)Z,

where the last inequality follows from Proposition 2.2.3. O

Lemma 2.2.5. For arbitrary vectors y, z € R™ such that || f(y)||3 > £72]|f(2)]|3 for some
€ €(0,1), it holds that (1 —36)|| f(W)II3 < [1f(y +2)I3 < (L + 3 f(w)]l3-

Proof. We first prove the upper bound.

ny—i_zHQ nyz"‘%

< Z (y:) + f(z)]*  (Proposition 2.2.2)

—Zf Yi) +Zf zi) +Z2f yi)f

< If )l +¢* IIf( )||2+2||f( )2l f(2)]l2 (Cauchy-Schwarz)
< (E+2+ 1) [1F Wl
< (L+3) I W)ll5- (since € < 1)

Next we prove the lower bound. Let I = {i:y;2; <0}, Jy ={i € I :|y;| <|z|} and
={iel: |z <|y| <Yz} for some ¢ < 1 to be determined. Then

If+2)M=> fi+z)+> fi+z)?+ Y. fit+z)’+> fit+a)

i€Jy i€Ja ie[\(]lufz) Zg[
> > i)+ ) fw)
1€\ (J1UJ2) i€l

When i € I\ (J; U Jy), we have |z;]| < (|y;|. It then follows that

log([yi + 2| +1) > log((1 — Q)|yi| +1) = (1 — () log(|y:| + 1),

log(1+(1—€)x)

where, for the last inequality, one can easily verify that h.(z) = is increasing

log(1+x)
on [0,00) and lim, g+ h(x) = 1 — €. Hence
Zf(yi+zi)22(1—02 Z f(yi)2+2f(yz > ( Z fyi)?
% €I\ (J1UJ2) €1 g J1UJo

Now, note that

STrw)? <> fEP < IFRIB<ENf WS

i€J1 i€J1
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and (using Proposition 2.2.2)

S Fw) <Y fE <IN < O I W

i€ 1€Jy

It follows that
Zf(yi +2)2 > (1= (IF W = ENFWIE — €O 1 FW)3)
=(1-Q*1-&= 'Ol

Choosing ¢ = (£2/(1 — £?))'/? maximizes the right-hand side, yielding

1F v+ 2)lz > (1= 3) [LFW)ll5.- O

2.3 Algorithm

Our algorithm uses two important subroutines: a subsampling data structure called an
H-Sketch, and a sketch for approximating the inner product of a transformed vector and
a raw vector called LogSum. The former is inspired from a subsampling algorithm of [48]
and is meant to sample a noisy approximation to a column from a distribution which is
close to the desired distribution. In fact, one can show that it is impossible to sample the
actual columns in a single pass, hence, we have to resort to noisy approximations and
show they suffice. The latter LogSum sketch is the same as in [53], which approximates
the inner product (f(z),y) for vectors z,y. Executing these sketches in parallel is highly
non-trivial since the subsampling algorithm of [48] samples columns of A according to
their £ norms, but here we must sample them according to the squares of their ¢, norms
after applying f to each entry.

Roughly speaking, the above combination gives us a small set of poly(k/e) noisy
columns of f(A), sampled approximately from the squared ¢, norm of each column of
f(A), after which we can appeal to squared column-norm sampling results for low-rank
approximation in [30], which argue that if you then compute the top-k left singular vectors
of f(A), forming the columns of the n x k matrix L, then LLT f(A) is a good rank-k
approximation to f(A). The final output of the low-rank approximation will be two
factors, L and LT f(A). The algorithm in [53] first computes L by an involved algorithm
in three passes, and then computes L' f(A) in another pass using LogSum sketches. Our
algorithm follows the same outline but we shall demonstrate how to compute L in only
one pass, which is our sole focus for low-rank approximation in this chapter. Note that
our ultimate goal, which we only achieve approximately, is to sample columns of f(A)
proportional to their squared ¢, norms. This is a fundamentally different sampling scheme
from that of [53], which performs leverage score sampling followed by adaptive sampling,
which are not amenable to a one-pass implementation.

2.3.1 H-Sketch

We first present a basic heavy hitter structure in Algorithm 2.1, and a complete heavy
hitter structure in Algorithm 2.2 by repeating the basic structure R times. The complete
heavy hitter structure supports a query function. Below we analyse the guarantee of this
heavy hitter data structure.
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Algorithm 2.1 Basic heavy hitter substructure
Input: A e R"™" v, ¢
Output: a data structure H

1w+ O(1/(*?))
2: Prepare a pairwise independent hash function h : [n] — [w]
3: Prepare 4-wise independent random signs {¢;}1,
4: Prepare a hash table H with w buckets, where each bucket stores a vector in R™.
5: for each v € [w] do
6
7
8

H, « Ziehfl(v) €4;
. end for
. return H

Algorithm 2.2 Complete H-Sketch
Input: A € R"™" v, ¢, o
Output: a data structure H
1: R <+ O(log(n/9))
2: for each r € [R] do
3: Initialize a basic substructure H (Algorithm 2.1) with parameters v and ¢
4: end for

5: function QUERY (1)

6 for each r € [R] do

7: v, < H }(L:)(i) > h, is the hash function in H™
8 end for

9 r* < index r of the median of {||f(v,)||2}rerm

10: return v,«

11: end function

Let M = || f(A)||%. We define I, = {i € [n] : || f(A;)||3 > eM}, the set of the indices of
the e-heavy columns. Let a be a small constant to be determined later.

Lemma 2.3.1. With probability at least 0.9, each column in 1,4 is mapped to a distinct
bucket by h.

Proof. Note that |I,4| < 1/(a¢). Thus, there exists a collision with probability at most

1 (1/<a¢>

1
< —<
w 2 )_Qwa2¢2_

provided that w > 1/(0.2 - a?¢?) = 5/(a?¢?). O

0.1,

Lemma 2.3.2. For each u € [n], it holds with probability at least 2/3 that

2

M

N A. < 30 Z

f E L) =)y €i4i <3C -
ig(lcﬂﬁu{u}) 2

where C > 0 is an absolute constant.
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Algorithm 2.3 Sampling using H-Sketch

Require: (i) An estimate M such that M < M < KM; (ii) a complete heavy hitter

—_ = =

,_.
@

14:
15:
16:
17:
18:
19:
20:
21:

22:
23:
24:

structure Dy of parameters (O(1), O(e/(KL?)),1/(L +1)); (iii) L complete heavy
hitter structures (see Algorithm 2.1), denoted by Dy, ..., D;, where D; (j € [L]) has
parameters (O(1), O(e*/L3),1/(L+1)) and is applied to the columns of A downsampled
at rate 277;
L « log(Kn/e), L < logn
¢ + a random variable uniformly distributed in [1/2, 1]
forj:(),...,f/ do
A; + top O(L?/e®) heavy hitters from D;
end for
Jo + log(4Ke3L3)
¢ + uniform variable in [1/2,1]
for j=1,...,j0do N N
Let )\gj), ..., AY) be the elements in Aq contained in [(1+€)¢a, (2 — )¢
My [+ A7)

. end for
cfor j=j,+1,...,L do

Find the largest ¢ for which A, contains s; elements )\gj), . ,Agi) in [(1+€)¢3, (2—
€)M for (1 —v/20€)L?/€? < s; < 2(1 + /20€)L? /€
if such an ¢ exists then
My e (AP] 4+ A2’
Wj — Ag
else
Mj +~0
end if
end for N .
J* ¢ sample from [L] according to pdf Pr(j* = j) = M;/ >, M,
i* <= sample from W;- according to pdf Pr(i* = i) = |)\§])|/]\A/f]
vj= i+ = vector returned by QUERY(i*) on D;«
return v ;

Proof. Let v = h(u). Since h is pairwise independent, Pr{A(i) = v} = 1/w for all i # w.

Let

Zo= Y el (A3
i€ (IapU{u})

then

M
EZ, < Y Elpuo-n IF(A)]5 < =

1€Ia¢

It follows from Lemma 2.2.4 that

2

{E’h / Z Line)=vy€idi < ]P};C' Z ||f (l{h(i):U}Ai) H; = C’]%]‘,ZU <C

i€lng 9 i€log

M
w Y

where we used the fact that f(0) = 0 and 1=y € {0,1} in the second step (the
equality). The result follows from Markov’s inequality. O
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Lemma 2.3.3. Suppose that v € (0,0.05] and o = 0.3/C > (3, where C' is the absolute
constant in Lemma 2.3.2. With probability at least 1 — 6, for all i € [n], the output v« of
Algorithm 2.2 satisfies that

(a) L =v)If (A5 < [1f(ve)lI5 < (L+ )| (A3 for all i € Iy;
(0) |If(ve)|13 < 0.920M for all i & Iy;

(c) Ilf ()13

Proof. Fix u € [n]. With probability at least 0.9 — 1/3 > 0.5, the events in Lemmas 2.3.1
and 2.3.2 happen. Condition on those events.

From the proof of Lemma 2.3.2, we know that ¢ € I, do not collide with other elements
in I,4. Hence, it follows from Lemma 2.2.5 (where £2 < 3C/(¢w) < (v/3)?) that

(=) [F(ADN < £ (Huw)ll, < L+ 0) 1F (A5,

provided that w > 34C/(¢r?).
When @ & 1,4, we have

< (1+v%2)°0M.

1 (Huo)|[2 < 3C (agb + 1) M < (0.9 + 1¥2)6M < 0.926M.

When i € I, \ I, we have that H; contains only ¢ and columns from [n] \ I,4. Hence

by Proposition 2.2.2,
B\
L (Ha)]ls < (Hf )l + ?M>

< (Vo +/iFghl)

< (1+ %2 M,

provided that w > 3C/(¢v?).
Finally, repeating O(log(n/d)) times and taking the median and a union bound over
all n columns gives the claimed result. O]

Next we analyze the sampling algorithm, presented in Algorithm 2.3, which simulates
sampling a column from A according to the column norms. The following theorem is our
guarantee.

Theorem 2.3.4. Let € > 0 be a constant small enough. With probability at least 0.9,
Algorithm 2.3 outputs vj- ;= which satisfies that, there exists u € [n] such that

(1= O (A5 < 1f (W)l < L+ O() (A5

Furthermore, there exists an absolute constant ¢ € (0,1/2] such that

I (A)l5
LF (7

for all i belonging to some set I C [n] such that Y, ; ||f(A:)]|3 > (1 — 6€)M, provided
that € further satisfies that € < ¢/C'" for some absolute constant C > 0.

Pr{u=1i}>c¢
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Proof. The analysis of the algorithm is largely classical, for which we define the following
notions:

(1) T; = CM/2;

(2) S;={i€n]:||f(A)]3 € (T;,2T;]} is the j-th level set of A;
(3) alevel j € [L] is important if |S;| > €27 /L;

(4) J C [L] is the set of all important levels.

It follows from the argument in [51], or an argument similar to [3] that the columns we
miss contribute to only an O(e€)-fraction of the norm, and for each level j € {1,..., 5} UJ,
each of the recovered columns \; (i € [s;]) Corresponds to some u = u(i) € S; and satisfies
that (1—O(e))[[f(Au)l5 < A < (1+ O() I (Au)l3

Next we prove the second part. For a fixed i € [n], define events

& = {ifalls in a level j € [jo] U T}

and a set of “good” columns
I'={i:Pr{&} > B}

for some constant § < 1/2. Since all non-important levels always contribute to at most a
2e-fraction of M, it follows that the bad columns contribute to at most a 2¢/(1— [3)-fraction
of M, that is,

S A < 7= M.

i€l
Next we define the event that

Fi={& and ||f(A)]lz € [(1 + )T}, 2(1 — T3]},

then it holds for all ¢ € I that Pr{F;} > Pr{&} — O(¢) > 0.95 for € sufficiently small.
Let G; denote the event that the magnitude level j is chosen, and j(¢) is the index of
the magnitude level containing column 4. Then for those i’s with j = j(i) € [jo] U T,

e (1EOM; (1+0(e)M; _ M;
Pz 1£0(e) 3, M;  (1£0())M = (=00,
and )
A _ 10O (A3 Hf( )lI3
Priu=i|GNF}= £ 0, =(1+0(e)—— M,
Hence

Pr{u =i} = Pr{u =i | G; N F;} Pr{G;|F;} Pr{F;}
> 0.95(1 — 0(e) LAz Hf( DIERS 85!\f(]\z‘;)l\%

9

provided that e is sufficiently small. O
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Now we show how to obtain an overestimate M for M. We assume that all entries of
A are integer multiples of 7 = 1/ poly(n) and are bounded by poly(n), which is a common
and necessary assumption for streaming algorithms, otherwise storing a single number
would take too much space. Let f(z) = log?(1 + |nz|), then || f(A)|% = D i f(ntA),
where 7! A has integer entries. Hence, we can run the algorithm implied by Theorem 2
of [8] on n7 A in parallel in order to obtain a constant-factor estimate to ||f(A)||%. To
justify this application of the theorem, we verify in Section 2.5 that the function f(|z|) is
slow-jumping, slow-dropping and predictable on nonnegative integers as defined by [§].

Finally, we calculate the sketch length. The overall sketch length is dominated
by that of Algorithm 2.3. In Algorithm 2.3, there are L = O(e 'logn) heavy hit-
ter structures Dy, ..., D;, each of which has a sketch length of O(1/(¢?v?)log(nL)) =
poly(L, 1/¢,logn) = poly(logn, 1/¢). There is an additional heavy hitter structure Dy of
sketch length O(poly (K, L,1/e,logn)) = poly(logn, 1/¢). Hence the overall sketch length
is poly(logn, 1/€). Each cell of the sketch stores an n-dimensional vector. We summarize
this in the following theorem.

Theorem 2.3.5. Suppose that A € (nZ)™™ with |A;;| < poly(n) is given in a turnstile
stream, where n = 1/poly(n). There exists a randomized sketching algorithm which
maintains a sketch of npoly(e *logn) space and outputs a vector vy € R™ which
satisfies the same guarantee as given in Theorem 2.3.4.

2.3.2 Low-Rank Approximation

Suppose that we have an approximate sampling of the rows of f(A) so that we obtain a
sample f(A;) + E; with probability p; satisfying

A
AP 21

for some absolute constant ¢ < 1. The p;’s are known to us (if ¢ = 1, then we do not need
to know the p;).
The following is our main theorem in this section, which is analogous to Theorem 2 of

[30].

T

Theorem 2.3.6. Let V' denote the subspace spanned by s samples drawn independently
according to the distribution (2.1), where each sample has the form f(A;) + E; for some
i € [n]. Suppose that || E;ll2 < v||f(Ai)|l2 for some v > 0. Then with probability at least
9/10, there ezists an orthonormal set of vectors yi,ya,...,Yyr in V such that

Hf<A> 1A uy)

The theorem shows that the subspace spanned by a sample of columns chosen according
to (2.1) contains an approximation to f(A) that is nearly the best possible. Note that if
the top k right singular vectors of S belong to this subspace, then f(A) Zle vv, would

provide the required approximation to f(A) and we would be done.

2
10k

<Drarnr11<1(% 17(4) = DIl + —= (A +1)* If (A

Proof. For notational convenience, let G = f(A). Let S be a random sample of s rows
chosen from a distribution that satisfies (2.1). We can write the i-th sample as G; + E;
for some error vector E;. Consider the singular value decomposition of G =), Ututv; .
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For each t, we define a random vector

w, = éz Wi 1 gy,

ies Pi

Note that S in general consists of sampled columns of f(A) with noise. The vectors wy,
are clearly in the subspace generated by S. We first compute Ew;. We can view w;
as the average of s i.i.d. random variables X, ..., X, where each X, has the following
distribution:

X =
! Di

(G; + E;) with probability p;, ¢=1,2,...n
Taking expectations,

EX; = Z
=1

NG+ E)ps =u) (G+E) =ow/ +u] E

’L

Hence
Ew; =EX; =0 +ul E

and
IE X2 = 0% + 200w, u] B) + |[u] E||3 < 07 +2(ow] uf B) + | E|}2.

We also calculate that

2 _ (“t)? 2
EHXJ'HQ_Z P2 |G + Eilly - pi
< Z
)2 H HF 201112
< 1+ IGill;
Z cllGil;

(1+7) |

+[1Ei]l,)*

Gl

where we used the assumption (2.1) in the third line and the fact that ||u||s = 1 in the
last line. It follows that

1
Ejw,; =E ;ZXj ZEHX 24— S EX,EX)
j J#t
(1+7) (-1
S T IG5 + 2 (o7 + 2(ow/ vl E) + || E])3) ,

and thus

E Hwt — O, H2 =E H’I.UtH; — <Ewt,0tvt > + Ut

(1+9)°
< S—HGHF"‘Ut +2<0tvt ,utTE>—|—HEH2 (2.2)
— 207 = 2(u) E, o) + o? .
e +7)

G117
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If w; were exactly equal to oy, (instead of just in expectation), we would have

k k
G E v, =G E w, wy,
t=1 t=1

which would be sufficient to prove the theorem. We wish to carry this out approximately.
To this end, define y; = Uitth for t = 1,2,...,s and let V} = span(¢y, 4o, ..., Us) C V.
Let y1,¥2,...,yn be an orthonormal basis of R” with Vi = span(yi, s, ..., ), where
[ =dim(V7). Let

l k
B = Z Gy, and B= Z Gug,
t=1 t=1

The matrix B will be our candidate approximation to G in the span of S. We shall bound
its error using B. Note that for any ¢ < k and j > [, we have (g;)"y; = 0. Thus,

|G - BJ% = ZHG By =Y 6y,
i=l+1
-$e-
i=l+1

2 ~ 112
) §HG—BH.(2$
2 F

Also,

. n k ) n
|G — B|3 = = Z ||az-viT —wiH2 + Z o’
i=1 i=1

i=k+1

Taking expectations and using (2.2), we obtain that

<y o M e (2.4)

i=k+1

Note that B is of rank at most k and Dy, is the best rank-k approximation to GG. We have

112 n
fo- 216~ b - 3

i=k+1

Thus ||G — B||% — |G — D% is a non-negative random variable. It follows from (2.4)

that ( )
N 10k(1 + v 1
P H —BH — D> —
r{ G oG = Dillp = ” IGI% ST

The result follows from (2.3) and the fact that ||E|% < v ||G||5. O

Now, the difference between Theorem 2.3.4 and the assumption (2.1) is that we
do not have control over p; for an O(e)-fraction of the rows (in squared row norm
contribution) in Theorem 2.3.4. Let A’ be the submatrix of A after removing those rows,
then || f(A)|lr < (1+ O(e))|| f(A)||r. We can apply Theorem 2.3.6 to A" and take more
samples such that we obtain s rows from A’ (which holds with 1 — exp(—£(s)) probability
by a Chernoff bound). We therefore have the following corollary.
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Corollary 2.3.7. Let y;’s be as in Algorithm 2.4 and c¢ and € be as in Theorem 2.3.4. It
holds with probability at least 0.7 that

Hf(A) 1Ay

Proof. First, it follows from a Chernoff bound and a union bound that we can guarantee
with probability at least 0.9 that all samples have the form f(A;) + E; with small || E;||2.
Then, it follows from another Chernoff bound that with probability at least 0.9, it holds
that there are s/2 samples from A’. We apply Theorem 2.3.6 to A’ and s/2 and obtain
that

2 9 30k 2
< mln Hf( ) —D||7+ (;4‘6) 1Az
F

D:ran

30k
< min ||f(A/) D||F+_Hf(‘4,)”F

D:rank(D)<

Hf(A') - f(A) Z yjy;

Suppose that A” is the submatrix of A which consists of the rows of A that are not in
A’. Then f(A) is the (interlacing) concatenation of f(A’) and f(A”). Since ||f(A")]|% <
el f(A)||% and yi, ..., yx remains valid if we add more samples,

‘f(A) — f(A) Zyjij
— | f(A) Zy]y]

A// A// Z yj y]

30k
<im0~ DI+ 2+
30k
< i 76 = DI+ (35 ) 1.

