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In this paper, we investigated the stability of a two coaxial leaky dielectric fluid system
flowing in an annulus duct. A constant pressure gradient was applied to drive the flow
in the duct. A radial electric field was imposed between the outer and inner surfaces of
the duct. Linear stability analysis was employed to discuss the influences of electric
field on the capillary and interface wave instabilities. The former instability is caused
by surface tension and the latter is caused by viscosity stratification at the interface.
It was found that, depending on the electrical permittivities and conductivities of the
two liquids, the electric field either stabilized or destabilized the flow system. Apart
from that, it was found that an external electric field could impede the capillary and
interface wave instabilities. Influences of the inner radius of the duct, viscosity ratio,
thickness ratio, and Reynolds number on the stability of the system were discussed
as well. C© 2013 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4840815]

I. INTRODUCTION

Electrohydrodynamics (EHD) studies the relation between the electric field and fluid motion.
Generally, there are two branches of this subject, depending on the strength of electric field. One
deals with weak electric field that is induced by free ions in electrolytes;1, 2 while the other deals
with strong electric field, considering the liquids as perfect conductors,3–5 perfect dielectrics or leaky
dielectrics.

As early as 1960s, Taylor6 realized that even a small conductivity in the liquid can allow
charge to accumulate at fluid interface; and he introduced the leaky dielectric model. The leaky
dielectric model assumes that there is no free charge in the bulk fluid. Therefore, no body force is
present in the fluids. Electrical force only appears on the fluid surface. The interfacial instabilities
of leaky dielectric fluids subjected to tangential and normal electric fields were respectively studied
by Melcher and Schwarz,7 and Melcher and Smith.8 A detailed review of the leaky dielectric model
proposed by Taylor and Melcher was provided by Saville.9

In industrial application, EHD is widely encountered. One of the most important applications
is the mixing problem in micro-fluidics.10, 11 In microscale flows, the Reynolds number Re is often
smaller than unity. Thus, the flow is laminar and mixing due to turbulence will not occur. Apart from
that, droplet formation in immiscible fluids is another important problem in micro-fluidics which
attracts the attention of many scientists. The droplet formation is due to interfacial instability and
its size is determined by the wave number of the most unstable perturbation. Ozen et al.12 reported
that the size of a droplet may be changed by altering the strength of the electric field. It is noted
that in these previous studies of instability of leaky dielectric fluid, the flow system can be generally
classified into two categories according to the geometry of the flow system. One is the planar flow
system, while the other is the cylindrical flow system.
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Abdella and Rasmussen13 investigated the instability of plane Couette flow of two unbounded
superposed fluids in a normal electric field. Results of linear stability analysis showed that the
instability associated with electric field was characterized by the conductivity ratio between the
two liquids. Long-wave stability of two stationary superposed immiscible leaky dielectric liquids
between two parallel plates was investigated by Shankar and Sharma14 by deriving an asymptotic
model. Ozen et al.15 further extended the model14 to a pressure-driven flow system. Ozen et al.15

found that the electric field either stabilized or destabilized the system depending on the electrical
properties between the two liquids. Li et al.16 further studied the instability of the flow system at
large Reynolds number; but unlike the work of Ozen et al.,15 the electric time was assumed to be far
less than the fluid time.

The effect of electric field on the capillary instability of a liquid jet or liquid bridge is of
particular interest and received many investigations.17–19 Various experimental and theoretical work
was done on liquid jets in the past. The earliest detailed work of a liquid jet breaking into droplets
was done by Lord Rayleigh.20 Burcham and Saville investigated the instability of liquid bridge in an
applied electric field.21 The liquid and surrounding gas were both assumed to be leaky dielectrics,
and the Taylor-Melcher model was adopted. Multi-fluid systems, such as the core-annular system,
studies the coupling effects between two immiscible liquids and has a wide application, for instance,
in ink-jet and drug delivering. Li et al.22 investigated the temporal instability of a two-coaxial liquid
jet surrounded by perfect dielectric gases system under the influences of a radial electric field. Fluids
in the core liquid cylinder was assumed to be perfect dielectrics and in annulus cylinder, they were
assumed to be leaky dielectrics. The instabilities of the liquid jets were discussed theoretically and
numerically. Li et al.22 found that the liquid viscosity had a negligible effect on the cut-off wave
number. However, the electric field significantly affects the cut-off wave number. López-Herrera
et al.23 investigated the instability of two coaxial fluids in a cylindrical duct. The interface was
assumed to be uniformly charged.23 Recently, this model23 was extended by Wang24 to a leaky
dielectric thread surrounded by insulating annular fluids. Breakup of the liquid thread was studied
by linear stability analysis and numerical simulation.24 Wray et al.25 studied a leaky-dielectric liquid
film falling down a vertical cylinder driven by gravity. The liquid film was surrounded by leaky-
dielectric gases. However, the dynamics of the gas phase was neglected.25 The influence of a radial
electric field on the interfacial stability was studied by the model equation.