The overall failure probability combines that of Theorem 2.3.4, Theorem 2.3.6 and the
events at the beginning of this proof.
For the second result, take s = O(k/e) and rescale e. O

Note that Algorithm 2.3 can be easily modified to return the sampling probability of
the sampled column, which is just )\Z(J ) />0 i M;. However, for each sample, we may lose
control of it with a small constant probability. To overcome this, inspecting the proof
of H-Sketch, we see that for fixed stream downsampling and fixed ¢ in Algorithm 2.3,
repeating each heavy hitter structure O(log(L/d)) times and taking the median of each M;
will lower the failure probability of estimating the contribution of each important level to
d/(L+1), allowing for a union bound over all levels. Hence, with probability at least 1 — 4,
we can guarantee that we obtain a (1 + O(€))-approximation to ||(f(A)).]|3 and thus a
(14 O(€))-approximation to || f(A)||%. Hence the returned p, is a (1+O(e))-approximation
to the true row-sampling probability p, = ||(f(A4)).||3/]|f(A)||%. Different runs of the
sampling algorithm may produce different values of p, for the same u but they are all
(1 £ O(e))-approximations to p,. We can guarantee this for all our s samples by setting

= O(1/s), which allows for a union bound over all s samples.

Therefore, at the cost of an extra O(logs) factor in space, we can assume that

= (1 £ O(e))p, for all s samples. The overall algorithm is presented in Algorithm 2.4.

The following main theorem follows from Corollary 2.3.7 and the argument in [30].
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Algorithm 2.4 Rank-k£ Approximation using H-Sketch

Input: A € R™", rank parameter k, number of samples s

1: Initialize s parallel instances of (modified) Algorithm 2.3
2: Let (h1,p1),- .., (hg,Dy) be the returned vectors and the sampling probability from
the s instances of (modified) Algorithm 2.3

3: I <+ concatenated matrix (\/}?ﬁ shE)
4: Compute the top k left singular vectors of F, forming L € R™**
5. return L

Theorem 2.3.8. Let s = O(k/e) be the number of samples and iy, ...,y be the output
of Algorithm 2.4. It holds with probability at least 0.7 that

|£(A) = LLTFA)|[ < min  [IF(A) = DI+ £ (A

D:rank(D)<

2.4 Application to Linear Regression

In this section, we consider approximately solving the linear regression problem using the
H-Sketch from Section 2.3.1.

We shall need to sample rows from the concatenated matrix @ = (f(A) b), where A €
R™4 and b € R™ are given in a turnstile stream, and f(z) = In(1+]|z|) is the transformation
function. This can still be achieved using the same H-Sketch in Section 2.3.1, applied
to the concatenated matrix (A b), with the transformation function f(z) (z € Rt!)
replaced with g(z) = (f(xlzd) xd+1), where x1.4 denotes the first d coordinate of z and
2441 the last coordinate of x. Then, using identical arguments in Section 2.3.1 for the
squared fo-norm on the first d coordinates and a standard Count-Sketch argument for the
last coordinate, it is straightforward to show an analogous version of Theorem 2.3.4 as
below. We omit the identical proof.

Theorem 2.4.1. Let € > 0, and let H;,;, be the vector returned by Algorithm 2.3. With
probability at least 0.9, it holds that there exists u € [n] such that

(1 = 0@) (I (Al + bu*) < Na(Hipa)ls < (1 + O() (If(Au)lls + [ba]) -

Theorem 2.4.1 states that each sample is a noisy version of the u-th row of ). Let
pu = ||Qul|3/]|Q||% be the true sampling probability of the u-th row. As argued at
the beginning of Section 2.3.2, we may assume, at the cost of an O(logs) factor in
space, that every sample is good, i.e., the returned sampling probability p, satisfies that
Pu = (1 £ 0O(€))p, and the noise in each sample is at most an O(e)-fraction in its £ norm.

Below we present our algorithm for linear regression in Algorithm 2.5, assuming that
every sample is good in the sense that p, = (1 & O(¢))p, and the noise in each sample is
at most an O(e)-fraction in ¢y-norm. The guarantee is given in Theorem 2.4.2.

Theorem 2.4.2. Given matriv A € R and vector b € R™, let k = k(f(A)) be the
condition number of the transformed matriz. Let s = O(%2 log %), then Algorithm 2.5
outputs a vector & € R, which, with probability at least 1 — 6, satisfies

HM:U - 6”2 < (1+ € min | £(A)x = b, + A,
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Algorithm 2.5 Linear Regression using H-Sketch

Require: A € R™*? number of samples s
1: Initialize s parallel instances of Algorithm 2.3
2: Run Algorithm 2.3 on the concatenated matrix (f(A) b) to obtain s row samples
hi,...,hs and the corresponding sampling probabilities pq, ..., Ds

T vertical con nation of - ... —ls
< vertical concatenation o O ) Tere

{\;[ < first d columns of T
b + last column of~T 3
T+ argmingcpa || Mz — b2

» E 2
A= (,/d+||f( o I+ /17l +|rb||2>.

The total space used by Algorithm 2.5 is O(d?*r?log 1) - poly(logn, 1).

where

By Theorem 2.3.4, for every i € [s], there exists j(7) such that h; = (f(A);q). bjw) +Fjw),
where F; = F;/ V/5pi- We define a new matrix S such that in the i-th row of S, S; ;) =
1/,/3Pju) and the other entries are zero. By Theorem 2.4.1, we have that the row-
sampling probability we use is a (14 O(€)) approximation to the true sampling probability.
Therefore, we define matrix S such that in the i-th row of S S” = 1/\/5‘]5]-(2-) and
the other entries are zero, and matrix F' is such that F, = E; /v/sp;. Then, we find that
S(f(A) b) +F=T.

Proof. For notational convenience, we let G = f(A) with singular value decomposition
G = UXV'". We shall show that H[d - (SU)T(SU)H2 is small, for which we first show
Hfd — (SU)T(SU) ||2 is small.

Let X; =I;,—Y,"Y; and Y; = Uih where U, is the t-th row of U, which means that

\/pJ(Z)
the j(i)-th row of M is chosen in the i-th trial. Since

Ul -
E(X;) =1, —E(Y,'Y;) = I, — =15 — U, U =0,
(X3) d ( ) d Zpt\/ﬁt\/ﬁt d ; t

we can apply Lemma 1.2.2 to X, ..., X, for which we need to upper bound ||X;||2 and
IE(XE)]2-
We first bound || X;]|2.

T .
1Xill, = |[1a = YTV, < 1+ I Zp[,JlHZ
U313
<1+ [telly
cllGill; "
S P b
co?
dr?
<14 —,

C
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where 01 > - -+ > 0, are the singular values of G, and in the penultimate inequality we
use the fact that ||G;||, = “UiZVT“Z = ||\U;X||, > oq||Uill,-
Next, we bound ||E(X?)||,. Observe that

E(X?+ 1) =L+E(i— Y, Y;) 1y Y;'Y;) = L4+ E(I; — 2Y, Y, + V' Y,V Y;)
2
Ui
=za—MEW®+MEWmm©=E(lﬂﬂ%fn),
Pj@)

and thus

|E(X? + 1o)]|, = (”U H2YTY>
P;() 2

U2
E(”'%H@@%Wa
1Gill5
E (d“ YTY)

It follows immediately from the triangle inequality that

IN

2

IN

2

d 2
[BX2|, < BCKE + L), + N1l < == +1.

Invoking Lemma 1.2.2, for

1< 1
=) X;=I;—-) YV'V;=1,— (SU)"(SU
S; d SZZ a— (SU) (SU),

1=1

and p = 02 = 1 + dr?/c, we have that

€%s €%s
Pr{HId — (SU)T(SU) HQ > e} < 2dexp ( 3 +pe/3) < 2dexp (_—Qdmz/c) <9
by our choice of s. Equivalently, it holds that Pr{HId —(SU)T( H2 <€} > 1—9, which
implies that [|SGz|, = (1 £ €) ||Gz||, for all z € RY. We Condltlon on this event in the
rest of the proof.

and H[d— (SU)T(SU)H is

Second, we show the error between||Z; — (SU)T(SU)H2
2

small.

Hld - (S*U)T(S*U>H2 < |1, — (SU)T(SU)|, + H(SU)T(SU) - (SU)T(SU)H

2

<et H(SU)T(éw —(SU)T(SU)

2

Observe that

T s T
. Ul Uje UoUiy — (SU)T(SU)

(SU)T(SU) = Z:; o =2 T 00w~ 12000
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and thus
|07 S0 = (s0)T(s)|, = 0@ [|(sV) (5L,

We have proved that ||Id — (SU)YT(SU)||, < €, so we have H[d - (,SA”U)T(SU)H2 <

][

e+ O(e)(1+ €) = O(¢). By rescaling ¢, we can assume that Hld - (S’U)T(SU)H2 <e.
Now consider the subspace spanned by the columns of M together with b. For any

(1£e€) ||lyll,- Recall that we have defined E; = E;/\/sp:, where

F; and E; are the correspondmg i-th row of F" and E. Let F® be the first d columns of
F and F'® be the last column of F. Hence, the original linear regression problem can be

’(SG +EW) — (8 + FO)
2
(SG + FW)z — (Sb+ F®)

vector y = G —b,

written as min

satisfies
2

< |[(SG + FWyz* — (Sb+ F@)
2

Note that z = arg min,

min H(gG + FO)z — (Sb+ F®)

2
()5 _ f

IN

S(Ga*

IN

1+ G = bll, + |[F]| /2113 + 1,

where the third inequality holds because S is a subspace embedding for the column
space of G together with b and 2* = argmin,cga |Gz — b||,.

Now, consider the upper bound on HF H . Since
2

~

2 2
2 _Elly o o lIGill; + [bif?

2
- = GI%+ 1015 < Z(1GI1% + [1b))3
= ap = sc(llGi||§+|bi|2)(H Iz +118ll2) = — (G + lIo];)

7

and
ol

Il = 6], < o=

we have that

min |[(SG + FO)2 — (Sb+ FO)|| < (1) 62" —bl, + || 3/l +1

* Y 2 2 HbH
< (146 ||Gz™ =0, + 7 1G11 e + 110l -4/ m +1

Y 2 2 HbHi
< (1+¢€)||Gzx* —b|, +—= G5 + b5 + 1/ d+ K ||b )
(I+e| [ \/E< 1G] =+ [10l3 L 10]]

By our assumption, ¢ =1 — O(e) and v = O(e). Rescaling € gives the claimed bound,
completing the proof of Theorem 2.4.2. O]

2.5 Obtaining an Overestimate M

In this section we verify that g(z) = In*(1 + nz) is slow-jumping, slow-dropping, and
predictable, where the three properties are defined in [8].

For completeness, we reproduce the definitions of these properties from [8]. We shall
only consider functions f(x) that satisfies f(x) > 0 for all > 0 and f(0) =
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e Slow-jumping: for every a > 0, there exists Y such that for all y > Y, it holds for
all # <y that f(y) < [£]*Tz%g(z).

e Slow-dropping: for every a > 0, there exists Y such that for all y > Y, it holds for
all # <y that g(y) > g(z)/y.

e Predictable: for any v € (0, 1) and subpolynomial ¢(z), there exist X such that for
all x > X and for all y € [1,2'77] such that |f(z +vy) — f(x)| > ef(z), it holds that

fly) > 277 f(x).

We first show that our ¢ is slow-jumping. Let o > 0. (i) When = > y/2, it
suffices to show that ¢g(y) < x%g(x). Since g(z) is increasing, it reduces to showing
9(y) < (y/2)*¢(y/2). This clearly holds for all large y because one can easily check
that In(1 +y) < 2In(1 + %) when y > 0. (ii) When z < y/2, we shall show that
g(y) < (X —1)**ozg(x), ie., gly) < (E2)*(y — x)*g(x). Since x < y/2, we have
y —x > y/2 and thus it suffices to show that g(y) < $(%)?(4)*g(z), and for large y that
9w < %, which can be easily verified. This concludes the proof that ¢ is slow-jumping.

It is obvious that g is slow-dropping because it is increasing.

Last, we show that ¢ is predictable. Note that g(2z)/g(z) — 1 as * — oo. Thus, for
any given e(z), when z is sufficiently large, it would not hold that g(x +vy) > (1+€(z))g(z)

for y € [1, z].
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Chapter 3

Online Active Regression

3.1 Introduction

Linear regression is a simple method to model the relationship between the data points in a
Euclidean space and their scalar labels. A typical formulation is to solve the minimization
problem min, ||Az —b]|, for A € R™*? and b € R", where each row A; is a data point in R?
and b; is its corresponding scalar label. When p = 2, the linear regression is precisely the
least-squares regression, which admits a closed-form solution and is thus a classical choice
due to its computational simplicity. When p € [1,2), it is more robust than least-squares
as the solution is less sensitive to outliers. A popular choice is p = 1 because the regression
can be cast as a linear programme, although other values of p are recommended depending
on the distribution of noise in the labels. Interested readers may refer to Section 1.3
of [34] for a discussion.

One harder variant of linear regression is active regression [66], in which the data
points are easy to obtain but the labels are costly. Here one can query the label of any
chosen data point and the task is to minimize the number of queries while still being able
to solve the linear regression problem approximately. Specifically, one constructs an index
set S C [n] as small as possible, queries bg (the restriction of b on S) and computes a
solution x based on A, S and bg such that

A7 = bllp < (1+ €) min | Az — bl (3.1)

For p = 2, the classical approach is to sample the rows of A according to the leverage
scores. This can achieve (3.1) with large constant probability using |S| = O(dlogd + d/e)
queries. Chen and Price [13] reduced the query complexity to the optimal O(d/¢), based on
graph sparsifiers. When p = 1, Chen and Derezinski [12] and Parulekar et al. [63] showed
that O((dlogd)/€e?) queries suffice with large constant probability, based on sampling
according to Lewis weights. More recently, Musco et al. [59] solved the problem for all
values of p with query complexity O(d/ poly(e)) for p < 2 and O(d”/?/ poly(e)) for p > 2,
where the dependence on d is optimal up to logarithmic factors.

Another common setting of linear regression is the online setting, which considers
memory restrictions that prohibit storing the inputs A and b in their entirety. In such a
case, each pair of data points and their labels (i.e. each row of [A b]) arrives one by one,
and the goal is to use as little space as possible to solve the linear regression problem.
Again, the case of p = 2 has the richest research history, with the state-of-the-art results
due to [18] and [40], which retain only O(e 'dlogdlog(e||A||3)) rows of A (where || A2

41



42 CHAPTER 3. ONLINE ACTIVE REGRESSION

denotes the operator norm of A). The idea of the algorithms is to sample according to
online leverage scores, which was first used by Kapralov et al. [45]. The online leverage
score of a row is simply the leverage score of the row in the submatrix of A consisting of
all the revealed rows so far. The algorithm of [40] is based on that of [18] with further
optimized runtime. The case of p = 1 was solved by Braverman et al. [9], who generalized
the notion of online leverage scores to online Lewis weights and sampled the rows of A
according to the online Lewis weights.

In this chapter, we consider the problem of online active regression, a combination
of the two variants above. In a similar vein to [18] and [40], the rows of A arrive one by
one, and upon receiving a row, one must decide whether it should be kept or discarded
and whether to query the corresponding label, without ever retracting these decisions.
The problem was considered by [65], who assumed an underlying distribution of the data
points together with a noise model of the labels and only considered ¢5-regression. Here
we do not make such assumptions and need to handle arbitrary input data. To the best of
our knowledge, our work is the first to consider the online active regression in the general
¢,-norm. Our approach is largely based upon existing techniques for online regression and
active regression. A technical contribution of our work is to show that one can compress
a fraction of rows in a matrix by sampling these rows according to their Lewis weights
while preserving the Lewis weights of the uncompressed rows (see Lemma 3.4.3 for the
precise statement), which may be of independent interest.

Our Results. We show that the online active regression problem can be solved, attaining
the error guarantee (3.1) using m = O(e~2dlog(d/¢) lognlog k%% (A)) queries for p = 1,
m = O(e tdpoly(log(d/e)) - log(nk®)) queries for p € (1,2) (where x°" is the online
condition number of A) and m = O(e *d poly(log(d/¢))log(n||All2/o)) queries for p = 2,
all with constant probability respectively (where || Al|s is the operator norm of A and o
the smallest singular value of the first d rows of A). Our algorithms are sublinear in space
complexity, using O(md) words.

The query complexity for p € (1,2) is only worse by a factor of log nx®" than that of
its offline counterpart [59], which is not unexpected, given that the same factor appears
in the sketch size for the ¢;-subspace embedding under the sliding window model [9].

Follow-up Work. After our work was published in the Proceedings of ICML 2022,
Woodruff and Yasuda [82] resolved the active regression problem for p > 2 by using
one-sided Lewis weights instead of standard Lewis weights and maintaining the quadratic
form ATW1'=2/P A during the reading of matrix A instead of using the compression trick.

3.2 Preliminaries

Notation. For two matrices A and B of the same number of columns, we denote by
A o B the vertical concatenation of A and B.

Suppose that A € R"*?. The online condition number of A is defined as k°%(A) =
| All2 max gy, 5220 ”AT5H27 where Ag is the submatrix of A consisting of the rows with
indices in S.

Suppose that A € R™4 b € R? and p > 1. We define REG(A, b, p) to be an x € R?
that minimizes ||Ax — b|[,. We remark that when p > 1, the minimizer is unique.
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All sampling matrices in this chapter are of the first kind, unless stated otherwise.
Associated with a sampling matrix S are indicator variables {(1g);}i=1,. . (where n is
the number of columns of S) defined as follows. For each i, we define (1g); = 1 if the i-th
column of S is nonzero, and (1g); = 0 otherwise.