In the two-fluid core-annular flow system, the interface may be unstable due to the azimuthal cur-
vature and viscosity stratification. The former is well-known as Plateau-Rayleigh instability(capillary
instability); while the latter is interface wave instability caused by a jump in viscosity across the
interface. The two unstable modes were associated with the deformation of interface. The pioneer
work of instability due to viscosity stratification was carried out by Yih26 who investigated the
instability of a two-layer flow between two parallel planar plates. The core annular flow system is of
potential applications, such as in pumping crude oil through pipelines by using a less viscous liquid
for lubrication where a stable liquid-liquid interface is required. The instability of two immiscible
core-annular liquid layers in a pipe was first investigated by Joseph and co-workers27, 28 who found
that, the stratification of viscosity either destabilized or stabilized the system. Selvam et al. extended
the study and investigated the instability of miscible core-annular flows with viscosity stratification.29

In these studies,27–29 the inner liquid layer acts as the core while Dijkstra investigated two annular
liquid layers surrounding a thin wire core in a pipe.30 The instabilities due to capillary, viscosity
stratification and viscous shearing were studied.30 Dijkstra found that the inserted core played an
important role in determining the unstable mode since it changed the velocity profile. The interface
may be unstable due to interfacial instabilities (capillary and interface wave instabilities) from small
to moderate Reynolds number.30 When the Reynolds number was very large, the system may be
unstable due to viscous shear.30

In previous studies,23, 24 the inner core layer was injected with a constant voltage that the
interface was charged uniformly to produce a radial electric field. Such method produces an electric
field in the outer liquid layer; while the electric field is zero within the inner layer. In the core-annular
flow system,30 a radial electric field can be imposed between the inserted thin metal wire and the
outer electrode. To our knowledge, the system of a two-fluid flow in an annulus duct under the
action of a radial electric field is different from those of previous studies.23, 24 The imposed electric
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FIG. 1. Geometry of the two-fluid system. (a) Side-view. (b) Cross-section-view.

field is different from these previous studies23, 24 as well as the velocity profile. Whether the electric
field can suppress the interfacial instabilities, i.e., capillary and interface wave instabilities,30 is in
question.

In this paper, we investigate a two-layer pressure-driven coaxial leaky dielectric fluid system
flowing in an annulus duct, and discuss the influences of a radial external electric field on the stability
of the interface. The structure of this paper is organized as follows. In Sec. II, the mathematical
formation is presented. Section III gives the non-dimensional system and the base state. The linear
stability analysis is carried out in Sec. IV, and the normal mode analysis is considered. Results and
discussion are presented in Sec. V. A concluding remark is made in Sec. VI.

II. MATHEMATICAL FORMULATION

We consider a bilayer system as shown in Figure 1. The two liquids are considered to be leaky
dielectrics and immiscible. In this paper, it is assumed that, the two-fluid system is bound by two
concentric cylindrical electrodes. A constant pressure gradient is imposed in the axial direction. The
outer electrode with inner radius r = b is grounded, while the inner electrode with radius r = a
is imposed with a high electric potential. Both the liquids are considered Newtonian with constant
density ρ i, dynamical viscosity μi, dielectric permittivity ε0εi (ε0 the vacuum electrical permittivity),
electrical conductivity σ i, where i = 1, 2 represents the outer layer and the inner layer respectively.
Hereafter, we use i = 1, 2 represents the outer layer and the inner layer for simplicity, respectively.

In this paper, the two-dimensional hydrodynamical problem is considered, and the gravity is
neglected. Fluids in each layer are governed by the continuity equation and the momentum equations,

1

r

∂(rui )

∂r
+ ∂vi

∂z
= 0, (1)

ρi
Dui

Dt
= −∂pi

∂r
+ μi (∇2ui − ui

r2
), (2)

ρi
Dvi

Dt
= −∂pi

∂z
+ μi∇2vi , (3)

where (u, v)i the velocity in radial and axial direction, respectively, D
Dt = ∂

∂t + ui
∂
∂r + vi

∂
∂z , and

∇2 = ∂2

∂r2 + 1
r

∂
∂r + ∂2

∂z2 .
Since we are considering leaky dielectrics, the electric potential in each layer follows the solution

of Laplace’s equation

∇2φi = 0. (4)