Definition 3.2.1 (Online Lewis Weights). Let p € [1,2) and A € R"*?. The online ¢,
Lewis weights, denoted by wP“(A), ..., wO(A), are defined as wP"(A) = w;(AD), where
A® is the submatrix consisting of the first i rows of A.

By Lemma 3.3.1, we see that wP™(A) > w;(A). Hence, if we sample the rows of A
using online Lewis weights, i.e. replacing w;(A) with wP“(A) in the construction of S as
described in Lemma 1.2.12 (see the remark following the lemma), the resulting S still
forms a (1 + €)-subspace-embedding for A in the ¢,-norm.

Preservation of /5-INorm. We shall need the Johnson-Lindenstrauss matrix for the
online active fy-regression.

Definition 3.2.2 (Johnson-Lindenstrauss Matrix). Let X C R? be a set of points. A
matrix J is said to be a Johnson-Lindenstrauss matrix for X of distortion parameter €
(or, an e-JL matrix for X) if (1 — €)||z]|2 < || Jz|3 < (1 + €)||z||3 for all z € X.

It is a classical result [44] that when |X| = T, there exists a random matrix J € R™*¢
with m = O(e %log(T/§)) such that (i) J is an e-JL matrix for X with probability at
least 1 — 4, (ii) each column of J contains O(e~*log(7/d)) nonzero entries and (iii) J can
be generated using O(log?(|T|/0) log d) bits.

3.3 Additional Properties of Lewis Weights

A useful result of Lewis weights is their monotonicity when p < 2 [16, Lemma 5.5, which
we state formally below.

Lemma 3.3.1 (Monotonicity of Lewis weights). Suppose that p € [1,2], A € R™*¢ and
r € R It holds for alli =1,...,n that w;(A) > w;(Aor").

The next two lemmata are helpful in proving approximations to Lewis weights.

Lemma 3.3.2. Given A € R™? with {,-Lewis weights w;, i = 1,...,n. Let S be
the rescaled sampling matrix of the first kind with respect to p1,...,p, satisfying that
min{Bw;, 1} < p; < 1, where B = Q(e2log(d/d)). With probability at least 1 —§, it holds
that

2

n 12 n 1<), 1-2 n -
(1—6)2101. Paa] = Z:(p—s)zwZ Paza; = (1—1—6)211}1. Paa; .
i=1 i=1 v i=1

Proof. We prove the lemma by matrix Bernstein inequality. Without loss of generality,
we assume that p; < 1/ for all i, otherwise we can restrict the sum to the i’s such that

pi < 1/5. We further assume that ATW 5 A = I3, where W = diag{ws, ..., w,}. Let

_ 1 1-2
X, = (]lpi,)l W, Paa; — w; paiaiT, then E X; = 0. By the definition of Lewis weights, we
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'U\I\J

2 1—
’L

have w! = q, (ATWI_EA) a;. Hence, we have ||a;||3 = w?. Next, || Xi||2 < HalH2 =
w; 1
o < 3 and
= T | -2 aa] 1
EY XX = EZ(——l) ||az||2a, = =
i=1 2 i=1 Di B 2 p

Applying the matrix Bernstein inequality (Lemma 1.2.2), we have

{ E:XXT >e} <2dexp< 162 >:2dexp (—Q(B€%)) < 6. O

=1 5 38
Lemma 3.3.3. Suppose that p € [1,2], A € R"™? and wry,...,w, are the Lewis weights
of A. Let wy,...,w, be weights such that

-1

2/]D<a <Zw1 2/’)1 ) aigﬁw?/p, Vi=1,...,n

where > a > 0. Then it holds for all i that
aw; < w; < Bw;.

Proof. Let v =inf{c > 0: w; > cw; for all i}. It then holds for all ¢ that
1 -1
2/p > wl 2/pg a;
> Lo (St )
-1
i (Som-trar) o

7

-1
2/p—1
—_ a; wi Pz a; a;
5 \2

— 72/1} 1—.2/17
/8 7

This implies that

2/p—1
and thus ]

V=5

B

that is, w; > w;/f for all i. Similarly one can show that w; < w;/«. O

Next we shall prove an important property of Lewis weights of concatenated matrices.
In this section, all rescaled sampling matrices are of the first kind.

Lemma 3.3.4. Let A; e R"*4 (i=1,...,r), B€ R4 and M = AjoAy0---0A,0B. For
each i € [r], let S; € R™ ™ be the rescaled sampling matriz of the first kind with respect to
Pidy- - Din; with min{Bw;(4;),1} < p;; <1 for each j € [n;], where B = Q(e ?log(d/?)).
Let M' = S1A;0---085,A, 0 B. The following statements hold with probability at least
1—90.
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1. For each i € [r] and each j € [m;], it holds that

Wy oot s () (M Wy 4eeotms 1 4s: () (M
) 1+ +ni—1+ 1(g)( ) Swm1+~~-+mi_1+j<M,) < (1+€> 1++ni—1+ Z(J)( )

(1—¢
Di,si(5) Di,si(5)

where s;(j) € [n;] is the row index such that (S;); ¢ ;) 7 0.
2. For each 57 =1,...,k, it holds that

(1- €>wn1+~~+nr+j(M) < Wing 4o tmptj (M/) <(1+ e)wm—&-w—&-nr-&-j(M)-

Proof. Define partial sums p; = my + --- +m; with yo = 0 and v; = ny + - - - + n; with
v = 0. For each j € [u, + k],

1) Wy g+si( J)(M)/pz si(4)y  Mi—1 < J < g
w); =

Wiy, (M), J =
and
r k b bT
L=>. Z /2 - 2wy
i=1 j=1 1+J j=1 +J
Then we have
: (A ) i bibT
i(4) Y5
L= + )
ZZI ]Zl Pisi(i) (W, () (A3))P/2 7 jzl (wy, 4+ (M))P/21

Let Wy, = diag{w (M), ..., w, 1x(M)}. Let p; =1 fori =v, +1,..., 1, + k. Also note
that p; ; > min{fw,, ,+,;(M), 1} since w;(A4;) > w,, ,+;(M). It follows from Lemma 3.3.2
that

(1= (MW M) < L < (14 e)(M W,/ M),

with probability at least 1 — 9.
Next we verify that {w}}; are good weights for M’'. When j1; 1 < j < pu;,

(W sy (M))? (A (MTWy 2PM) Y (A ]

2 B | si(7)
(w;) P = 2/p - it
Pis,(5) Pis()
1 Az‘sz"LilAi;r" 1
_ _ (Ai)s,(h L7 (43) i) _ (S;4:);L71(S; A,
1+e p?/f’( ) 1+e J J
1,8 \J

where (S;4;); denotes the j-th row of S;A;. Similarly, one can show that for j > p,,

(wl )2/1) . 1 b. L~ 1bT

prt] 14+¢ J—hr J—Mr

The result follows from Lemma 3.3.3. This completes the proof of 3.3.4. O]
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3.4 Algorithms and Main Results

In this section, we shall demonstrate how to solve the online active regression with
O(e2dlog(nkC®"(A))) queries. We shall then improve the number of queries to O(e~'d
log(nk®t(A))) in Section 3.6, attaining the optimal dependence on e.

The high-level approach follows [59] and we give a brief review below. We sample A
twice w.r.t. (online) Lewis weights but with different oversampling parameters g, getting
SA of O(dlogd) rows and S;A of O(d? poly(e~'logd)) rows, respectively. We use the
sketching matrix S to solve min,cga || Az — b||,, obtaining a constant-factor approximation
solution x.. The problem is then reduced to solving min,cga ||Az — z||, with z = b — Ax,,
for which we shall solve min,ega ||S1Az — Si2||, instead. Since S;A has Q(d?) rows,
we repeat the idea above and further subsample S1A twice with different sampling
parameters, getting S»51 A of O(dlogd) rows and S35 A of O(d poly(e~!logd)) rows. The
sampling matrix Sy is used to obtain a constant-factor approximation solution Z. to
min,cga ||S1Az — S12||, and S; is used to solve min,cga ||S1Az — (S12 — S1AxL)||, with a
near-optimal solution z’. The near-optimal solution to min,cga ||S1Az — S;z||, is then
T = I, + 7'. Finally, the solution to the original problem is Z = x. + .

We shall maintain in parallel four independent (rescaled) row-sampled submatrices
of the input matrix A, denoted by A= SA, A = S1A, Ay = S, A; and A3 = SgAl,
where S, 51, S5, S3 are rescaled sampling matrices. Recall that z = b — Ax,., where z. is
a constant factor approximation. The corresponding sampled subvectors of b and z are
b= Sb, by = S39,b, by = S351b, Z5 = by — Ao, and 33 = by — Az, respectively. We shall
keep updating these sampled submatrices and vectors. We make the rows of A global
variables and a; € R is the ¢-th row of A. We denote by A® the first ¢ rows of A and
b® the first ¢ coordinates of b. Furthermore, in our presentation of the algorithm, for a
variable X, we denote by X® its value at the t-th stage in the online algorithm.

3.4.1 The case p € (1,2)

We present our main algorithm for p € (1,2) in Algorithm 3.1. The following is the
guarantee of the algorithm.

Theorem 3.4.1. Let A € R™? and b € R". Algorithm 3.1 outputs a solution ¥ which
satisfies that
47 = bll, < (1-+€) min [ 4z — b, (3.2)

with probability at least 0.98 — & and makes

OL
MT(A) log 1)

d d
O | = log?dlog® = - log
€2 € )

queries overall in total.

A major drawback of Algorithm 3.1 is the cost of calculating the online Lewis weights.
Recall that the online Lewis weight of a; is defined with respect to the first ¢ rows of
A. A nailve implementation would require storing the entire matrix A, partly defying
the purpose of an online algorithm. Furthermore, the iterative procedure described after
Definition 1.2.8 takes O(logt) iterations to reach a constant-factor approximation to the
Lewis weights [16], where each iteration takes O(td* + d*) time, which would become
intolerable as t becomes large. To address this issue, we adopt the compression idea in [9],
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Algorithm 3.1 Online Active Regression for p € (1,2)
Initialize: Let A@, Aﬁd), fl(zd), flgd) be the first d rows of A and b@ be the first d rows of

b.
1: 5+ O(logd)
2: By < O(dlog(1/ed)/e*TP)
3: [y < O(logd)
4: B3 < O(log® dlog(d/e)log(1/5)/e?)
5: Retain the first d rows of A
6: while there is an additional row a; do
T Wy — wt(A(t))
8: pi < min{pa®, 1}
9:  (AD M) «— SAMPLE(ay, py, A, b1 p)
10: u?Lt — wt(A(t))
11: D1t < min{ﬁﬂj)l’t, 1}
12: Sample a, with probability p; ,
13: if a, is sampled then
14: Aﬁ” — Aﬁt*” o ajp;i/p
15: g 4 Wiagt (A"
16: D2t < min{ﬁg’d)g,t, 1}
17 (A3, 59) = Sampre(ap;, ", pae, Ay, 057V, p)
18: s 4 Wiase (A7)
19: P3¢ — min{ﬁg’(z}g,t, 1}
20: (AP, Y)Y « SampLE(apy " pss, ALY, 087 p)
21: end if
22: end while
23: T, ~REG(£1, E,p)

()
g

D 2o bg — AZIC

D T BEG(~A2, Zo, D)

D 23— b3 — Agl'c

- 7 REG(Ag, 23 — Agi'c,p)
C T T+ T

X2+

: return 7

W N N NN DN
S © 00 g O Ot

Algorithm 3.2 SAMPLE(ay, p, A1, 501 p)
: Sample a; with probability p,
if a; is sampled then
Query b, 3 .
(A®,50) = (ACD 00l p, "7, 50D 0 byp, ' 17)
else
(A(t))@(t)) Vi (A(t—l)j(t—l))
end if
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Algorithm 3.3 Compression algorithm for computing online Lewis weights
Initialize: B, contains the first d rows of A; Bi,..., Biogn are empty matrices; ) =
O(e2dlog®n).
1: B+ O(e2log(n/d)log®n)
2: while there is an additional row a; do
By < Byoay
if the size of By exceeds () then
j < the smallest index ¢ such that B; is empty
M+ B,_10B;_50---08j
pi < min{fw;(M), 1} for all i
S < rescaled sampling matrix with respect to probabilities {p; };
B; < SM
10: By, By, ..., B;_1 + empty matrix
11: end if
12: end while

which maintains O(logn) rescaled row-sampled submatrices of A, each having a small
number of rows. The ‘compression’ algorithm is presented in Algorithm 3.3.

With the compression algorithm for A which maintains By, ..., Biogy, We can replace
Line 7 of Algorithm 3.1 with

wt — wlast(Blogn o Blognfl O0--+0 BO) (33)

Similarly, we run an additional compression algorithm for each of A; and replace Lines 10,
15 and 18 with updates analogous to (3.3).
By the construction of the blocks B;’s, each B; contains at most R = O(n~2dlog(n /) log® n)

rows with probability at least 1 — §/ poly(n), sufficient for taking a union bound over

all the blocks throughout the process of reading all n rows of A. Hence we may assume
that each block B; always contains at most R rows. Now, w; is calculated to be the
Lewis weight of a matrix of R' = O(Q + Rlogn) = O(Rlogn) rows, which can be done in
O((R'd* + d®)1log R') = O(n~2d® poly(log(n/dn))) time for a (1 + n)-factor approximation

of Lewis weights, where the dependence on n is only polylogarithmic. The remaining
question is correctness and the following theorem is the key to proving the correctness.

Theorem 3.4.2. Let A € R™*. With Algorithm 3.3 maintaining By, . . ., Bign, let w; be
as in (3.3) for each t < n. Then it holds with probability at least 1 — &/ poly(n) that

(1-— n)wt(A(t)) < < (1+ n)wt(A(t)), vVt < n,

where AW s the submatriz consisting of the first t rows of A. The weights W, can be calcu-
lated in O(n~2d® poly(log(n/dn))) time and Algorithm 3.3 needs O(n~2d? poly(log(n/d)))
words of space overall in total.

The following lemma is the key to the proof.

Lemma 3.4.3. Let A; e R%*4 (i =1,...,r), B€ R qnd M = AjoAso---0A,0B. For
each i € [r], let S; € R™>*™ be the rescaled sampling matriz with respect to p;1,. .., Pin,
with min{Bw;(4;),1} < pij < 1 for each j € [n;], where § = ©(n~2log(d/d)). Let
M' = S1A;0---08,A, o B. Then, with probability at least 1 — 9, it holds for all
7=1,....k that

(1 = MWy 4egny 4 (M) < Wiy eevean 15 (M) < (14 7) Wiy 4,45 (M).



3.4. ALGORITHMS AND MAIN RESULTS 49

Figure 3.1: Tree structure of T; for block B;

A full version of the preceding lemma and its proof are postponed to Lemma 3.3.4.
Now we turn to prove Theorem 3.4.2.

Proof. Observe that each block B; is the compressed version of 2¢ smaller matrices, say,
Ay, ..., Aqi, and each smaller matrix is compressed at most 7 times. The compression
scheme inside B; can be represented by a tree T}, which satisfies that the root of T; has
1 children T;_1,T;_o,...,Ty. Every internal node of the tree represents a compression
operation, which subsamples (with rescaling) the vertical concatenation of its children.
An illustration of 7; is shown in Figure 3.1.

Consider a decompression process which begins at the root and goes down the tree level
by level. When going down a level, we decompress each internal node on that level into
the vertical concatenation of its children. When the decompression process is completed,
we will have a vertical concatenation of the leaves, namely, A; 0 Ay o --- 0 Ay, which is a
submatrix of A®.

Let ¢* be the largest ¢ such that B; is nonempty. Consider the decompression process
of all blocks Biggn 0 -+ - 0 By. This process will terminate in i* steps,

A(t,i*) N A(t,i*—l) ey A(t,0)7

where A®") = By, 00 By and A = AO. Let 1 ; = wyas(A®)). Note that
Wy = wt(A(t)). By Lemma 3.4.3 and our choices of parameters, we have

Ui ~ ~ Ui ~
1— < < (1 .
( 210gn) s = Wegtt = ( * 210gn) g

with probability at least 1 — 6/ poly(n). Iterating yields that

Sk

n " (t) ~ n ' (*)
( 2logn) w(AT) < - < < * 210gn) w(A%)

Note that w;;+ = @, per (3.3). Since i* < logn, we have

(1 = nw(AY) <z < (14 n)w(AY).
Taking a union bound over all ¢ gives the claimed result. O

Taking 1 to be a constant in Theorem 3.4.2 for constant-factor approximations to
Lewis weights, we can now strengthen Theorem 3.4.1 as follows.
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Theorem 3.4.4 (Strengthening Theorem 3.4.1). Let A € R™*? and b € R™. Algorithm 5.1
outputs a solution T which satisfies (3.2) with probability at least 0.98 — 9, making
2 d nkOL(A) 1)

) log —
€ ) o8

1
og 3

d
m =0 (—210g2d10g
€
queries. Furthermore, when implemented using the compression technique as explained
above, with probability at least 0.98 — &, Algorithm 3.1 uses O(md) words of space in total
and uses O(nd> poly(log(n/d))) time to process the data stream (Lines 5-22).

The failure probability in Theorem 3.4.4 is 0.02 + §. One 0.01 comes from obtaining
constant-factor approximations . and .. This 0.01 failure probability can be reduced to
d by employing the same boosting procedure in [59] which computes log(1/d) solutions,
each being a constant-factor approximation with a constant probability, and then finds
a good solution among them. The other 0.01 comes from bounding ||S1z[[Z = O(]|z|]3)
and [[S3S12||F = O(||.S12]5). The failure probability of bounding [|955:z([) can be reduced
to § by employing the same boosting procedure in [60, Section 4.2.2], which uses log%
independent copies of S3, removes the largest 10% of ||935:z||h and chooses an arbitrary
remaining [|S3512[[. For [|S;2[[), we use Markov’s inequality, obtaining that ||.S; 2|/} <
|2||P/d with probability at least 1 —¢. Rescaling e = €0 yields

d 1
= a1

Hence, the algorithm’s overall failure probability can be reduced to § (after rescaling)
while maintaining asymptotically the same query and space complexity.

To conclude, the guarantee of Algorithm 3.1, with the aforementioned modification to
boost the success probability, is as follows.

Theorem 3.4.5 (1 — § success probability). Let A € R™? and b € R". There exists
an algorithm outputting a solution T which satisfies (3.2) with probability at least 1 — 0,
making
d d OL(A 1
m =0 L1ogdlog? & 1og M) g2 L
€2 € o o
queries. Furthermore, with probability at least 1 — 0, the algorithm uses O(md) words of
space in total and uses O(nd® poly(log(n/d))) time to process the data stream.