Boundary conditions on the inner surface r = a are

u2 = v2 = 0, φ2 = φ0. (5)
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At r = b, boundary conditions are expressed as

u1 = v1 = 0, φ1 = 0. (6)

At the liquid-liquid interface, r = a + h(z, t), continuity of the velocity gives

u2 = u1, v2 = v1. (7)

The stress is balanced between the two liquid layer by surface tension,

(T2 − T1) · n = −γ (∇s · n)n, (8)

where Ti = T v
i + T E

i is the stress tensor. T v
i stands for the viscous stress tensor and

T E
i = ε0εi [Ei Ei − 1

2 (Ei · Ei )I] stands for the Maxwell stress tensor and Ei = −∇φi . I is the iden-
tity tensor. γ is the surface tension which is constant because the Marangoni effect is neglected in
this paper. n = er

(1+h2
z )

1
2

− hzez

(1+h2
z )

1
2

is the surface normal.

Continuity of electric potential at the interface gives

φ2 = φ1. (9)

For leaky dielectrics, when the ratio of the fluid to electric time scales tF
tE

= h/VI

ε0/σ
(VI is the velocity

scale and σ stands for the electric conductivity scale) is very large,16 the conservative equation of
interfacial charge reduces to

n · (σ2∇φ2 − σ1∇φ1) = 0. (10)

Finally, we close up the system by using the kinematic equation of the liquid-liquid interface

ht + v2hz − u2 = 0. (11)

III. NON-DIMENSIONALIZATION AND BASE STATE

We introduce non-dimensional scales to non-dimensionalize the governing system (1)–(11).
We use the properties of the inner layer, i.e., ρ2, μ2, σ 2 as the property scales, and the electrical
permittivity scale is referred to vacuum permittivity ε0. The length scale refers to the mean depth of
the inner layer h0. The velocity scale refers to the moving velocity of interface VI at steady state,
and the time scale is given by h0/VI . The voltage difference between the two cylinders �φ = φ0

− φg(φg is denoted as the potential of ground, φg = 0.) is chosen as the electric potential scale.
The relationship between dimensional variables and dimensionless variables (primed) is presented
as follows: ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(r, z, h) = (r ′, z′, h′)h0,

(u, v)i = (u′, w′)i VI ,

(p1, p2) = (p′
1, p′

2)
μ2VI

h0
, t = t ′ h0

VI
,

(φ1 − φg) = φ′
1�φ, (φ2 − φg) = φ′

2�φ,

(E1, E2) = (E′
1, E′

2)
�φ

h0
.

(12)

By using these scales, after dropping the primes, the inner layer is governed by the following
dimensionless equations

1

r

∂(ru2)

∂r
+ ∂v2

∂z
= 0, (13)

Re
Du2

Dt
= −∂p2

∂r
+ (∇2u2 − u2

r2
), (14)
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Re
Dv2

Dt
= −∂p2

∂z
+ ∇2v2, (15)

∇2φ2 = 0, (16)

where Re = ρVI h0

μ
is the Reynolds number.

For the outer layer, the dimensionless governing equations are

1

r

∂(ru1)

∂r
+ ∂v1

∂z
= 0, (17)

ρRe
Du1

Dt
= −∂p1

∂r
+ μ(∇2u1 − u1

r2
), (18)

ρRe
Dv1

Dt
= −∂p1

∂z
+ μ∇2v1, (19)

∇2φ1 = 0, (20)

where ρ = ρ1

ρ2
denotes the density ratio, and μ = μ1

μ2
denotes the dynamical viscosity ratio.

The dimensionless boundary conditions at r = a are

u2 = v2 = 0, φ2 = 1. (21)

At r = b, the dimensionless boundary conditions are

u1 = v1 = 0, φ1 = 0. (22)

On the interface r = a + h(z, t), after dropping the higher term proportional to (hz)2, the
tangential and normal stress balance conditions are

[2ur hz + uz + vr − 2vzhz]2 − μ[2ur hz + uz + vr − 2vzhz]1

+ W e[ε2(E2
r hz + Er Ez − E2

z hz)2 − ε1(E2
r hz + Er Ez − E2

z hz)1] = 0, (23)

− p2 + 2[ur − (uz + vr )hz]2 + p1 − 2μ[ur − (uz + vr )hz]1

+ W e[ε2(
1

2
E2

r − 1

2
E2

z − 2Er Ezhz)2 − ε1(
1

2
E2

r − 1

2
E2

z − 2Er Ezhz)1] = κ

Ca
, (24)

where W e = ε0�φ2

μ2VI h0
denotes the electrical Weber number, κ = hzz − 1

a+h is the curvature. Ca = μ2VI

γ

is the capillary number.
The dimensionless continuity of the velocity and voltage potential conditions at the interface

hold the same form as Eqs. (7) and (9),

u2 = u1, v2 = v1, φ2 = φ1, (25)

and the dimensionless conservative law of the surface charge is

n · (∇φ2 − σ∇φ1) = 0, (26)

where σ = σ1
σ2

denotes the electrical conductivity ratio.
The dimensionless kinematic condition of Eq. (11) holds the same form.