3.4.2 The case p=2

As mentioned in the preceding subsection, it is computationally expensive to compute
Lewis weights in general. A special case is p = 2, where the Lewis weights are lever-
age scores and are much easier to compute. In this case, w;(A) = a, (AT A)"a;, and
correspondingly, the online Lewis weights become online leverage scores, which are
wPH(A) = a] (AD)TAC)~Lq,. Tt is much easier to compute wP(A) in the online setting
because one can simply maintain (A®)TA® by adding a;a; when reading a new row a;
(viewed as a column vector). A naive implementation of this algorithm would require
inverting a d x d matrix at each step and we can further optimize the running time
by noticing that ((A®)TA®)~! receives a rank-one update at each step. This is the
approach taken by [17] and [40] to calculate the online leverage scores in the online setting.
Adopting this approach, we present our fast algorithm for p = 2 in Algorithm 3.4 and its

guarantee below.
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Theorem 3.4.6. Let A € R™9 and b € R". Assume that the minimum singular value of
the first d rows of A is o > 0. With probability at least 0.98 — &, Algorithm 3.4 makes

A 1
m =0 (d log? dlog2 d -log <nw) log 5)
o

queries in total and maintains for each T = d+1,...,n a solution &) which satisfies
that
HA(T) b(T)H (1+¢€) mmHA )y — b7 H2
z€R4

With probability at least 1 — 0, Algorithm 3.4 runs in a total of

d? A
O (nnz(A) log Z + — lognlog ——= H H log — > <log% + d>)
time for processing the entire matriz A. Furthermore, with probability at least 1 — 9, it
uses O(md) words of space in total.

Remark. The failure probability of Theorem 3.4.6 can be reduced to ¢ by following the same
approach as in Theorem 3.4.5. The query and space complexity remain asymptotically
the same, but the runtime is increased to

3
0 (nnz<A> 0 + 4 togmiog 1212 10g L 1o +d)>

because of independent copies of 5.

Remark. Compared to [40], our algorithm only requires a constant-factor approximation
from the Johnson-Lindenstrauss matrix, saving a 1/€* factor for the nnz(A) term in the
runtime. In contrast, [40] generate a new Johnson-Lindenstrauss matrix every time for
robustness against adversarial attacks.

In addition to the fast runtime, a major benefit of Algorithm 3.4 over the previous
Algorithm 3.2 is that we can now output a guaranteed (1 + ¢)-approximation solution #®
efficiently in all intermediate steps. instead of the outputting ® only at the end. It is
possible to do the same in Algorithm 3.1 for the general p, however, solving a general /,,
regression is computationally expensive and so we do not pursue maintaining the solution
throughout the process. We also remark that the dependence on the online condition
number of A in Theorems 3.4.1 and 3.4.4 is improved to log(||A||s/o) < log kOF(A).

3.4.3 The case p=1

The case of p = 1 admits a simple sampling algorithm, based on [13] and [63]. We can
simply sample the rows of (A b) according to the online Lewis weights of A without the
multiple sampling schemes described at the beginning of the section. The algorithm is
presented in Algorithm 3.7, which can be implemented with the compression technique as
described in Section 3.4.1 for the approximations of online Lewis weights. The guarantee
of the algorithm is then as follows.

Theorem 3.4.7. Let A € R™? and b € R". Algorithm 3.7 outputs a solution & which
satisfies that
|AZ = b|; < min || Az —b]|,
x€R4
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with probability at least 1 — § and makes

_ d d OL
m =0 <e_2 logglognlogm (A))

queries in total. When implemented with the compression technique, Algorithm 3.7 uses
O(md) words of space in total with probability at least 1 — 6.

3.5 Proofs of Main Results

The framework of our Algorithms 3.1 and 3.4 follows from the algorithm of [59]. Below we
shall refer to the full version [61] of the conference version [59] in our analysis. We first give
a high-level idea of the proof in the offline case. Suppose that z = b— Ax, is the residual of
a constant-factor approximation solution =, and R = min, ||Az — b||, is the optimal error.
Let B be an index set such that B = {i € [n] : ‘%p > %} Let Z be equal to z but with
all entries in B set to 0. It can be shown that [||S(z—Z2)[[?—||z—Z|[5| = O(eRP) and the most
arduous and difficult argument is to establish that [[|SAz — SZ||p — || Az — z[[P| = O(eRP).

In the online case, we can analogously define B = {i € [n] : ‘%',p > %} using the
online Lewis weights and we would still have [||S(z — 2)||? — ||z — z|[b| = O(eR?) in this
case as the proof in [61] still goes through. However, the key step, i.e. upper bounding
|[|SAx — Sz||p — || Az — 2|2|, requires considerable change, since our algorithm is a sampling
algorithm in order to accommodate the online setting while Musco et al.’s algorithm is an
iterative algorithm which reduces the dimension by a constant factor in each iteration
and the proof of the error guarantee in each iteration cannot be easily “flattened” to fit a
one-shot sampling algorithm. Therefore, we adopt the framework in [16] with intermediate

technical results in [59] and prove the following error guarantee.

Lemma 3.5.1 (Main lemma). Let S € R™" be the rescaled sampling matriz with respect
to {pi}(p) such that p; = min{BwlE(A),1} for g = Q(% log? dlog n log 3 and 0 <y <1,
it holds that
pe{ max_ [I54z = 21 ~ Lo — =15 - (1salf - 415

The detailed statement and proof of Lemma 3.5.1 will be given in Section 3.5.3. We
note that for the case p = 2, Theorem 3.4.6 requires a different version of Lemma 3.5.1
because the sampling matrices in Algorithm 3.4 do not have independent rows. The
details are further postponed in Appendix 3.5.4.

In the next two subsections, we shall establish two basic results regarding online Lewis
weights and their approximations, namely,

zeRp} < 4.

(i) the online ¢, Lewis weights calculated in Algorithms 3.1 and 3.4 are within an
absolute constant factor of the corresponding true ¢, online Lewis weights, and

(ii) the sum of approximate ¢, online Lewis weights are bounded.

When p = 1, the framework of our Algorithm 3.7 simply adapts the ¢; Lewis weight
sampling scheme in [12] and [63] to online Lewis weight sampling. In order to prove
Theorem 3.4.7, it suffices to show conditions (i) and (ii) hold for p = 1.

We remark that our proof relies on the fact that w9 (A) > w;(A), which is guaranteed
by the monotonicity of Lewis weights (Lemma 3.3.1) when p < 2. The monotonicity
property does not always hold when p > 2; thus, we only consider the case of p < 2 in
this chapter and leave the case of p > 2 to future work.
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3.5.1 Approximating Online Lewis Weights

We first deal with condition (i), namely, Algorithms 3.1 and 3.4 calculate good approxi-
mations to Lewis weights.

The guarantee of approximate f5 online Lewis weights follows from the works of [18]
and [40], which we cite below.

Lemma 3.5.2 ([18, Theorem 2.3], [40, Lemma 3.4]). Let {w;}; be the approzimate Lewis
weights in Algorithm 3.4 and 8 = ©(e ?log(d/d)). Let S be the rescaled sampling matriz
with respect to {w;};. It holds with probability at least 1 — § that

(1 —€)(AMTA® < (SANT(SADY < (1 + €)(AD)TAWD
forallt € {d+1,...,n} and S has O(BY ., w;) rows.

As a consequence,

1
1+¢€

ca] (ANTAN g > (1 — uPh(A), t=d+1,...,n.

wy >
This establishes (i) when p = 2. The case of general p follows from Theorem 3.4.2.

3.5.2 Sum of Online Lewis Weights

Suppose that condition (i) holds, (ii) would follow from that the sum of true ¢, online
Lewis weights are bounded, which are exactly the following two lemmas, for p = 2 and
p € [1,2), respectively.

Lemma 3.5.3 ([18, Lemma 2.2]). Let p = 2. Suppose that the first d rows of A has the
smallest singular value o > 0. It holds that Y wP*(A) = O(dlog(||All2/7)).

Lemma 3.5.4. Let p € [1,2). It holds that > wP*(A) = O(dlogn - log k°“(A)).

The case p = 1 of Lemma 3.5.4 appeared in [9]. The remainder of this section is
dedicated to proving Lemma 3.5.4 for p € (1,2). We shall follow the same approach as in
the proof of [9, Lemma 5.15].

We start with the following lemma.

Lemma 3.5.5. If the leverage scores of A are at most C' > 0, then the ¢, Lewis weights
of A are at most C for p € [1,2].

Proof. This is the generalization of [9, Lemma 5.12] and we follow the same argument.

By the assumption, we have a; (AT A)™a; < C for i € [n]. We prove by induction
that for iteration j in the Lewis weight iteration, we have W) < C1=(=p/2[ .

For the base case j = 1, we have VVl(‘Z) = (a; (ATA)"ta;)P/? < CP2. Thus W <
CP2], as desired.

For iteration 7, by the induction hypothesis, we have WG—1 < Ct=(=p/27"" [ “which
implies that (WU=D)1=2/p = ¢(=0=p/2"H(=2/P) [ since 1 — 2/p < 0. Thus,

AT(WU-D)=2/p g o 0 O=(=p/27 70 (=2/0) AT 4

and
(AT (WU=D)1=2/p g)=1 < 0O=(=p/2P7HER/=1) (AT 4)1,
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It then follows from the definition of Lewis weights (Definition 1.2.8) that

(WZ(Z))z/p al (AT(WUD)1=2/p g)~1g, < C(1-0- —p/2)71)(2/p-1) Ja] (AT A)™!
< CU=0=p/2Y"H2/p-1)+1

Notice that ((1 — (1 —p/2)"")(2/p—1) +1)p/2 =1 — (1 — p/2)?, we have obtained that
Wz(f) < C=0=p/27 for all 4, i.e., WU < C1=0-2/2’ [ The induction step is established.
The claim follows the convergence of Lewis weight iteration [16]. O]

Lemma 3.5.6. Given A= [ay,...,a,]" € R™? let B € R"* be defined as
B = [al, ceey A1, bj, Ajt1y .-y Qp, bn+1]T,

where b; = (1 —v)YPa; and b1 = y"Pa; for some v € [0,1] and j € [n]. Then we have
w;(A) = w;i(B) fori# j,n+1, w;(B) = (1 —y)wj(A) and wy41(B) = yw;(A).

Proof. Without loss of generality, we suppose j = n. Let W &€ R"™" be the diagonal
Lewis weight matrix of A, i.e., W;; = w;(A). Let gD be a diagonal matrix
where W, ; = w;(A) fori=1,...,n—1, W,,, = (1 = y)w,(A) and W11 n11 = yw,(A4).
According to the uniqueness of Lewis weights, it suffices to show that 7 (Wl/z_l/ B )= W”
for i € [n+ 1].
—1/2—1/p w71/2-1/p

Notice that the first n — 1 rows of W B are the same as those of W A. The
last two rows of > /"B are Wy, (A)V2YP(1 — )21 (1 — 4) Vg, = w, (A)Y2-1/P(1 —
'Y 2a, and w,(A)/27Y/P~y1/2q,  respectively. Thus it holds that for any vector v,
|[W/2=1/P Ay |2 = HWl/Q_l/pByH%, which indicates that the leverage scores of the first n—1
rows of W1/2=1/P A are the same as those of Wl/%l/pB, ie., Ti(Wl/zfl/pB) =W =W,
for1 <i<n-1.

For the last two rows, we have Tn(Wl/Q_l/pB) = (1 - )7 (WYPA) =W, and
Tn+1(W1/271/pB) =5 T (WY27YPA) = W, 11 ni1. Thus we have Ti(Wl/%l/pB) =W,
for all i € [n+1]. O

Corollary 3.5.7. For any matrizv A € R"™*¢. Let B € R™? have the same rows but with
the j-th row reweighted by a factor o € [0,1]. Then for all i # j, w;(B) > w;(A).

Proof. Lety=1—af and B € R"V*d = [q ... a; 1, (1—7)YPa;,a;11, ..., an,v/Pa;]T.
By Lemma 3.5.6, we have w;(B) = w,( ) for i # j. Then by Lemma 3.3.1 we have
w;(B) > wi(B) = w;(A). O

As mentioned before, we follow the approach in [9] to upper bound the sum of the
online Lewis weights. It makes a critical use of an upper bound on the sum of online
A-leverage scores of a matrix but does not provide a proof for the case of small A. We
reproduce the upper bound and provide a proof for completeness below.

Definition 3.5.8 (Online Ridge Leverage Scores). Let A € R™? and A > 0 be a
regularization parameter. The online ridge leverage score of row a; € R is defined to be
7OL(A; \) = min{a (ATD)TACD 4 A1) a;, 1}

The next lemma upper bounds the sum of online ridge leverage scores, which was
stated as [9, Lemma 2.2].
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Lemma 3.5.9 (Bound on Sum of Online Ridge Leverage Scores). Suppose that A € R"*4
and o = min;epy, amin(A(i)), where o, denotes the smallest singular value of a matrizx.
Let A > 0. It holds that

g O(dlog(||A[j2/N), A > (0%)%

S0 A) — { (dlog(|AI3/)), A2 (o")*

— O(dlogk“"(A)), A< (0%)°
The exact case of A > (0*)? was proved in [18]. The claim of the case A < (0*)?
appeared in [9] without an explicit proof. We shall supply a proof below for completeness.
First we need the following observation of the leverage scores.

Proposition 3.5.10. For A € R™?, let 7; be the leverage score of row a;. Then T; =
mingcga || 7|3 subject to 27 A = a. Suppose u € R is the minimizer, then p; € [0,1].

Proof. Suppose that A = UXV " is the singular value decomposition of A, where U € R™*¢
has orthonormal columns and X,V € R%*¢ are invertible. Then 7; = a; (AT A)"la; =
e, U]|3, where e; is the i-th canonical basis vector. Suppose that zTA = a] = ] A.

Multiplying both sides by VX! leads to 2'U = ¢/ U and thus ||z||3 = ||z|3|U|? >

|lzTU||? = 7;,. Next, we show there exists a vector u € R" satisfying u' A = a; and
lell3 = 7.

The matrix U € R™? can be transformed to U’ = ({)d) through an orthogonal

transformation E, that is, U’ = EU. Hence, we can find a vector y € R™ such that
e; U =1y"U =y"EU and y only has nonzero entries in the first d coordinates. Hence,
let = y"E and we get p' A = (WTU)SV' = (] U)SV" = a and [|u]3 = [yl =
le/ U3 = 7.

Without loss of generality, we assume i = n. We decompose u as u' = (v ),
where v € R"! is the first n — 1 coordinates of p. Since 7; € [0,1], we know that
|ptn| < 1. Next we show that p,, > 0 by contradiction. Suppose that y,, < 0. Observe that

(n—1) .
A=W ) (AaT =v A 4+ ppal = a), whence it follows that a, = %
Let x = (ﬁ; 0), then 2" A = a, while ||z||; = 1{; < |lv"|l2 < ||pll2, contradicting
n n 2
the minimality of ||p||o. Therefore, we conclude that u,, > 0. O

Now we are ready to prove Lemma 3.5.9.

Proof of Lemma 3.5.9. The case A > (0*)? is exactly [16, Theorem 2.2], which actually
holds for all A > 0. In the remainder of the proof, we assume that A\ < (c*)2.
We claim that

1 . .
gTSrII(A, A) < af  (ATDTACD 421y a,, . (3.4)

Assuming that the claim is true for now, we will have

D AN €8 a (AVTAD 467 1) g

i=1

< 8ZGI(A(i—1)TA(i—1) + 0*21(1)_1&1'

=38 Z 7OV (A; 07?)
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O'

=0 (dlog KOL(A))

as desired. For the inequalities above, the first one follows from the claim (3.4), the second
one the fact that AOTA®D < AOTAO 4 g, 6] | = ATDTACHD i the rest of the proof,
we prove the claim (3.4).

Suppose that the singular value decomposition of A® and AWt are UOLOVOT and
UEDREHDY DT regpectively. Let the singular values of A® and A be o} @ ac(li)
and a(iﬂ), o ,adZH both with descending order. Let e/, be the (i + 1)-st canomcal
basis vector and 7 be the leverage score of row a;1; in ACT1). By the definition of

leverage scores, we have 7 = ||e;;1UV||5 . According to Proposition 3.5.10, there exists
, ()
(u,w) € R® x [0, 1] such that (u" w) (CI?T ) =a;, and ||p|3 + w? = 7. Hence,
i+l

TSFII<A7 A) = aiTJrl(A(i)TA(i) + )\[d)ilaiﬂ

_ ﬁ;ﬁfi“) (AOT 4D 4 A1) AOT
—w
(02
) Tﬂ
_ Tr7(i) : T
= —-=p U - U
(1 - w)2 (')2
Tﬂ
1 Trr@) )T
Syt U
B T
BV
and similarly,
a;l;_l(A(i—&-l)TA(i-i-l) + (0-*)2Id)_1ai+1
U§i+1)2
_ 6;FHU(7,+1) UETe,
SUtD2
_%
oill+1)2+o.*2
> 1T.
-2

For notation convenience, let R denote the right-hand side of (3.4). When 7 > %
we have 725 (A;\) < 1 < 8R, where 70%(4;\) < 1 follows from the Definition 3.5.8.
When 0 < 7 < %, it holds that TSF%(A A) < 47 < 8R. Hence, it always holds that
725 (A, \) <8R when 0 < X\ < (0*)?, establishing the claim. O

Finally, we present our proof of Lemma 3.5.4, following the first part in the proof of
[9, Lemma 5.15] but with a different argument in the second part.

Proof of Lemma 8.5.4. We follow the proof idea of Lemma 5.15 in [9]. Suppose that A > 0.
Let By =My, B=Byo---0Byand X £ Bo A. Let T be the upper bound of the sum of
—_———

n times
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online leverage scores of A with regularization parameter A. Following the proof of Lemma
5.15 of [9], we have > | wP™(X) = O(T'logn) = O(dlog nlog xk°“(A)) by Lemma 3.5.9.

Now, let W4 be the Lewis weight matrix of A and L = ATWJ‘_z/pA. Let 0 = Amin(L),
the smallest eigenvalue of L, and p = min;(L!);, the smallest diagonal element of L.

Choose A < (2)"7 p2/@0), yy = (22)0/@0), Uy = I,y and W = {UX w ] We
A
claim that
—1
%/ﬂp < B} (ATWXQ/”A + BTU;{Q/]’B> B;, (3.5)
1 _ B -1
§(wz<A))2/p < q (ATWj1 PA+ BTUY 2/pB> a; (3.6)

for all j € [nd] and all i € [n]. Observe that BTUy *PB = nA%!~2/PI; < oI, < L. Thus,

1

S (AP,

1
a; (L +nX\pu'=2P1) " a; > 2aTL a; =

establishing (3.6). Similarly, since B; = Ae; for some i,

1

2/19
2[11

1 1
B]T(L + 7’L/\2,u1_2/p]d)_lBj Z 5)\2([/_1)2, 2)‘ p = >

establishing (3.5). It then follows from Lemma 3.3.3 that w;(A) < 2w,q4:(X). Applying
the argument above to the n submatrices which consist of the first ¢ rows of A for each

i=1,...,n, we see that we can choose A to be sufficiently small such that wPl(A) <
2wnd+Z(X) for all i. Therefore, > wP“(A) = O(dlognlogxk°“(A)). This completes the
proof of Lemma 3.5.4. O

In the analysis of Algorithm 3.1, we shall apply Lemma 3.5.4 to A; = S, A, where
S is a rescaled sampling matrix w.r.t. the online Lewis weights of A. To upper bound
kOL(S1A), we shall need the following auxiliary lemma.