A. Base state of the system

This section deals with the base state of the flow field and electric field. The base state of the
flow field and electric field are decoupled. The base velocity in radial direction vanishes and flow is
parallel to the axis, i.e.,

ū2 = ū1 = 0. (27)
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Since the base state of the flow field is assumed to be uniform in z direction and driven by a constant
pressure gradient along the axis, then

v̄2 = C

4
r2 + c1 ln(r ) + c2, (28)

v̄1 = C

4μ
r2 + d1 ln(r ) + d2, (29)

in which

c1 = C[(a + 1)2 − μ(2a + 1) − b2]

4(μ ln a+1
a + ln b

a+1 )
, (30)

c2 = −C[μa2 ln a+1
a + a2 ln b

a+1 + ((a + 1)2 − μ(2a + 1) − b2) ln a]

4(μ ln a+1
a + ln b

a+1 )
, (31)

d1 = C[(a + 1)2 − μ(2a + 1) − b2]

4μ[μ ln a+1
a + ln b

a+1 ]
, (32)

d2 = −C[((a + 1)2 − μ(2a + 1)) ln b + b2(μ ln a+1
a − ln(a + 1))]

4μ[μ ln a+1
a + ln b

a+1 ]
. (33)

The coefficient C = p̄z . Since the velocity scale refers to the velocity at the interface, the dimen-
sionless interfacial velocity VI = 1. The pressure gradient is identified as

∂ p̄

∂z
= 4[μ ln a

a+1 + ln a+1
b ]

ln a
b + a2 ln a

a+1 + a ln a2

b2 + b2 ln a+1
a

. (34)

The solution of the voltage potential in the inner and outer layer respectively reads

φ̄2 = σ ln r
a+1 + ln a+1

b

σ ln a
a+1 + ln a+1

b

, (35)

φ̄1 = ln r
b

σ ln a
a+1 + ln a+1

b

. (36)

When the inner radius is infinitely large, i.e., a → ∞, the base state reduces the problem studied
by Ozen et al.15 as follows:

v̄2 = − H + μ

H (1 + H )
y2 + H 2 + 2H + μ

H (1 + H )
y, (37)

v̄1 = − H + μ

μH (1 + H )
y2 + H 2 + 2H + μ

μH (1 + H )
y − 1 − μ

μ
, (38)

φ̄2 = σ (1 − y) + H

σ + H
, (39)

φ̄1 = −y + H

σ + H
, (40)

where H = b − a − 1 represents the thickness of the outer layer, and y = r − a represents the
wall-normal direction. Shifting the origin to the interface, we obtain the same velocity and electric
potential expressions as obtained by Ozen et al.15
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IV. LINEARIZED PERTURBED SYSTEM

In this section, we study the linear stability of this system so as to provide insights on the
dynamics of this system. Infinitesimal disturbances are introduced to perturb the system. In a standard
way, we consider normal mode analysis. The normal mode analysis is achieved by decomposing
F into F = F̄(r ) + F̂(r ) exp(ikz + ωt), where F̄ refers to the base state, and F̂ the infinitesimal
amplitude of a harmonic disturbance with wave number k and temporal growth rate ω. The complex
temporal growth rate ω = ωr + iωi, in which, the real part ωr is defined as the effective growth rate
in this paper.

For the inner layer, the perturbed system is governed by

Dû2 + û2

r
+ ikv̂2 = 0, (41)

Reωû2 = −ik Rev̄2û2 − D p̂2 + (L û2 − û2

r2
), (42)

Reωv̂2 = −ReDv̄2û2 − ik Rev̄2v̂2 − ik p̂2 + L v̂2, (43)

L φ̂2 = 0, (44)

where D = d
dr , L = D2 + 1

r D − k2.
For the outer layer, the perturbed governing system is

Dû1 + û1

r
+ ikv̂1 = 0, (45)

ρReωû1 = −ikρRev̄1û1 − D p̂1 + μ(L û1 − û1

r2
), (46)

ρReωv̂1 = −ρReDv̄1û1 − ikρRev̄1v̂1 − ik p̂1 + μL v̂1, (47)

L φ̂1 = 0. (48)

Boundary conditions at r = a for the perturbed system are

û2 = v̂2 = φ̂2 = 0. (49)

At r = b, the boundary conditions of the perturbed system are

û1 = v̂1 = φ̂1 = 0. (50)

The boundary conditions at the liquid-liquid interface r = a + h are projected to r = a + 1 by using
the Taylor’s expansion. The interface is perturbed to h = 1 + η̂ exp (ikz + ωt), where η̂ measures
the deformation of the interface. After dropping the higher order terms, the conditions of perturbed
velocities read

û2 = û1, v̂2 + Dv̄2η̂ = v̂1 + Dv̄1η̂. (51)

The voltage potential conditions of the perturbed system at the interface are

φ̂2 + Dφ̄2η̂ = φ̂1 + Dφ̄1η̂, Dφ̂2 + D2φ̄2η̂ = σ (Dφ̂1 + D2φ̄1η̂), (52)

and note that Dφ̄2 = σDφ̄1, and D2φ̄2 = σD2φ̄1.
The perturbed stress balance condition in tangential and normal direction, respectively, reads

[ikû + Dv̂ + D2v̄η̂]2 − μ[ikû + Dv̂ + D2v̄η̂]1

+ W e[ε2Dφ̄2(ikDφ̄2η̂ + ikφ̂2) − ε1Dφ̄1(ikDφ̄1η̂ + ikφ̂1)] = 0, (53)
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− p̂2 + 2[Dû − ikDv̄η̂]2 + p̂1 − 2μ[Dû − ikDv̄η̂]1

+ W e[ε2Dφ̄2(D2φ̄2η̂ + Dφ̂2) − ε1Dφ̄1(D2φ̄1η̂ + Dφ̂1)] = 1

Ca
[

η̂

(a + 1)2
− k2η̂]. (54)

The perturbed kinematic condition is

ωη̂ + ikv̄2η̂ − û2 = 0. (55)

V. RESULTS AND DISCUSSION

A. Effects of the electric field

This section discusses the influences of electric field on instability of the interface theoretically.
The governing equation of the perturbed electric field can be solved by Bessel’s function,

φ̂1 = e1 I0(kr ) + e2 J0(kr ), φ̂2 = e3 I0(kr ) + e4 J0(kr ), (56)

in which I0, J0 are modified Bessel’s functions of order zero, and I′0 = kI1, J′
0 = −kJ1 where I1,

J1 are modified Bessel’s functions of order one. Using the boundary conditions, the coefficients are
determined as follows:

e1 = 1

P
1 − σ

(a + 1)[σ ln a
a+1 + ln a+1

b ]
η̂, (57)

e2 = −I0(kb)/J0(kb)e1, (58)

e3 = Qe1, (59)

e4 = −I0(ka)/J0(ka)Qe1, (60)

with

P = Q I0(ka + k)J0(ka) − J0(ka + k)I0(ka)

J0(ka)
− I0(ka + k)J0(kb) − J0(ka + k)I0(kb)

J0(kb)
, (61)

Q = σ
J0(ka)

J0(kb)

I1(ka + k)J0(kb) + J1(ka + a)I0(kb)

I1(ka + k)J0(ka) + J1(ka + a)I0(ka)
. (62)

In the normal stress balance condition, Eq. (54), the term [ε2Dφ̄2D2φ̄2 − ε1Dφ̄1D2φ̄1]η̂ is equal
to − ε2σ

2−ε1

(a+1)3[σ ln a
a+1 +ln a+1

b ]2 η̂, and the other term [ε2Dφ̄2Dφ̂2 − ε1Dφ̄1Dφ̂1] = ε2σ
2−ε1

(a+1)[σ ln a
a+1 +ln a+1

b ]
Dφ̂1. Ac-

cording to the solution of the electric field, Dφ̂1 = k[I1(ka + k) + I0(kb)J1(ka + k)/J0(kb)]e1 which
is modified as

Dφ̂1 = k[I1(ka + k) + I0(kb)J1(ka + k)/J0(kb)]

P
1 − σ

(a + 1)[σ ln a
a+1 + ln a+1

b ]
η̂, (63)

then, the effect of electric field on the interfacial stability is proportional to

[S
(ε2σ

2 − ε1)(1 − σ )

(a + 1)2[σ ln a
a+1 + ln a+1

b ]2
− ε2σ

2 − ε1

(a + 1)3[σ ln a
a+1 + ln a+1

b ]2
]η̂.