Lemma 3.5.11. Let p € [1,2) and S is a rescaled sampling matriz w.r.t. the online Lewis
weights of A and the oversampling parameter 5. With probability at least 1 — 0, it holds
that log k%% (SA) = O(log(nk®L(A)/(B9))).

First, we note the following facts. For any two matrices A and B, ||AB||2 < ||All2]| B|l2,
and when A has full row rank and B # 0, 0pin(AB) > 0min(A)0min(B), where opin(+)
denotes the smallest nonzero singular value of a matrix.

It is clear that S, which is a rescaled sampling matrix, has full row rank. By the
definition of the online condition number,

1
O-min(SA(i) )'L
1
Umin(S)Umin(A>i
Omax(5) OL

= — KOH(A).

O4(SA) = [|SA]l> max < [[Sllzl|Afl> max

1
O'mm(SA(l))

< [[SllzllAfl2 max

Now, observe that oma(S) = max; p; /" = (min; p;) "7 and o (S) = min, p; /? =

(max; p;) "7, where min{BwP*(A),1} < p; < 1. It is clear that oy, (S) > 1. For the
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upper bound of g, (S), note that a row i with wPH(A) < §/n will be sampled with

probability
1—O—§>§&
n

Hence, with probability at least 1 — &, none of the rows i with w®“(A) < §/n is sampled
and so min; p; > B6/n and onax(S) < (n/(88))Y/P. Therefore, we conclude that with
probability at least 1 — 4,

KOL(SA) < (%) v KOL(A).

3.5.3 Proof of Theorem 3.4.4

We may assume that n > (d/€?) poly(log(dlognlog x°%))log(1/4), otherwise it will not
be necessary to sample for solving the regression problem.

The main lemma we shall prove is Lemma 3.5.15. Before proving it, we state a series
of lemmas, namely Lemmas 3.5.12, 3.5.13 and 3.5.14, which, together with Lemma 3.5.15,
will prove Theorem 3.4.4. We do not repeat the proof of Lemmas 3.5.12, 3.5.13 and 3.5.14
because they are almost identical to those in [61], except that Lewis weights are replaced

with online Lewis weights, which does not affect all these proofs since it is always true
that wP¥(A) > w;(A).

Lemma 3.5.12 (Theorem 3.2 in [61]). Let A € R™ be R", p € [1,2]. If we sample A
and obtain x. by Algorithm 3.1 or Algorithm 3.4 with = ©(log(d/d)) then with probability
at least 1 — 0,
21433
Az, — b|, < 5 R.

P

In the remainder of this subsection, we define z = b — Az, with a constant J in
Lemma 3.5.12 and R = ||z||,, then R < C'min,cga || Az — bl|, for some constant C' > 0.

Lemma 3.5.13 (Lemma 3.6 in [61]). Let B be an index set defined as

B:{ie[n]: 'Zfzw?;f“l)}.

Let z be equal to z but with all entries in B set to 0. Then for all x € R? with ||Az||, < R,

Az = 2|lp — ll Az = 2~ ||z = 211,

= O(e)RP.

Lemma 3.5.14 (Lemma 3.7 in [61]). Consider the same setting as in Lemma 3.5.13. Let
S be a sampling matrix according to the online Lewis weights with oversampling parameter
B = Q(logd). With probability at least 0.995, ||Sz|[5 = O(RP) and for all x € R? with
| Az |, < R, it holds that

1SAz — S|P — ||SAz — Sz||° — ||S= — Sz||2| = O(c)R.

Next, We follow the idea in [59], narrowing the region of x from {z : ||Az|, < R} to
{z : [|Az], < \/7R}, where 0 < v < 1. This will guarantee that |SAz — SZ||, is close
to ||Az — Z||, for all  near 2* = argmin, || Az — Z||,, which is enough for approximately
solving the original regression problem min, ||Az — b||,. Now, we restate our main lemma
below.
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Lemma 3.5.15 (Main Lemma). Let A € R™? and z be as defined in Lemma 3.5.15. Let
S be the rescaled sampling matrixz of the first kind with sampling probabilities py, ..., pn,
where p; = min{BwP*(A),1} and B = (% log? dlog nlog %) It holds that

P ‘SA el — e — 2l — (1821 - J217)
I{Amnzlg}fﬁl% 15Az = Sz|f; — [|Az — 2], = (I1Sz]l; = (11,

ZERP} <.

For notational simplicity, given A € R™*% and ¢, R > 0, we say z € R" conforms to
(A€, R) if |z]P < (R/e)PwPt(A) for all 4.

Below we first prove Theorem 3.4.4 using Lemmas 3.5.12 to 3.5.15. Then we prove
Lemma 3.5.15 in Section 3.5.3, taking v = 1. In Section 3.6, we shall explain the reason
for introducing the parameter ~.

Lemma 3.5.16. Let A € R™4 b € R" and 0 < v < 1. Let S be as defined in
Lemma 3.5.15. Let x.. be the constant factor approzimation obtained by Algorithm 3.1 or 3./
and z = b—Ax.. Suppose that T satisfies ||[SAT—Sz||, < (14€) min,cga | SAz—Sz||,, z* =
arg min,epa || Az — 2|, and ||Az — Ax*||, < \/yR. It holds that

43 = 2], < (1+ 0(0) min | Az 2],

with probability at least 0.99 — O(0).
Proof. Let ' =& — z* and 2’ = z — Az*. We have that
AL — 2[|f — [|Az” — =[]}
= |AZ — 2||p — [|SAT — Sz||p + [[SAT — Sz||p — [[SAz™ — Sz}
+ || SAz* — SzHg — || Az* — zHg
< | AZ — 2||p — [[SAT — Sz|p + [|SAz™ — Sz||) — || Az™ — ||}
= [|Az" — 2|} — [[SAz" = S|[7 + 15[l — 1211}

Here, it holds that ||Az'||, < /7R and ||2’[|, = R. Then,

1Az" = 2'[[; — | SAx" = S/, + [1S'[l; — 1Z'1I;
= Az’ = Z|l; — 15 A2" = S| + ISZ'[l, + 192" = SZ, = 121, — 112 = 2

= |40’ = Z|p - || A2’ — Z|lp — 12" = |}
- (HSAx’ — S|P — |SAa’ — SZ|2 — |52 — Sz'ug)
— (84’ = SZIp — 142’ = 21, + | - 15211
= O(e)R?

with probability at least 0.99 — O(9), where the last line follows from Lemmas 3.5.13,
3.5.14 and 3.5.16 (with z = 2’ and z = 2’). It then follows that

1A% — 2|, < (1 + O(¢)) min |4z — ]|,

with probability at least 0.99 — O(9). O

We are now ready to prove Theorem 3.4.4.
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Proof of Theorem 3.4.4. Recall that we can write A; = S; A for a sampling matrix S; with
respect to the online Lewis weights of an oversampling parameter 3, = O(e~**P)dlog %)
Following the notation of Algorithm 3.1, & = Z. + ¥’ where . is the constant-factor-
solution to REG(S14, S1z) and &’ is the exact solution to REG(S3514, 535:2"), where
2/ = z — AZ.. Suppose that z§ = arg min,cga ||S1Az — S12'||,. We can verify that with
probability at least 0.99,

151 AT — S1 Az, < 2||S551 A% — S35 Az,
< 218351 AT — 85512 ||, + 2||S551 Az — S3512' ||,
< 2||S351Ax — S3512'||, + 2||S551 Azt — 55517,
< AC|S1Axs — S|,

where the last line follows from Markov’s inequality and that Eg, ||S351Avg — S35,2'||) =
|S1 Az — S3512'||h. Therefore, we can apply Lemma 3.5.16 with v = 1, A = S A,
b= 51z, S =53 and R = 4C||S1 Az} — S1z||p, which gives us that with probability at
least 0.99 — O(9),

15147 — Sy2[[F < (1 + O(e)) min ||S; Az — Sy 2|5 (3.7)
z€RY

Note that the two constant failure probabilities above come from the same event, which is
HSgSlAZL'*S - SgSlz’Hg 5 ||51ACL’§ — 512/”5

Using a similar reasoning of bounding [|S1 Az’ — Sy Axg||P, it holds that with probability
at least 0.99,

< 2||S1Az — Sz, + 2||S1 Az — Si12]|,

<2(1+0O(e)) mg& |S1Az — Sz, + 2[|S1Az" — Sz,
xe

S 6”5114]3* — 512||p

< 60| Ax™ — z]|,.

Applying Lemma 3.5.16 with vy =1, A=A, 2 =b— Az., S = 5 and R = 6C||Az* — z||,,,
we can obtain that, with probability at least 0.99 — O(9),

|47 = 2l < (1+ O(e)) min [ Az — 2|},

Still the above two constant failure probability 0.01 come from the same event which is
upper bounding [|S1Az* — S;z|,. It then follows immediately that with probability at
least 0.98 — O(9),
o p i _ p
142 = bllp < (1 + O(e)) min | Az — b]|3,

where T = z. + 7.

For the results above to go through, S; should have the oversampling parameter
B = O(5% log &), resulting in

n d2 1
N=0 (ﬁl Zw9L<A>> =0 (62—+ log — logn log n“(A))
=1
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rows of S1A with probability at least 1 — §. Also, S3 should have an oversampling
parameter

2 2
B3 =0 log_d log E logN | =0 log_d log1 log(—l + loglog1 ,
o €2 0 € )

€2

resulting in

m =0 (ﬁg Y wZQL(SA)>

—1

dlogd . nkO(A) . 1
log® N log —————=log —
O( = og og [ og(s

dlog?d (| d 1\° OL(4), 1
=0 °8 log — + loglog — | log M—H log —
€2 € ) o 4]

rows of S35, A with probability at least 1 — §. Here we upper bound x°“(SA) by
Lemma 3.5.11.

The total number of queried labels is dominated by m. Rescaling ¢ and § gives the
claimed result. O

Proof of Lemma 3.5.15

The next lemma is an analogous version to Lemma 7.4 in [16], adapted to the online
active regression setting. It reduces the problem from a general matrix A to a matrix A
with Lewis weights uniformly bounded by O(dW/n).

Lemma 3.5.17. Suppose there exists { > 1 such that whenever a matric A € R4
has Lewis weights uniformly bounded by O(dW/n), where W € R satisfies that n =
Q(E%(Wlog2 dlognlog %)) and 0 <~ <1, it holds for all R > 0 and zZ € R™ conforming
to (A, e, R) that

n

> o (jafe = 5 f — |5p)

k=1

) < (eRP)*S.

E max
o |Az||,<\/7R

Then, let A € R z € R" be as defined in Lemma 3.5.13 and S be the rescaled
sampling matriz with respect to the online Lewis weights of A with oversampling parameter
b= @(}2 log? dlog n log %) With probability at least 1 — ¢, it holds that

(i) the number of rows in S is

d 1
O (—2 log? dlog® nlog k%% (A) log 5)
€

and

(i1)
max < eRP.
Azl < 7R

|54z — 5[} — 1Az - 2|12 — (=1~ 12112
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Proof. Note that the sampling probability p; = min{Sw;, 1}. If fw; > 1, we have p; = 1
and hence S(Azx — z); = (Ax — Z);. Therefore, we only consider the case fw; < 1. Let

)Z.

VA
) =2 E M.
S,o

It follows from Lemma 1.2.7 that S is a 1/2-subspace-embedding matrix for A with
probability at least 1 — §/3. Furthermore, by Theorem 3.4.2, with probability at least
1 —§/3, the Lewis weights of the rows from SA are within [ﬁ, %] Also, by the Chernoff
bounds, SA has N = ©(8> ., wP“(A)) rows with probability at least 1 — §/3. Let &
denote the event on S that these three conditions above hold. Then Pr(€) > 1 — 4.

Next, fix S € £. Consider the conditional expectation
)

ol

—= — =P _— _ >|lP _— >||P _ p
M = (a5 = 51— 4o — 2l — (1215 - 1:17)

By the standard symmetrization trick, we have

1
Z ( S)kUk (‘a;x . Zk|p N |2k‘p)

lAall, <k | 4= pi

EM<2E ( max
S S,o

¢
p

’

/ —

’

2

E[M'|S]=E | max

o o | [Az[l,<R

S

where a,' x and %, are the k-th coordinates of SAz and SZ.

Recall that S is a 1/2-subspace-embedding matrix for A when conditioned on &, we
have for all € R? that ||SAz|, < 3||Az||, < 2R, which implies that

L L

N

PR A (CAEEEA R A

k=1

<E max

o ||SAz]l,<2R

N
E ‘ A —/‘P_ =1 |P
P it 2 o (o = 1)

Now, we verify that SA has small Lewis weights and SZ conforms to (SA, ¢, 2R).
First, recall that the Lewis weights of SA are within [%, %], where % = @(%ﬁo%).
Hence, W = lognlog x°Y(A) and N = Q(dj log n log KOL(A)) = QLW log” dlognlog })
as desired. Second, the coordinates |Szx|P = Blj:&) < % < 2(E)Pwi(SA) < (2E)Pwy(SA).
It then follows from the assumption of the lemma that

E[M'| S] < (e2PRP)" 6.

Rescaling € = ¢/2P* and taking expectation over S while conditioned on £, we have that
RP\'
! < E_ .
g% (M| €] < ( 5 ) 4]
It then follows that
E[M|€] < (eR)"d

and, by Markov’s inequality,
o { Jmax [1SAz = Sz — || Az = 2li; = (IS21; — 1215)| = eR?
<Pr{M > (eR")| £}
< 4.

)

Rescaling § = §/2 for a union bound completes the proof. O



3.5. PROOFS OF MAIN RESULTS 63

The next lemma is the generalization of Lemma 3.8 in [59]; here we give the (-th
moment bound. It proves that the assumption in Lemma 3.5.17 holds.

Lemma 3.5.18 (Online version of [59, Lemma 3.8]). Letp € [1,2],0 <~y <1 ande, R > 0.
Suppose that A € R™¢ with Lewis weights bounded by O(dW /n), where W satisfies that
n = Qe 2dW log® dlognlog(1/8)), and zZ € R™ conforms to (A, e, R). Let

n

_ e
A= HAxﬁ\Iii}\(/fyR ;O-k(}akx Zk| 1z |

where o ’s are independent Rademacher variables, then it holds for ¢ =log(1/§) that
E [A] < (eRP)'S.

Lemma 3.8 in [61] proves that A has a subgaussian tail. The ¢-th moment follows from
the property of subgaussian variables.

Proof of Lemma 3.5.18. We will follow the approach in the proof of [61, Lemma 3.8] and
only highlight the changes. Their lemma assumes that the Lewis weights are uniformly
O(d/n) and we shall modify it to O(dW/n). This upper bound on Lewis weights was used
in [59, Equations (4) and (5)]. Define

J={k:w, > dn?},
T={y=Ax—z:|Az|, < R},

where wy, = wP(A).

In order to bound E, A, the summation over k is split into two parts: indices k € J,
associated with large Lewis weights, and indices k ¢ J, associated with small Lewis
weights. The second part (small Lewis weights) is handled as in [59, Lemma 3.11] since
our definition of J is identical to theirs. For the first part (large Lewis weights), [59,
Equation (4)] becomes, under the change of the upper bound of Lewis weights mentioned

above,
) 4

> ox(dwy)"? <|w;1/p?/k|p - |wk_1/p5k|p>
keJ

E ( sup (3 o (Juy Pyel? = w57
YeT | 1cy

¢
W
S]E(C’l — sup ) ,
n yer

where y = (y1,%2,...,yn) " and C; > 0 is an absolute constant. Thus, abusing the notation,
we now redefine A to be

%74
A=Ci{y/— -su
s )

keJ

() (up Pyl — gz p)

and shall upper bound E A*.
The task is now to study the Rademacher process

Z(y) =Y onldwy)z|w, "yl

keJ
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where y = (y1,2,...,¥n) € T. Then

A= \/gigg!Z(y) - Z(-2)|.

Define the pseudo-metric d(z,y) for z,y € T as

1
_1 _1 2
d(z,y) = <Z dwy,(|wy, " g |” — |w, pyk’p)2> :

keJ

It follows from [59, Lemma 3.17] that diam(T) < v/dRP and from the calculation in the
proof of [59, Theorem 3.8] that

/ V1og N(T, d, e)de < Vdlogd\/lognR?.
0

The tail-bound version of Dudley’s integral then implies that

d
Pr {A > C’\/; <10gd Wlogn + z) Rp} < 2exp(—2?),

where C” > 0 is an absolute constant. Hence, let L = logd\/W logn and we have

A
Pri{ —————-L> < 2exp(—22).
r{(JRP\/d/_n } < 2exp(=)

. oy A . .
Applying Proposition 1.2.5 to oS L yields that

L+ KV

V4
A 4
Momﬁ%) <2

Therefore, we have

[EAZ < (2(] . L+—K\/Z> (RPY < <1 . €>é (RP)! < (eRP)’s,

Jd e

where the second inequality follows from our assumptions that n > (d/e?)(L + K+/f)? and
that ¢ = log %. O]

Finally, Lemma 3.5.15 is now immediate by combining Lemmas 3.5.17 and 3.5.18.

3.5.4 Proof of Theorem 3.4.6

When p = 2, the sampling matrices in Algorithm 3.4 do not have independent rows since
the online leverage scores are calculated with respect to sampled rows instead of all the
rows that have been revealed. As a result, we cannot use a Bernstein bound, which is
exactly where the proof of [59, Theorem 4.1] needs to be modified. Comparing with [59,
Lemma 3.27], we analyze the sampling process via a martingale because the rows sampled
are not independent. Therefore, we shall use Freedman’s inequality (Lemma 1.2.3) instead
of Bernstein’s inequality. This approach was used by [18] for online fy-regression.
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Lemma 3.5.19. Let w; be the approximate online Lewis weights of A obtained by Al-
gorithm 3.4. Consider the same setting of A, b and zZ as Lemma 3.5.18. Let S be the
rescaled sampling matriz with respect to p; = min{fw;, 1} and f = Q( (dlog + log 5))
With probability at least 1 — 0, it holds that |||SAz — Sz||3 — ||Ax — z||3] = O(e )R2 for all
r € RY with || Az|, < R.