The parameter S = k[I1(ka+k)+I0(kb)J1(ka+k)/J0(kb)]
P . The value of S is found to be always positive. For

small to moderate Reynolds numbers, the system is susceptible to the Plateau-Rayleigh instability and
interface wave instability.30 The former is caused by surface tension due to the azimuthal curvature;
and the latter is due to viscosity stratification. The capillary and interface wave instabilities are
associated with interface deformation. It is noted that, when σ 2 = ε1/ε2, the normal Maxwell stress
becomes zero at the liquid-liquid interface.
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For this two-fluid core-annular system, when

σ 2 > ε1/ε2 and σ < 1 − 1

S(a + 1)
, (64)

or

σ 2 < ε1/ε2 and σ > 1 − 1

S(a + 1)
, (65)

the electric field impedes the deformation of interface. Otherwise, it enhances the deformation
of interface. This two core-annular flow system can be reduced to a bilayer system coflowing
between two parallel infinite plates when the inner radius a is infinitely large, i.e., a → ∞.
Equations (64) and (65) agree with the results by Ozen et al.15 when a → ∞ and the charge relation
time is fast. Ozen et al.15 proposed that, for the two-fluid layer flowing between two parallel plates
in a normal electric field, when σ 2 > ε1/ε2 and σ < 1, or σ 2 < ε1/ε2 and σ > 1, the electric field
can stabilize the system. Otherwise, the electric field destabilizes the system. However, the criterion
set by Ozen et al.15 is only valid to explain the normal Maxwell stress’s effect which cannot be
used to explain the effect of the tangential Maxwell stress.16 The surface charge induces a tangential
Maxwell stress which has an important effect on the stability of the system. Nevertheless, for the
core-annular flow system, when the instability is dominated by the capillary force, the theoretical
results in Eqs. (64) and (65) can be referred as a criterion of capillary instability. When the electrical
properties satisfy Eqs. (64) or (65), the electric field can impede the capillary instability. Otherwise,
the electric field enhances the capillary instability. Furthermore, when the electrical properties do
not satisfy Eqs. (64) or (65), the electric field always enhances the deformation of interface.

Since we are considering leaky dielectrics, free charges accumulate at the liquid-liquid interface
which induces a tangential Maxwell stress qEt(q is the surface charge density and Et is the tangential
component of E at the liquid-liquid interface). Viscous stress at the liquid-liquid interface is balanced
by the tangential Maxwell stress. In Eq. (53), the linearized tangential Maxwell stress is

ik
(ε2σ − ε1)

(a + 1)2[σ ln a
a+1 + ln a+1

b ]2
(1 + R(1 − σ ))η̂,

in which, R = I0(ka+k)−I0(kb)J0(ka+k)/J0(kb)
P < 0. The tangential Maxwell stress is zero when

σ = ε1/ε2. The influence of the tangential Maxwell stress on the interfacial instabilities (the capil-
lary and interface wave instabilities) is very complex because it is coupled with the viscous stress.
Particularly, when σ = ε1/ε2 = 1, the electric field has no influences on the system because both the
normal and tangential Maxwell stress are zero in the stress balance condition.

We will examine the influences of the electric field on the interfacial instabilities in Sec. V B
numerically.

B. Numerical results

This section presents the numerical results of the linear stability analysis. The eigenvalue
problem was resolved by the Chebyshev collocation method. The computation domain of each layer
was transformed to the Chebyshev domain [ − 1, 1].

For the inner layer, the transformation is

y2 = 2(r − a) − 1. (66)

For the outer layer, the transformation is

y1 = 2
r − (a + 1)

b − (a + 1)
− 1. (67)

The solution of the perturbed system is achieved by Chebyshev polynomials,

[û, v̂, φ̂]i =
N∑

j=0

[U j , Vj ,� j ]i Tj , (68)

where Tj = cos (jcos −1y) with y ∈ [ − 1, 1] is the Chebyshev polynomial.
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FIG. 2. Effective Growth rate versus disturbance wave number. (a) ε1 = 2, ε2 = 10, σ = 0.5. (b) ε1 = 5, ε2 = 10, σ = 0.5.
(c) ε1 = 10, ε2 = 1, σ = 1. (d) ε1 = 5, ε2 = 10, σ = 1. The other parameters Re = Ca = a = H = ρ = μ = 1.