Proof. We prove the lemma by the Freedman inequality. Let Y; = [[(SA)yz — (SZ)y]l5 —
| Apjz — Zj37||3, where M denotes the first i rows of M. Also let Y =0 and X, =Y, -Y,
We claim that |X;| is uniformly bounded. First, observe that

H (Ls)i
VDi

If © € B, we have that z; = 0 and it follows from Cauchy-Schwarz inequality that
la;z|3 < wPH(A)||Az |3 < wPt(A)R?. Otherwise, |la;x — |3 < (2 +1)*wP(A)R?. Since
pi = min(fwP"(A), 1), we have |X;| < 25 R?, proving the claim.

For brevity of notation, we denote E(:|Y;,...,Y7) by E;_1(-). Then

2 2
E X} = ( — |laiz — fz'H%)
7—1 9
g (G )|m -l
(——w)wx 54
U)

L(4) (1 2
p

Therefore, 371 | Ei 1 X? < 551 Z?_l la;z — z||3. Since ||Az|]3 < R? and ||Z||3 =
O(R?), we obtain that Y E; 4 X2 520(RY).
It follows from the Freedman 1nequahty and > 5 (dlog + log 5) that

02 2R4 —ﬁ€4 € d
> %) < < <(=
Pr(]Y,| > CeR?) < exp ( o R4)> exp ( 5 > < (3) 4]

38

2
— llaiz — z3
2

1
< — o — 23
K

(CL»L‘(L’ — Ez)

| Xs| =

_ Zz)

for a constant C' large enough. This implies that for a fixed z € R? such that [|Az||,s < R,
[1SAz — SZ)3 — [ Az — Z[)3| < O(e) R?

with probability at least 1 — (§)%.

Next, we make a net argument. Assume, without loss of generality, that R = 1.
Consider the e-net A of the ellipsoid B = {z € R?: ||Az||s < 1} endowed with distance
d(z,y) = |A(z — y)||a. We can choose N with at most (3/¢)? points. After applying a
union bound over the net, we have that ||SAz — Sz||3 — ||[Az — z||3] = O(€) holds for all
x € N simultaneously with probability at least 1 — 6.

For any x € B, there exists y € N such that |Az — Ay|l» < e. According to
Lemma 3.5.2, when 8 = Q(log ¢), we have that 1||Az||3 < ||SAz|3 < 2||Az|]3 for all z
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simultaneously with probability at least 1 — 4, so it holds that ||[SAx — SAy|> < \/ge.
Hence, by the triangle inequality we have

S Az — Sz5 — | Az — 23]
= |[ISAz — SAy + SAy — Sz||; + || Az — 23]
< ||ISAx — SAy|ls + |SAy — 2|3 + 2(SAx — SAy, SAy — Sz) — || Az — z|[3|
< |54y — Sz|l; — | Az — Ay + Ay — z[|5| + |SAz — SAy||;
+2[|SAz — SAy|, |SAy — Sz,
< |SAy — Sz||; — | Ay — z[[3] + 1S Az — SAy|[; + || Az — Ayll;
+2[|SAz — SAy|, |SAy — Sz[|, + 2 || Ax — Ayll, [ Ay — 2|,

3 3
<O+ 5+ ¢+ 2\/;e<uAy — 2+ V) + 26 Ay — ],

< O(e) + 2¢ - (2v6 + /e + 2)
= O(e)

for all z such that ||Az|| < 1, where we have used that |[|[SAy — Sz||3 < ||[Ay — z||3 + € <
([ Ay = 2]z + V/€)* and [[Ay — z[|2 < [|Ayll2 + [[2] < 2. O

3.5.5 Time Complexity for p =2

Lemma 3.5.20. With probabzlzty at least 1 — 0, the running time of Algorithm 3.4 over n
iterations is O(nnz(A)log % + d 7 log =2 1412 log (log 2 +d)).

Proof. We analyze the time complexity following Lemma 3.8 in [40]. Note that total
runtime is dominated by calls to UPDATE. The approximate Lewis weights are calculated
by @, = ||H" Va3, which takes O(nnz(A)log2) time over n iterations. Observe that
the runtime of each call to UPDATE is dominated by the time to compute F® and
H® which takes O(dlog% 4 d*) time. Calls to UPDATE only happen when there is
a new row a; is sampled and the number of samples is dominated by the maximum
of the number of rows of S and that of Sy, which with probability at least 1 — ¢ are
O(dlogd) and O(d log & log nlog HAll?), respectively. Hence, the total running time is

O(nnz(A)log % + d + log 5lognlog 141 + %5 4 Jog 2 % Jog & log nlog |A||2> ]

3.6 Optimal dependence on ¢

The query complexity in Theorem 3.4.4 has a quadratic dependence on 1/e. In this
section, we shall improve it to 1/¢, which is the optimal for active regression [59] and is
thus optimal for online active regression. Again, we follow the idea in [59], narrowing the
region of x from {z : ||Az|, < R} to {z : ||Az[|, < \/7R}, where 0 < v < 1. This will
guarantee that |[|[SAr — SZ||, is close to ||[Az — Z||, for all x near z* = argmin_ ||Az — Z||,,
which is enough for approximately solving the original regression problem min, ||Az — b||,.

Proof of Sufficiency for Considering a Narrowed Region

Now, we explain why it suffices to consider only x satisfying that || Az|, < \/yR. First,
we prove all good approximate solutions are near to the optimal solution.
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Lemma 3.6.1. Let A € R™? 2 € R" and 0 < v < 1. We assume that ||z||, < R
where R = mingepa ||[Az — z||,. Let 2* = argming,cpa ||Az — 2||,. If z € R? satisfies
|Az — z]|, < (14 c¢y)R, we have that ||Az* — Az|, < /YR, where ¢ € (0, 1] is an absolute
constant.

Proof. The same statement is proved for matrices with bounded Lewis weights in [61,
Theorem 3.19]. Now we prove for a general matrix A € R™?. Let w;(A) be the Lewis

weight of row a; and k; = [%W We replace each row a; by k; copies of k‘fﬁ, obtaining
a new matrix A’. Then we have Z
D

T [ :

D
T 2 T n 2
a, w2 a4 a;  a -2 ¢ a; _ w;
LL/P (Z ki (k'i) p/{,l/P k.%) pir /e (Z Wi alai) ek

[ =1 7 i=1 7

Therefore, the Lewis weight w;(A’) is bounded by £. It is also clear that ||Az|, = ||A'z|,.
We also split every entry of z into k; copies, obtaining 2’. Thus we have ||Az — z||, =
|A'z — 2'||,. Note that argmin,cga ||Ar — z||, = argmin,cga ||A'z — 2'||,. Hence we can
use [61, Theorem 3.19] to get ||Az* — Ax||, = ||A'z* — A'z||, < O(y/7R). This completes
the proof. n

Theorem 3.6.2. Let A € R™4 b € R™. Suppose that S is a rescaled sampling matriz
according to wP(A) with oversampling factor 8 = @(@ lognlog 1) and S' is a rescale
dsampling matriz according to wP (A) with oversampling factor 8 = ©(logd). Let
T, = argmin,cga ||S'Ax—95'b||,, z = b—Ax., T = argmin,cga ||SAx—Sz||, and T = z.+2.
It holds that
A7 — 2], < (14 ¢) min [[ Az — 2],
zER?

with probability at least 0.99 — § and the query complexity is

d 1
O (— log? dlog® nlog k%F(A) log 5)
€

forl <p<2and

A 1
O (‘—i log? dlog? nlog 141l log —>
€ o )

forp=2.

Proof. Let ¢ € (0, 1] be the same absolute constant in Lemma 3.6.1 and

@((;i2 log? dlog® nlog @ log %), p=2.

{@(g2 log” dlog® nlog kO (A)log 1), 1<p<?2

When the query complexity is Ke, it follows from Lemma 3.5.15 that ||AZ — b||, <
(14 ¢y/€) R with probability at least 0.99—¢. Let 2* = arg min,cpa ||Azx — 2|, and 7 = cv/e,
then ||Az — Az*||, < /7R by Lemma 3.6.1.

Let €; be such that K/e = vyK/e?, thus e, = /2634, By Lemma 3.5.16, we have
|AZ — b||, < (1 + ce;)R with probability at least 1 — O(d). Note that here the failure
probability is not 0.01 4+ O(§) because we have already assumed that [|Sz||? = O(||z[]?)
with probability at least 0.995 and ||z} < RP with probability at least 0.995.

Using Lemma 3.6.1, we can get that ||Az — Az*||, < \/eiR. Now, taking 7 = ¢ in
Lemma 3.5.15, we see that, with probability at least 1 — O(0), ||[AZ —b||, < (1 + €)R for
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€y such that e, K/e2 = K/e, i.e, e; = c'/*"/%. Repeating this process, we can obtain that
|AZ —bl|, < (14 ¢€;)R with probability at least 1 — O(i-d), where € = ¢;_1e. We can solve
that ¢; = c2r¢' 3T, Letting i = log log(1/€) yields €; < 2e, that is, || Az —b||, < (1+2¢)R
with probability at least 1 —O(dloglog(1/¢)). Rescaling € = ¢/2 and § = O(J/ loglog(1/¢))
completes the proof. O

Theorem 3.6.3 (Main results). Let A € R™*? and b € R".
Algorithm 3.1 modified as in Theorem 3.4.5 outputs a solution & which satisfies that

|4~ bl,, < (1+ ) min | Az — b], (3.8)

with probability at least 1 — § and makes

d d nrL(A) 1
O | = log? dlog® — - log ————"1log® <
(eog B 5 BT 8
queries overall in total.
Furthermore, with probability at least 1 — 0, it uses O(md) words of space in total.
Algorithm 3.4 modified by the sampling scheme in Theorem 3.4.5 makes

d d A 1
m = O ( —log®dlog® — -log n” IE log? =
€ Oe o) )

queries in total and maintains for each T = d+1,...,n a solution &) which satisfies
that

[ADED —pM|_ < (14 ¢) min ATz — @, .

Furthermore, with probability at least 1 — 0, it uses O(md) words of space in total.

Proof. We shall only prove for the case 1 < p < 2 below, as the case p = 2 follows the
same approach with a different sum of online Lewis weights. Using the boosting procedure
explained prior to Theorem 3.4.5, we can obtain a constant factor approximation with
probability at least 1 — 4.

The proof is similar to that of Theorem 3.4.4. We can write A; = S, A for a sampling
matrix S; with respect to the online Lewis weights. It follows from Theorem 3.6.2 that
with probability at least 0.995 — 4,

[S1A42 — Siz|[h < (1 +¢) ireli%% |51 Az — Siz|[p,

where z = b — Azx.. Following the same approach in the proof of Theorem 3.4.4, we can
obtain that, with probability at least 0.995 — O(9),

142 — bllp < (1 + O(e)) min | Az — bl[3.

For the results above to go through, S; should have oversampling parameter 5; =
O (55%5+5 log L), resulting in

n d2 1
N=0 (51 Zw?L(A)> =0 (m log > logn log HOL(A))
=1
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rows of S1A with probability at least 1 — . The 52%17 term in 3; is for bounding
[S12]]5 = O(||2||) with probability at least 1 — . Also, S3 should have an oversampling
parameter
log”d, 1 log’d, d 1
B3 =0 o8 log=logN | =0 o8 log —log = |,
€ 4] €d )

€

resulting in

a dlog®d d . nePMA) 1
— Z oL _ 2 & 1
m =0 (ﬁg w; (SA)> =0 < . log 3 log 5 log (5)

i=1

rows of S35, A with probability at least 1 — §. Here we upper bound x°“(SA) by
Lemma 3.5.11. Now the constant failure probability 0.005 is from bounding ||S5(S1z —
S1Az.)||P = O(||z — S1AZ.||P). In order to obtain 1 — ¢ success probability, we use the
same boosting method for Theorem 3.4.5 and sample log % independent copies of S5, which

results in ) oL
m = O dlog dlog2ilog;nﬁ—(A)log21 :
€ €0 0 )

The total number of queried labels is dominated by m. Rescaling ¢ and ¢ gives the
claimed result. O




70 CHAPTER 3. ONLINE ACTIVE REGRESSION

Algorithm 3.4 Online Active Regression for p = 2

Initialize: Let A, fl flg ,A(d) be the ﬁrst d rows of A and b(d 52 ), b(d) be the first d
rows of b. Let #1%” = REG(A@ @ 2), 2V = (! = pd) _ Ay REG(A2 Q)
and 7/, = ReG(AY 2V — AD2 2). Let G@ = (([l(d))Tfl(d)) ) and H@ = ADG),
Also let Gid) = ((Aid))T/L(d))*l and Hi(d) = /ngd)égd) for i = 1,2,3. Let J@ ¢ ROUeF)xd
be a constant-factor approximation JL matrix.
1: B <+ O(logd)

B1 < O((dlog(1/€) +1og(1/8))/e")
Pa < O(log d)
B <+ O((log® d) log(d/e) log(1/5)/€?)
retain the first d rows of A
while there is an additional row a; do

Wy <= HH(t_l)atH%

(z, A0 b GO )

— SAMPLEQUERY(at b0 1 1 ACD g ap, G 1)

9: (GF R HH1 at”2
10: p1t < min{fw; 4, 1}
11: Sample a; with probability p; ;

12: if a, is sampled then
!
13: AY — Af TV o 2
14: (G%%H(t ) UPDATE(\/%j 1, J_,flgt_l), égt—l))
t) a
5 e HY 2l
16: (@, AP 00, G5 1Y)
- SAMPLEQUERY(2m, I, o, 1, AU, oy G, 2)
17: ’lI)&t = ||I{3 \/m||2
N
) ) ) ) ar  T(0=1) _(t) ~@) F(t-1) ~ 2 (t—1)
« SAMPLEQUERY (2= by~ ae ), &, Ay~ By, sy, Gy~ ), 3)
19: end if
20: M x( ) 1 7®
21: (t)<—l’()+x£)

22: end while
23: return 7
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Algorithm 3.5 Subroutine SAMPLEQUERY in Algorithm 3.4

1: procedure SAMPLEQUERY (ay, bV, 2P 50 A=Y 8 p, GED), X)
2 pr < min{ Sy, 1}

3 Sample a; with probability p,

4: if a, is sampled then

o AW AC-D o %

6 Query b,

7 if x =1 then

) pt-1) o b

8 b\ < b o \/1%

9: else

) ) (t-1) g b
10: b\ b o \/p%pt
. 20 B0 — 00
12: end if
13: (z®, GO, HO) + UPDATE(as, bV, 2, A® G-D)
14: else
15: (A® p®) — (AC-D pe=1)
16: (x(t)’ Cor*(t)7 H(t)) V. (:L’(t_l), C}O(t_l)7 H(t_l))
17: end if

18: return (z(®, A® p0) GO [H0)
19: end procedure

Algorithm 3.6 Subroutine UPDATE in Algorithm 3.5

1: procedure UPDATE(ay, b, 2 A®), é(t_l))
2 g < af G Va,/p,
3 G G0-1) L A1) aal A1)
1+g Dt
4: J® « updated JL matrix after adding a new independent column
5 PO« 040
6 H® — OGO
7 if b = | then
8 return (G, H®)
9 else if ) = | then

10 20 GO AOTHO

11: else

12 2O GOAOT (G0 f050)
13: end if

14:  return (z®, GO H®)
15: end procedure
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Algorithm 3.7 Online Active Regression for p =1
Initialize: Let A@ be the first d rows of A and b@ be the first d rows of b.
: B« O(logd)
retain the first d rows of A
while there is an additional row a; do
Wy — wlast(fl(t))
pr < min(fwy, 1)
(A® b0 — SAMPLE(ay, py, AT~ p¢=1) 1)
2t REG(A®, b®) 1)
end while
return r

—




Chapter 4

Active Regression with Shared Labels

4.1 Introduction

The rapid advancements in deep learning have led to a substantial increase in demand for
extensive labelled data points to train models. However, data labelling remains costly due
to its reliance on human labour. To address this challenge, active learning (AL) [69, 64]
has emerged as an effective strategy for mitigating the expenses. The specific setting of
AL for linear regression is introduced in Section 3.1.

Recently, there has been a significant surge in the demand for machine learning on
diverse resource-constrained devices such as in speech recognition and face recognition
systems [21, 35, 57]. These systems usually need to support a variety of machines with
different computing and memory resources. As a result, the task of training multiple
models with shared labels has arisen [10], leading to a new setting of AL where there are
multiple target models to be learned simultaneously [73]. The traditional approach involves
iteratively querying labels and updating models, which can be particularly expensive when
dealing with multiple target models, as each query iteration requires training multiple deep
models. A more cost-effective strategy would be one-shot querying, where all label queries
are made in a single iteration without retraining the models. Most existing one-shot AL
methods query a representative set of instances using the distance between feature vectors
(84, 78, 41, 70]. However, this approach faces challenges when handling multiple models,
as the same instance can exhibit different feature representations in different models.

In this chapter, we propose a one-shot AL method for multiple deep models, accompa-
nied by a rigorous analysis. Our method is based on the fact that a deep model can be
viewed as a linear prediction layer (i.e., multiple neuron models) and a nonlinear feature
extractor (i.e., the network backbone). Therefore, training multiple deep models can
be described as learning linear prediction layers from the outputs of distinct network
backbones. In this way, active learning from diverse data representations can be formulated
as optimizing a shared sampling matrix to minimize the error of each linear predictor.
To facilitate computing and analysis, we consider the learning of the prediction layer as
an {)-regression problem with p > 1. Specifically, suppose that there are £ models and
Al e R4 (j=1,...,k) is the feature matrix obtained by feeding the dataset into the
j-th network backbone. Let f: R — R be an L-Lipschitz function with f(0) = 0. Typical
choices of f are activation functions such as ReLLU, Sigmoid, and so on. We abuse the
notation and apply f to a vector v € R" coordinatewise, i.e. f(v) = (f(vi1),..., f(va))".
Suppose that b,...,b¢ € R" are ¢ label vectors and the task is to minimize the loss
Sy If(ATz) — bi||P over ', ... 29 € R? for all models j simultaneously. Since the

73
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construction of S is independent of b!, ..., ¢, we henceforth assume that ¢ = 1, with a
single label vector b € R™. Therefore, we seek a shared reweighted sampling matrix S
such that we can, from the labels of the sampled instances Sb, approximately solve the
regression problem min, || f(A7x) — b||? for all models j simultaneously.