As shown in Figure 2(a), when σ 2 > ε1/ε2 and σ < 1 − 1
S(a+1) , the electric field impedes the

capillary instability. Figure 2(b) shows that when the electric field strength increases, i.e., increasing
the value of W e, the effective growth rate ωr increases indicating that the electric field is destabilizing
when σ 2 < ε1/ε2 and σ < 1 − 1

S(a+1) . In Figures 2(a) and 2(b), we reproduced the results by Ozen
et al.15 at the limiting case a = ∞. Figures 2(a) and 2(b) show that, when a is large, our results
agree with the results of a planar system.15 In Figure 2(c), when σ 2 < ε1/ε2 and σ > 1 − 1

S(a+1) , the

electric field stabilizes the system. In Figure 2(d), σ 2 > ε1/ε2 and σ > 1 − 1
S(a+1) , the electric field

is destabilizing.
To examine the tangential Maxwell stress on the interfacial instability, two typical values of

electrical conductivity ratio is chosen, σ = 0.5, 2 and the permittivity ratio ε = ε1/ε2 = σ 2 so that the
normal Maxwell stress vanishes in Eq. (54). Results in Figure 3 illustrate that the effect of tangential
Maxwell stress on the instability is strongly influenced by the viscosity ratio. As seen in Figure 3(a),
for σ 2 = ε1/ε2 = 0.25, μ = 1, the electric field is stabilizing; when σ 2 = ε1/ε2 = 4, μ = 1, the
electric field is destabilizing as shown in Figure 3(b). When the viscosity ratio is increased to μ = 2,
the electric field’s influence on the stability is changed. In Figure 3(c), although the input electrical
properties are the same as those in Figure 3(a), the electric field is destabilizing. Furthermore, same
input values of electrical properties are selected in Figure 3(d) as in Figure 3(b). It is observed that
the electric field stabilizes the long-wave mode but destabilizes the short wave mode as is seen in
Figure 3(d).

It is noted that both the normal and tangential Maxwell stresses either stabilize or destabilize
the interface. We show that the effects of normal and tangential Maxwell stress on the perturbed
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FIG. 3. The tangential Maxwell stress effect on the growth rate. (a) ε1 = 2.5, ε2 = 10, σ = 0.5, μ = 1; (b) ε1 = 10,
ε2 = 2.5, σ = 2, μ = 1; (c) ε1 = 2.5, ε2 = 10, σ = 0.5, μ = 2; (d) ε1 = 10, ε2 = 2.5, σ = 2, μ = 2. The other parameters
Re = Ca = a = H = ρ = 1.

flow field are different. Here, a streamfunction of the perturbed flow field ψ ′ is defined as follows:

u′
i = 1

r

∂ψ ′
i

∂z
, v′

i = −1

r

∂ψ ′
i

∂r
, (69)

where (u′, v′)i is the velocity of the perturbed flow system.
Figure 4 illustrates the electric field’s influence on flow field in the long-wave range. In

Figure 4(a), tangential Maxwell stress vanishes for the input electrical properties while the nor-
mal stress destabilizes the interface. In Figure 4(b), the selected values of electrical properties are
the same as those in Figure 3(b) that the tangential Maxwell destabilizes the interface and the normal
Maxwell stress is zero. We observe that, the convection cells in Figure 4(a) are different from that in
Figure 4(b). Since in the long-wave range, the instability is dominated by capillary forces. In
Figure 4(a), convection is due to the deformation of interface caused by the capillary instability
and the flow pattern will not change no matter how large the electric field is imposed; while in
Figure 4(b), the tangential Maxwell stress can induce a circulation flow in each layer and the flow
pattern may change with the imposed electric field because its magnitude changes with the imposed
strength of electric field. The instability caused by the tangential Maxwell stress is very much like
that of Marangoni effect.31

The effect of the dielectric permittivity on the growth rate is shown in Figure 5(a). The per-
mittivity ε1 = 1 is held fixed. The value of ε2 is varied to study the influence of permittivity on
the dispersive relation. In Figure 5(a), the selected parameters give σ 2 < ε1/ε2 and σ < 1 − 1

S(a+1) .
Thus, the electric field is destabilizing.
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FIG. 4. Perturbed flow field plotted by the streamfunction ψ ′. (a) ε1 = 10, ε2 = 5, σ = 2; (b) ε1 = 10, ε2 = 2.5, σ = 2. The
other dependent parameters Re = ρ = Ca = a = H = μ = 1, W e = 10, k = 0.1.