The simplest case is when there is a single model, i.e., k = 1. In this case, Gajjar et al.
[31] are the first to study the problem of actively learning a single neuron model. They
cast the problem as a least-squares regression problem (i.e. p = 2) min, || f(Ax) — b||3 and
find an Z such that

1f(A27) — bl < €' (If(Az") — b3 + eL?[|Az"[[3),

where x* = argmin, || f(Ax) — b||3 is the minimizer, C' is an absolute constant and ¢ is an
accuracy parameter. Recall that L is the Lipschitz constant of f. Gajjar et al. [31] also
show that an additive error term to || f(Az*) — b||3 is necessary for poly(d) queries. For
k > 1 and general p, we seek approximate solutions Zy, ..., Z; with the following error
guarantee of a similar form on each individual model:

1F (A7) = yllp < C - (Ilf(A727) = yll} + eLP | A2 7). (4.1)

where 2/ = argmin, || f(A7z) — y||? is the minimizer for model j and C'= C(p) > 0 is a
constant depending only on p.

Gajjar et al. [31] construct S to be a leverage score sampling matrix and solve
T =argmin, g || f(SAz) — Sy||3 with E = {z : ||SAz||3 < ||Syl||3/(eL?)}. At the core of
their argument lies the classical fact that such an S gives an /5 subspace embedding for
A, ie., ||[SAz||y = ||Az||2 for all x simultaneously. In fact, it is not necessary to sample
the rows of A according to the exact leverage scores 71(A),...,7,(A); any sampling
probability proportional to ¢; 2 7;(A) for i-th row will suffice, with the number of samples
being proportional to ), ¢;. This very fact motivates us to tackle the task of data
selection from diverse representations by sampling the rows according to the maximum
of leverage scores across A7’s, i.e., letting ¢; ~ max; 7;(A?). Solving for each model j by
T = argmin, g, | f(SA'z) — Sy||3 with E7 = {z : ||SA7z|3 < ||Syl|3/(eL?)} will then
achieve (4.1) for p = 2. This indicates that the queried instances are effective in learning
each of the linear predictors, which fits our problem well. A potential caveat is that the
number of samples needed will be proportional to Y. ¢ ~ Y. max; 7;(A’), which could
be as large as kd. However, empirical studies show that this is not the case for real-world
datasets and our approach will thus be efficient. For details, see [37].

For general p, instead of leverage scores, it is natural to consider Lewis weights, which
can be seen as generalizations of leverage scores for general p. It is known that an ¢, Lewis
weight sampling matrix S gives an ¢, subspace embedding, i.e., ||[SAz||, ~ ||Az||, for all
x simultaneously [16]. The approach mentioned above extends to general p naturally,
attaining (4.1) for general p, by sampling according to the maximum Lewis weights and
solving an /,-regression problem for 77 with an ¢,-version of E7.

Acknowledgment of Experimental Work. [t is important to note that the experi-
mental work, which includes the detailed procedures, data collection and initial analysis,
was all conducted by my co-author Ying-Peng Tang. As such, I shall not delve into the
specifics of these experiments within this project. Interested readers can refer to Huang
et al. [37] for experiment details.
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Algorithm 4.1 Algorithm for multiple regression problems with shared labels

Require: Matrices A!,..., A¥ € R™*? a query access to the entries of b, number of
samples m, accuracy parameter e
Compute Lewis weights w;(A7) for each j=1,....,kandi=1,...,n
pi + maxy<j<pwi(AY) fori=1,...,n
pi < pi/llpl|1 fori=1,...,n
S < zero matrix of dimensions m X n
for j=1,...,mdo
Choose an i; € [n] according to the probability distribution (ps,...,pn)
Sji; ¢ (mpy,) 77
Query b;;
end for
for j=1,...,k do
I argmingep || f(SATx) — Sb|E, where B = {x : [|[SATz||2 < —5]|Sb[|E}
: end for
. return 7', ..., 7F

[

4.2 Our Results

For k = 1, the latest result is to use O(d/e*) queries [32], with an analysis specific to
p = 2. We generalize the approach to £,-Lewis weight sampling for p > 1 and extends it
to k > 1. The following is our main theorem, corresponding to k£ = 1.

Theorem 4.2.1. Let p > 1, f(z) be an L-Lipschitz function with f(0) =0 and A € R4,
Suppose that b € R™ is accessible via coordinate queries. Suppose that t1,...,t, € R satisfy
that t; > Pw;(A), where

P S > 00} p=1 '
~PpP —4 jmax{Z—-1,0} 2 n ( ’ )
e td™ 2" log” dlog(> i, ti), p> 1

Let m = ) . t;, p; = ti/m, S € R™" be a rescaled sampling matriz of the second
kind with sampling probabilities p, ... ,p, and & = argmin, g ||Sf(Azx) — Sb||,, where
E = {x:|SAz|[p <[|Sb|5/(eLP)}. It holds with probability at least 0.9 that

1F(AZ) = bl[p < C (|| f(Az™) = bl[b + eLP|| Az*[[}) ,
where x* = argmin, || f(Az) — b||, and C > 0 is a constant depending only on p.

Note that for a single matrix A € R™¢ we have Y, w;(A) = d so Theorem 4.2.1
implies a sample complexity of O(d™>{P/21} /e*)  recovering the result in [32] for p = 2.

The following result for £ > 1 is an immediate corollary of Theorem 4.2.1 with our
algorithm given in Algorithm 4.1.

Corollary 4.2.2. Let Ay,..., Ay € R and T = Y7 maxjep wi(A7). Let f(x) be an
L-Lipschitz function with f(0) =0 and y € R™ be the target vector. Algorithm 4.1, when
called with
e 4T log(T/e), =1
M ™p 4 max{Z—1,0} 1,02 (4.3)
e~ Td™ ¢z log” dlog(dT [e), p > 1,

outputs solutions T',..., % € R such that (4.1) holds for all j € [k] with probability at
least 0.9.
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Proof. Let t; = 8 - max; w;(A7), then for any fixed j, it holds that t; > Sw;(A?). Also,
m =Y ,t; = BT. The sampling probability p; = ¢;/m = max; w;(A7)/T, which is exactly
our sampling scheme in Algorithm 4.1. Take

5 e *logd, p=1
e 4dmadz 1% 1og? dlog(dT'/e), p>0andp#1’

then [ satisfies the condition (4.2) in Theorem 4.2.1, whence the conclusion follows. [

Follow-up Work. After our work was accepted to ICLR 2024, Gajjar et al. [33] improved
the query complexity for a single matrix A (i.e. k = 1) to O(d/e?) for p = 2. They also
studied the agnostic case where the Lipschitz function f is also unknown; that is, the
queries to b are for solving the minimization problem ming, || f(Ax) — b||s. They used a
different, although more complicated, argument to achieve the linear dependence on d in
query complexity.

4.3 Proof of Theorem 4.2.1

We first need a simple inequality.
Fact 4.3.1. Suppose that a,b > 0 and p > 0. It holds that (a + b)P < 2IP~t(a? 4 tP).

Let OPT = min, ||A0 — y||,- Theorem 4.2.1 is proved by the following chain of
inequalities.

(A)
1£(AZ) = ylly < 2P71(|[f(AZ) — f(Az")|} + OPT?)
(? 2P H(||Sf(AZ) — Sf(Az")|[P + LP R? + OPT?)

©
< 2P NS f(AZ) — SylP + CLOPT? + L RY)

()

< olr=1| [02 (OPTP telP ||Ax*|yg) + CLOPT? 4 2 LPRP

(E)
< C(OPT? + eL” [|Az™||7)

where inequalities (A) and (C) use Fact 4.3.1, inequality (D) uses [31, Claim 1]. Inequality
(E) follows from that

RP = max([|AZ][, [|Az™][") < | AZ[]” + [[Az™||”

(EA) ip -
< 2IISASCII + [ Az

sl
A p
< 2 |Ar

( p
< 100”*”” + | Aa|p

| f(Az*) — y[|b + LP||Az* || i}
| - S ¢
elp

Ax*) —ylb 100 - 2P=1l
— 100 - 2P~ I 7A") = ylly + + 1) [|Az™|7,
elp € p

(ED) »
<" 100- 2P
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where inequality (EA) holds because S is a subspace embedding matrix for A, inequality
(EB) is from the constraint of our approximate solution in Line 13, inequality (EC) holds
with probability at least 49/50 by Markov’s inequality and inequality (ED) follows from
Fact 4.3.1.

We shall prove inequality (B) in the following lemma. We note that the following
lemma is proved in [31, Lemmata 2 and 3], but their sampling complexity is O(d?/e?)
with an additional d factor compared with ours. We improve their result by using the
reduction technique and removing the e-net argument.

Lemma 4.3.2. Suppose that A € R"™¢ and t,...,t, € R such that t; > Bw;(A) for all
iandp > 1. Letm =) ,t; and S € R™" be a rescaled sampling matriz of with row
sampling probabilities pq, . .., pn, where p; = L. If

m

dmax{g—l,o} 1
Bz —; (log2 dlogm + log 5)

€

then with probability at least 1 — 9 and fixed constant R > 0, it holds for all pairs of vectors
r1, 9 € R with ||Azy||, < R and ||Axs||, < R that

ISf(Azr) = Sf(Aza) |5 = |[f (A1) = f(Aws)|[§ £ eLP R

Proof. Let a = f(Ax1)— f(Axy) and v = Axy—Azy. Denote T to be the set B(R)xB(R) =
{(x1,22) : |SAz1||, < R,||SAxs||, < R}. We shall try to upper bound

l
E Sal? — [l
g (s, 1Sl - ]

for ¢ = log %.
Since taking the (-th moment of the maximum is a convex function and E [|Sa|[? = ||[[?,
the symmetrization trick yields that
) J4

It follows from Theorem 1.2.12 that S is a %—subspace embedding matrix of A with
probability at least 1 — §/2. Furthermore, by Lemma 4.3.5, with probability at least
1 —§/2, the Lewis weights of SA is upper bounded by % Let £ denote the event on S
that the above two conditions hold. Then Pr(€) > 1 —§. We assume the following proof
is conditioned on &.

m

Zak—’aik’p

=1 P

¢
E ( max |||Soz||§ - ||oz||£‘) <2'E ( max
S \ (z1,22)€T S,o \ (

$1,$2)€T

where 0,’s are Rademacher variables.

Next, we prove the conditional expectation over S and o when conditioned on &
satisfies that

. ¢
Zak%> £ g(%LFRP)éa. (4.4)

k=1

E max
S,O' ($1 712)€T
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Once (4.4) is established, it would follow Markov’s inequality that

)
i

P SallP — P> ([PRP
r{@fg?i(ET‘” allp ||a||p‘_€

_ Esol(maxg, syyer |[Safls — [lallz])" [€]
- (eLPRp)*
N
)

]ESJ |: <max(x1,x2)€T ‘Z;?zl Ok |§LZ;J€1|
0
(eLPRp)t

(by (4.4))

<2

(SLPRP)'S
(eLPRp)*
= 4.

and then a union bound that

P Sallp — P| > ¢[PRP
r{ufﬁi‘f&’“ allh =l >

6} < 290,

which would complete the proof after rescaling d to /2.
Now we focus on the proof of (4.4), which mostly follows the same approach of Theorem
15.13 in [47).

Let
f(aikaL’l) - f(%l@) G,'Tkifl - &261’2
up = ~1/p Uk = g, k € [m].
(mpi,) (mpi,)

Then v = Sz and v = Sy. We also denote

== max
(a:l 222 ET

Zak!w!”

0 (4.4) can be rewritten as
¢ € ¢
E [A]E] < (éLpRp> 6.

We shall split the sum in A into two parts: large Lewis weights and small Lewis weights.
Specifically, we define Ay, = wy(SA)/d to be the rescaled Lewis weight of SA and J =
First consider those coordinates not in J (small Lewis weights).

P 2)
max | Y opfugl? <Z\uk\P<LPZAk1Ak olP < dmax 5 [PRP,

T
(z1,x2)€ 1 Shem Y Y
K]

where the last inequality follows from the fact (see [47, Lemma 15.17]) that

1
max |\, P < d"6 o], (4.5)
ke[m]

and (by the definition of B(R)) that ||v|[, < 2R.
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Next we consider the coordinates in J (large Lewis weights). By the contraction

principle, we have
¢ ¢
= max
501 CCQ ET

P
<(I£?XET Zak’uk’
< mkax(\/)\k)fE ( max Z V ATk A PP

ZT1,T €1
( 1 2) kcJ
>€

Z)\kak’)\ Uk|p

keJ

5)2

> VoA Ful?|| €

z1,x2)ET
Le2)€T |95

= (i)glo[? ( max

By the triangle inequality, we have

/ 2P max(1,2) ‘ 1 e
E[A)E] < | =—d™=U2DPRP) 4 (=)2E| max

> \/_Ukl)‘k ugl’|| €

y

m dﬁ o \ (z1,x2)€T et
12
2 b 1.
= [ —agm>2 PRp — )2 E[=fE
& + () BEE]
where
_1
== VoA P ugl?]
W | 2 VNI

eJ

To bound E,[Z°|€], we introduce the associated distance 6((xy, z2), (2}, 25)) so that it
is enough to bound it by the estimated entropy of B(R). We define the distance to be

52(('171’ x2)7 (xllv */LJZ))

_1 p 1 Py 2
Mg en) = flale))| (N [F(al ) — fla]ah)
= Ak _
; mp;, mpi, (4.6)
_1 _1
= Z Ae(| Ay Purl” — A, Py |P)?
keJ
and the norm .
A, Ta; 0
|wnJ._nmei;—i;. (4.7)
het (mpik)p

By the tail bound of Dudley’s integral (see e.g. [77, Theorem 8.1.6]), it holds that
Pr {E e / (log N(T', 0, e))%de +z- diam(T)‘ 8} < exp(—22).
0
According to Lemma 4.3.3, it holds that

| @ogN@ 5. ptde S FOLR [ log N(B(R). By, 0) e
0 0
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For p > 2, the entropy estimate in [47, Proposition 15.18] gives that
4"+ [PRr / (log N(B(R), By, €))2de
0

g»%de

1 2d /2 3
< d" T LPRP? / (dlog <1+M>) de+/ (R—leogm> de
0 1 €
diL LPRP log d+/logm

For 1 < p < 2, it follows from the entropy estimate in [47, Proposition 15.19] and a
similar argument to that for p > 2 that

= d"" LPRP 1/ (log N(B(1), By,
0

/ (log N(T, 6, ¢))2de < d2 L R” log d+/log m.

0

By the property of subgaussian variables (see e.g. Proposition 1.2.5), we have
E[=(€] < K'(Ved™> 52} [PRP + ¢™>(%2) [P RP log dv/log m)".

Hence, given ¢ = log(1/6), as long as § > 2"*le. e 2K2d™*(3-19) (log(1/6) 4 log® dlog m),
it follows that

2 ) £
E[AYE] < [ Zam=0DrRre) + (—)2 E[Z)€]
o m dg’ o
p 1 L
< (gdmax(lyg)LpRp)é L [ Bd™ D LRV A log dy/Tog m)
= \ds NGE;

¢ LPRP
<
- (log(l/é) +log® dlogm
< (eLPRP)*s.

¢
) + (eLPRP)*S

Therefore, taking expectation over S while conditioned on &, we have that Eg,[Af|€] <
(eLPRP)‘S. Rescaling € = €/2 completes the proof of (4.4), as desired. O

Lemma 4.3.3. Let §((x1, z2), (2}, 2})) and ||z||; be as defined in (4.6) and (4.7), respec-
tively. It holds that

d"5 PR (|lay — 2|l + |22 — b)) p=2,

LR (|loy — @[l + ||z — 25l5)2 Il<p<2

5((‘T17 132), (x/h :L‘/2)) 5 {

Hence diam(T), the diameter of the subspace T, is at most O(d™>(52) L RP).
Proof. For p > 2, we have
52((1:1’ x2)7 (xlla l‘é))

(A) _1 _1
< S Ml P — A P B(AG Pl A P

keJ
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1

1
A" (aiTk:cl — al-Tkx’l)

T ./

+ (A, (@] 22 — a xh)

(B)
S 2L2pp E )\k
keJ (mpik)

3=

_1 _1
- (\Ak%kr?ﬁ-z P

N———

1 2

A (ag oy —af 20|+

©) L
< 27 'pd" LRV DN T
keJ (mpy, )»

_1 _1
- (mww |Akpv,;\p)

(D) _1 _1
< 27 pd"T LR (|lay — |l + |lws — b)) P WL DAL
keJ

(E) 2p—1,_ 222 £ 25 H2p—2 / / 2
< 2% pd T LPRPT ([l — 2|y + w2 — 25)[5)7

where the inequality (A) follows from |a|? —[b]P < p(|aP~ +]b[P~1)|a—b|, (B) follows from
triangle inequality and (a + b)? < 2(a? + b?), (C) follows from (4.5) and (E) is obtained
by [[vlly < [[SAz1[lp + [|SAzs]|, < 2R.

For 1 < p < 2, we have

52((1;17 .%‘2) (x,h J/JQ))

1

IV D N T A o ( P T L P VA L

keJ
_1 _1 _1 _ 1 _1 _ 1
< r]?ax [\ P ur — Ay, P l? - Z Ak A Pk — Ay pu;c|2_p(|)‘k p“k‘zp_Q + [\ puﬂzp_z)
</ keJ
2—
< D (s — 2+ e — 2175 Ml P — Ay P )
keJ
[ S ) D ]
keJ keJ
_1 _1 2-p
< IP(Jy — 2l + s — )07 Meldy “unl? + Al P )5

keJ

[zwk ) ]
keJ keJ

Zka i |P)
< 2pL2pRp(H$1 - fEllHJ + [lze — x/QHJ)p’

where we use Hélder’s inequality || fgll1 < [|f[lallglls with o = 32 and § = 35 in the
third line.

For p > 2, the diameter of T" is upper bounded by

) 1ot
(xl,@)é?ﬂ?&’xg)ET (21, 29), (27, 25))

2p—1 —2
<277 pd" T LPRP(||loy — @l |ls + |72 — 2h]]5)
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<27 pdiLPRP,

where we use the fact that ||z, — /]|, < d2R from (4.5). For 1 < p < 2, the diameter

of T is upper bounded by LPRE (||z1 — 2}||; + ||z — #4]|,)% < d2 LPRP where we obtain
1

|z1 — 2|l < d? R from (4.5). O

The next lemma proves the Lewis weights of SA are always within by [%, %] This
is already established in Lemma 3.3.4 for rescaled sampling matrices of the first kind
for p < 2. Here, for completeness, we shall use the same idea to establish the result for
rescaled sampling matrices of the second kind and for general p.

We first need an analogous result of Lemma 3.3.3, taken from [16, Lemmata 5.3 and
5.4]. This is a much harder result than Lemma 3.3.3.

Lemma 4.3.4. Suppose A € R™? and wry,...,w, are the Lewis weights of A. Let
wy, ..., w, be weights such that

-1

2/p<a (Zwl 2/732 ) aigawf/p, Vi=1,...,n

Then it holds for all © that
a~ Dy, <7 < Py,

where c(p,d) = (p/2)/(1 — |p/2 — 1|) when p < 4 or c(p,d) ~, Vd when p > 4.

Lemma 4.3.5. Suppose that A € R"™ and t,...,t, € R such that t; > Bw;(A) for all
i. Let m =)t and S € R™" be a rescaled sampling matriz of the second kind with
sampling probabilities py, ..., p,, where p; = tE Ifg 2 logg—i when p <4 or B 2 dlog%
when p > 4, then the {, Lewis weights of SA are upper bounded by % with probability at
least 1 — 9.

Proof. Let a; € R? be the i-th row of A as a column vector. Without loss of generality, sup-

pose that ATW'=% A = I,. Hence, the Lewis weights of A are w =q, (ATI/Vl_%A)
a; a; = ||a;||3. We claim that

a;, Q 1-2
(1—¢€)ly = "Zk w2 (L4 e)ly
e

2

holds with probability at least 1 — . Let X = al’“—”cw i ? and then we have E X = 1.
Zk

First, we have E X = I, and [| X}, — Ii][» < 1+ ”a”“/H; =1+ Tg Besides, we have that
I1E (X5, — Lo)ll; = |[E(Xk — L) " (X), — 1)),
= |[E X, X5 — L
T 12
_ || Wi g DY g
Diy, Diy,

2
n

Wy, Z T 1-2
Diy,

2

m
<1+ —.
B
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By matrix Chernoff bound, it follows that

1 — —me?
SN X - 1) el <ad
{mz o 2‘6}‘ o (o aas)

< 2d exp (—662)
Setting 8 2 6% log% guarantees the failure probability to be at most 0, proving the claim.
Therefore, we have that

1-2 m . \1-2 T
a0 (4) Idj[z G ()
m i1 (mpi, )7 \Pix (mp;,)?

holds with probability at least 1 — §. Hence, it follows that

-1
T mo doe \ 21 oT , d [ w, \7*
TS e () ) e ()
(mp)' 7[5 (mpi )5 N\ Wi ) (mpy )7 | (mpa)' i,
Applying Lemma 4.3.4 and setting € to be a constant (depending on p) for p < 4 and

€ ~, 1/3/d for p > 4 gives that w;(SA) §2%dw_1; < % 0

4.4 Result for Sampling of First Kind

We use sampling of the second kind in our algorithm. However, our main result The-
orem 4.2.1 still works for the ﬁrst kind of rescaled sampling matrices. Specifically, let

p; = min{fw;, 1}, where § = Q(”l2 (log® dlog ¢ +1log 1)), and S be the rescaled sampling
matrix of the first kind with sampling probablhtles D1, -, Pn. Accordingly, Lines 4-9 of
Algorithm 4.1 are changed to the following lines. We remove zero rows in the sample
matrix for efficiency.

Algorithm 4.2 Replacement of Lines 4-9 in Algorithm 4.1
1: S ¢ zero matrix of dimensions n X n
22 m<+0
3: fort=1,...,ndo

4: Generate a random variable X ~ Ber(p;)
5: if X =1 then

6: m<+—m+1

7 Spi = p; ”

8: Query b;

9: end if

10: end for

11: Truncate S to its first m rows

Compared to the proof of Theorem 4.2.1, the following modifications are needed:
(1) By Theorem 5.2.2, S is a 1/2-subspace-embedding matrix of A. (2) To show that
Lemma 4.3.2 holds, we observe that by Lemma 3.3.4, Lewis weights of SA are uniformly
upper bounded by %
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Chapter 5

{p-Subspace Embedding for p > 2

In this chapter, we revisit the £,-subspace embedding obtained via Lewis weight sampling
for p > 2. This type of result was first formally presented by Cohen and Peng [16, Theorem
7.1], employing the second kind of sampling with O(d?/?/€®) samples. This complexity
matches the ¢,-subspace embedding dimension due to Bourgain et al. [6], from which
Cohen and Peng derive their result. However, Cohen and Peng did not provide a clear
proof; they use Lewis weights as lower bounds for sampling probabilities, while [6] uses
exact Lewis weights for sampling. Later, Woodruff and Yasuda [82] improved the sample
complexity to O(dP/? /e*1logn) under the first kind of sampling scheme, achieving the best
possible 2 dependence but introducing an undesirable log n factor.

In this chapter, we shall first, for completeness, provide a proof that Lewis weight
sampling indeed gives an /¢, subspace embedding, with a target dimension of O(d”/ 2/e5).
We shall then improve this target dimension to O(d”/?/€®), removing the undesirable log n
factor in the sample complexity of [82].

Follow-up Work. After our result of O(d”?/€?) dimensions was published in [37],
Yasuda [85] independently improved the sample complexity in his PhD thesis to O(d?/?/e?)
without the logn factor by following the idea in [16] and using a flattening argument that
studies the Lewis weights of the concatenated matrix (%) for a constant-factor subspace
embedding matrix S. Our argument is similar at large, though arguably simpler.

5.1 Sample Complexity of O(d’/?/e)

The proof follows from [6, Theorem 7.3|, adapted to the usual linear algebraic language.
We first restate the theorem from Theorem 1.2.12.

Theorem 5.1.1. Let A € R4 and ¢ € (0,1/2]. Let ti,ta,...,t, be a sequence of real
numbers such that t; > Bw;(A), w(A) is the £, Lewis weight of A as in Definition 1.2.8,
N =>".t; and p; = t;/N, where

qr/?-1 d 1
B Zp &5 (103; . + log 5) :

Suppose that S € RN*" is a rescaled sampling matriz of the second kind with respect to
P1,---,Pn- Then with probability at least 1 —§, S is a (1 + €)-subspace-embedding for A
in the £,-norm.

85
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Proof. Consider the sphere S = {Ax : ||Az|, = 1}. Our goal is to show that

sup ||| Sull? — 1] <e. (5.1)
uesS

Let F be a standard e-net on S with respect to the ¢,-norm. By a standard volume
argument, we can choose F such that

2
log | F| < dlog(1 + Z)

We claim that it suffices to show

sup | |Sullz — 1] < e (5.2)
ueF

Indeed, assume that (5.2) holds and let A = sup,cg |[[Sul? — 1|. Suppose that this
supremum is attained at u* € S. there exists v € F such that ||u* — v, <e. Then

15wl = 1 < [[Svll, + [[S(u” = v)ll, =1
= ([[Svll, = 1) + [S(u” = )]
e+ (14 A)u =l
<e+ (14 Ae.

Similarly, we have
[Sull, =1 = [[Svll, = IS = v)l, — 1
= (I5vll, = 1) = IS(w" = v)|l,
> —e— (L+A)Ju” —vl|,
> —e— (14 Ae.
Combining the inequality of both directions yields that
A<e+ (1+ A

whence we can solve that A < 2¢/(1 — €) < 4e. Rescaling € proves (5.1).
Next, suppose that Az € F. Let w; = w;(A) and W = diag{ws,...,w,}. We then
have

N
R
SAz||P — ||Az|]f = - — HWPW » Ax
Isael] - sl = 3 5 p
1L s p _1 p
= NZ (p;,"ai;, ) —Zwi (w; "a;, )
j=1 i=1
1 N —% P - W; Wy, _1 p
:N; <pz a’ljax> _;E <(E) Pai,x> .

In the remainder of the proof, we rescale w; to w;/d so that ) . w; = 1. Then p; >
(Bd/N)w;. Let A\ = fd/N and write p; = \;w;, we have \; > X and A < 1. Our goal has
thus become to show that

p n

~S

=1

1
-1 o
w; "a; x

1

P
oy T
plj ZJ'

2

J

1

N
=1
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for all Az € F. .
Let B, , be the unit ball in the column space of W™ » A with respect to the || - ||,

norm. Note that ||Az|, = |[W~'/PAz||,, and thus F is a net on the boundary of B,, .
1
Let y = W™ #» Az € B,,,, then Equation (5.3) is equivalent to

1 N 1 n
£ DI TN N P I
i=1

i Yij
j=1

(5.4)

for all y € F.
It follows directly from Lemma 1.2.9(3) that ||y||e < V/d whenever y € B,,,. By [6,
Proposition 7.2], there exists a subset A; C F such that

B., € | (g + +9° BOO> : (5.5)

geEA 3
1
forany k=1,2,...,1 = [lg‘g%l‘iﬂ + 1 with the size |Ay| satisfying
d d
log [ Ax| < Pm log .

For every y € F, there exists a correspondlng vector y®) € Ay with ||y — v, <
(14 €)*/3. Next, we split the coordinates of y* into different levels. Define

Cry={i €] :|(™)| =1+, kel
,y_Ck,y\(Uh>kChy) k’ 0,1,...,1

and a new vector g such that its ¢-th coordinate is defined to be

l
Ji = [yil - xo, (1) + Y _(1+6)" - xp,, (4),
k=1

where xp, , is an indicator function such that xp, (i) = 1 if i € Dy, for all i € [n] and
ke {0}uUll].
For all i € Cy,, it holds that

il = [l = [y = ")) = A+ = == > (147,
and for all ¢ ¢ Cj,,, it holds that

e(1+e)*

3 = (1+e)™.

lyi| < ‘(y(k))i‘ + ‘yz — (y(k))i| <(l+ef '+

In the preceding two chains of inequalities, both first steps follow from the definition (5.5)
of A;. It follows that

I+ 2 <yl <A+, Vie Dy,
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and that |y;| <1 for all i € Dy,,. It follows that

il cl(1+e (1467 for all i € [n] and y € RY.

Next, we claim that to show (5.4), it suffices to show the following inequality for all
y e F:

_1
i <e (5.6)

N n
> =S wlal
j=1 i=1
Indeed, suppose that (5.6) holds and it follows that
L » n
NZ lyil” — Zwl |yil”
Z A [ sz 191"

1
(T+e2
§dl+d+(1+e )}: gl (by (5.6))

<e(l+e)+(L+e—(1—e)?) szlyz

< e(14€) +3e(1+ €[ y]lwp
< 9e,

and similarly
1 l )\—1 p - p
N § i; ]yZ]| - E w |yl
~ |P
= 1+e2 NZ i ;| (1+€)Zwi|yi’
LY S §jwy k
- 6 1 |91
RN e 4

€ 1 1 »
A (e ‘(”E)) m;wi'%'

> —4e.

Rescaling € by a constant factor gives (5.3).
Now we turn to prove inequality (5.6). According to the definition of g, it suffices to
prove that for all y € F

N Z )‘i_jl |gij }p * Xo,, (i) — Z w; |7i|"] < € (5.7)

j=1 i€Dg
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and
N
SONTH 4P [ A xp, (i) = Y wi || < e (5.8)
j=1 i€Dy.y

where €, ..., € are chosen such that

!
Zek < e.

k=0
We prove the inequalities (5.7) and (5.8) by Bernstein’s inequality (Lemma 1.2.1). Let
X; = )\Z._jl |yjij }p “ XDy, (1) — ZieDo,y w; |7;*. Then we have

|Xj| < >‘71 ‘gij’prO,y<ij) + Z Wi |gl|p

1€Dg,y
<A A+ |y, " xpo, (1) + (L4 > w; [yl
1€Dg,y
1 2p
< % +(1+e)
2
< X(l + 6)2p

and
E X7 < EOG |17 XD, (i)
< ATVE NG, 1P X0, (1)

N
- - \ Pi
<A Z |5:1* X Dy, (Z))\—

=1 i
=" Z || w;

1€Do,y

<A (L4 €[y

1€Dg,y

<+ Y ke

1€Dg,y

< -(1+e)%,

>

where we used the fact that [y;| < 1fori € Doy and 3-,cp wilyil’ < [lyllt,, =
Applying Bernstein’s inequality (Lemma 1.2.1) gives that the failure probability of (5.7)
for an arbitrary fixed y is at most

INNE [de?
2 - 2 0 <2 0.
o ( L+ +3(1+ 6)2”60) = ( 3(1+ 6)2,,)
Similarly, the failure probability of (5.8) for an arbitrary fixed y is at most

Bdez
2 exp (——3(1 m e)P’“) .
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Let By = {Dyy 1y € F} for k € [I]. It follows from the definition of Dy, that

d

!
log |Bi| < log |Au| < P+ o log .
h=t

Therefore, for both (5.7) and (5.8) to hold with probability at least 1 — 0, it suffices to
have that

| F| - 2exp ( Bdeo ) Z |By| - 2 exp ( 3(15_7_6:) ) < 0. (5.9)

2-p)(i— .
Take €y = c1€, €, = coe and ¢, = (1 +¢€) "3 el for 1 < k < [, where ¢; is an absolute

constant and c; is a constant that depends only on p. Then when

ds1 d 1
B3 (10g; + log 5) ;

we can verify that

Bdei d d C36d€2
2 P ) < S S, e g
1Bl eXp( 50t ) S OP\ a8 T G e
1 d  cyfe?
< exp (026—3 log — — dp/2—1>
Cy. d Cy5. 1
< exp (—6—3 logz — 6—310g 5)
P
Cud
(where we use the fact that (1 + €)?* < (1 + €)% ~ d in the second inequality) and
Bde;

1
|.F| . 26Xp <—m) S exp (nglog E - C5Bd€2)

d d d 1
< exp (—056—3 log P 056—3 log 3>
P

Cyd’

We see that (5.9) indeed holds, noticing that there are only /41 ~ (log d) /e summands. [

5.2 Sample Complexity of O(d’/?/e?)

We first state and prove the result for the second kind of sampling scheme (i.i.d. row
sampling).

Theorem 5.2.1. Let A € R™? 2 < p< oo and 0 < e,§ < 1. Suppose that t; ~ Bw;(A)
and w;(A) is the €, Lewis weight of A as in Definition 1.2.8 for all i € [n], where

ds! ) d, 1 1
B~y = ((logd) log (Elog 5) —Hogg)

is the oversampling parameter. Let m =Y .t; and p; = t;/m. Suppose that S € R™*d js
a rescaled sampling matrix of the second kind with sampling probabilities py, ..., py,, then
S is an (1 + €)-subspace-embedding for A in the {,-norm with probability at least 1 — 0.
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Proof. In order to prove S is an (1 + €)-subspace-embedding matrix for A, we prove

p_ p <
e |SAz|[; — || Az[[;| < e (5.10)
If the following inequality holds
l
IE( max ‘||SAx||p ||A:p||p) < s (5.11)
1Az]lp<1

for ¢ = log %, then by Markov’s inequality, Equation (5.10) holds with probability at least

1—46.
By the symmetrization trick,
y4
E SAz||P — || Az||P (SA)gxl?
g (e, [Isasly ~ el ) <2 (/gnﬁ?il > (s )

where o}.’s are independent Rademacher variables and (SA), denotes the k-th row of SA.
Then

(1) By Theorem 1.2.12, S is a %—subspace embedding matrix of A with probability at
least 1 —0/2;

(2) By Lemma 4.3.5, Lewis weights of SA are uniformly upper bounded by % with
probability at least 1 — /2.

Let £ denote the event that (1) and (2) both happen, then Pr(£) > 1 — 4. It follows from

(1) that
¢ ¢
max max
(Awp§1 ) <||5Ax||p<2 )

> okl(SA) gl

m ¢
=2P. max .
[I1SAz|,<1
k=1

The remainder of the proof is near-identical to [47, Proposition 15.18]. We define

ZO’k| SA kl"p

> okl(SA) gl
k=1

ZO’kl SA kl’|p

v SAaly<1

Using the fact that the Lewis weights of SA are upper bounded by 2//3, we have similarly
¢

to [47, (15.17)] that
3d5 2\ K
E(V]€) < (5 — ) E
a( | )= (2m> * (ﬁd) o ||SA:L‘||p<1 ) £l
where A\, = wi(SA)/d is the rescaled Lewis weight of SA and J = {k : A\, > m™?} is

the same as in [47, Propsition 15.18]. The task is then to upper bound E,(¥¢|€), where
E =E(0) is defined as

Zm I\ (SA)kx]p
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We define

1
keJ

T = {A»SAx : |SAz||, < 1},
and thus = = max,er|Z(x)|.

)

A — diag{Ah A27 ety )‘m}7

Now the problem is reduced to study the Rademacher
process Z(x) over the metric space T' endowed with pseudo-metric

T,y) = (Z Ai(fl? — |yi|p)2>

By [47, (15.18)], the diameter of T is
diam(T) <, di.
Let us show how to deduce the tail bound for =. First, by [47, (15.18)], it holds that
1
/ VInN(T, d, ¢) <d2 log d) 10gm>2

Now, recall the tail bound version of Dudley’s integral in Lemma 1.2.4 that

o {xs,;fT [2(@) =2 = C (/OOO VInN(T,d€) + = - diam(T))} < O exp(—22).

and note that Z(0) = 0, we have therefore

Pr {E > dilogdy/logm + z - df 5} < ' exp(—2?).

By the moment bound of subgaussian variables (Proposition 1.2.5), it holds that

E(Z'| &) < K*(VId5 + d¥ log dy/logm)",

for some constant K. Hence

p\ ? z
3d> 2\ 2 €\?*
E(V] €) < 2 ) E(E <(—)5
v ) < (5) +(75) B9 5 (5)'s
provided that
dz—1 ) 1
B Zp (logd) logm+log5 ,
Since m ~ (d, this condition is satisfied when
ds=!
ﬁ ~p

d 1 1
2 p— — p—
((logd) log <6 log 6) + log 5) .

Unconditioning on £ and rescaling ¢ completes the proof

]
We remark that for a constant o, Theorem 5.2.1 achieves, up to a constant factor, an

embedding dimension that matches the upper bound of N,(d,€) in Lemma 1.2.7, which
was previously achieved by an iterative argument

Next, we state and prove the result for the first kind of sampling scheme
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Theorem 5.2.2. Let A € R4, 2 < p < oo and 0 < €,0 < 1. Suppose that the
oversampling parameter

ds! ) d, 1 1
B~y = ((log d)*log (Zlog 5) + log 5) )

Let p; = min{fw;(A),1} and S € R™" be the rescaled sampling matriz of the first kind
with probabilities pq, . .., p,. With probability at least 1—6, S is a (1+€)-subspace-embedding

for A and has
d> d, 1 1
< 2 _ _ _
mSp <(logd) log (e log(s) + log 5)

nonzero rows.

Proof. The proof is nearly identical to Theorem 5.2.1 except that the supporting theorems
for the events on S differ. Specifically,

(1) By the remark after Theorem 1.2.12, S is a (1/2)-subspace-embedding matrix of A
with probability at least 1 — /2;

(2) By Lemma 3.3.2 and Lemma 4.3.4, Lewis weights of S A are uniformly upper bounded
by 2/ with probability at least 1 — /2.

All other parts of the proof are identical to the proof of Theorem 5.2.1, and we shall

obtain that
S d2! ) 1
B Zp = log dlogm—i—logg .

By a Chernoff bound, we know that m < Sd with probability at least 1 — ¢ and therefore

it suffices to have -
d2~ d 1 1
B ~p 62 (10g2 leg (Z log 5) —+ 10g 5) . D
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