The effect of the electric field on the interfacial deformation is proportional to σ 2 − ε1/ε2

< 0. The value of |σ 2 − ε1/ε2| (the destabilizing effect of the electric field) decreases as ε2

increases. Therefore, when ε2 increases, the effective growth rate decreases. Figure 5(b) presents the
influence of the electrical conductivity ratio σ = σ 1/σ 2 on the effective growth rate and indicates
the growth rate decreases with increasing the conductivity ratio. For the selected parameters, the
value of |σ 2 − ε1/ε2| decreases as σ increases. As a result, the enhancement of the electric field
on the deformation of interface decreases as σ increases. Therefore, the growth rate decreases as
σ increases. Here, we define (ωm, km) as the effective growth rate and wave number of the most
unstable perturbation as shown in Figure 5(b). The most unstable perturbation is the major cause of
interfacial instabilities, and its wave length characterizes the size of liquid droplets that is formed
due to the interface’s rupture.12

Influence of the radius of the inner cylinder on the growth rate is shown in Figure 6(a). It
should be noted that when k < 1

a+1 , the destabilizing effect of surface tension dominates its stabi-
lizing effect. When k < 1

a+1 , reducing the inner radius a would increase the destabilizing effect.20

Thus, the system would be more unstable when a becomes smaller. Similar results are shown in
Figure 6(b), in which, the electrical Weber number is fixed at zero so as to investigate the influences
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FIG. 5. (a) Electrical permittivity on the effective growth rate. The dependent parameters Re = ρ = Ca = W e = a = 1,
H = 0.5, σ = μ = 0.1. (b) Electrical conductivity ratio on the effective growth rate. The dependent parameters Re = ρ

= Ca = W e = a = 1, H = 0.5, μ = 0.1, ε1 = 1, ε2 = 2.
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FIG. 6. (a) Inner radius of the duct on the effective growth rate. The dependent parameters are ε1 = 1, ε2 = 10, σ = 0.5,
Ca = 0.1, W e = a = H = Re = ρ = μ = 1. (b) Capillary number Ca on the effective growth rate. The depending parameter
Re = a = H = ρ = μ = 1, W e = 0.

of surface tension. It is obvious that the capillary force is destabilizing the system in the long wave
range due to the azimuthal curvature.

Influence of thickness of the outer layer H is investigated as shown in Figure 7. It is observed
that the growth rate decreases with increasing the thickness of the outer layer. First, the total fluid
mass increases when the thickness of the outer liquid layer increases. Second, the electric strength
reduces as the radius b increases.23 Therefore, the effective growth rate decreases with increasing
the thickness of the outer layer.

We further investigate the influences of the viscosity ratio μ. Results are shown in Figure 8.
Figure 8(a) shows that the effective growth rate ωr increases with increasing μ, while in
Figure 8(b), the effective growth rate ωr decreases with increasing μ. Results in Figure 8 show
the viscosity either destabilizes or stabilizes the system. The destabilizing effect is due to viscosity
stratification.30 However, the viscous dissipation of the system increases for a larger μ. As a result,
the system becomes more stable as shown in Figure 8(b).

We are interested in investigating how large the electric field should be imposed, such that it
can impede the capillary instability. To study the problem, we plot the marginal curve in W e − k
plane in Figure 9(a), in which, the electrical properties are chosen that the electric field can impede
the capillary instability. The viscosity ratio is μ = 5 and the Reynolds number is fixed at Re = 1.
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FIG. 7. Thickness ratio on the effective growth rate. The dependent parameters Re = ρ = μ = Ca = W e = a = 1, ε1 = 5,
ε2 = 10, σ = 0.1.
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The marginal stability curves in Figure 9(a) shows that the unstable region enlarges and the critical
Weber number W ec increases as the conductivity ratio increases which indicates that a larger electric
field should be imposed to stabilize the interface for a larger conductivity ratio. It is obvious that the
capillary instability can be stabilized by an external electric field since a stable region exists when
W e exceeds its critical value. However, when σ = 4, it is observed that these is no such critical Weber
number since the electric field enhances the instability for the input values of electrical properties
σ , ε1, and ε2. As is seen in Figure 9(b), the critical electrical Weber number increases with σ and
no critical electrical Weber number is found by us when σ ≈ 3.9. It is found that there is a critical
electrical Weber number when σ = 3.7(σ 2 > ε1/ε2) and the electric field has a stabilizing effect
that can impede the capillary instability, although the normal Maxwell stress enhances the capillary
instability(σ 2 > ε1/ε2). Therefore, we conclude that, the stabilizing effect of the electric field is due
to the tangential Maxwell stress.

We further fix the value of conductivity ratio, but vary the permittivity ratio ε1/ε2 to investigate
the electric filed’s influence on the marginal curves. Here, to simplify the discussion, the conductivity
ratio is fixed at σ = 1 and the permittivity ε2 = 10. The value of ε1 is varied from ε1 = 1 to ε1

= 20. As seen in Figure 10(a), when ε1 ≤ 10, there is no critical electrical Weber number. The
marginal curve does not depend on W e when ε1 = 10 due to the absence of Maxwell stress. The
electric field can stabilize the interface with increasing the value of ε1. For instance, ε1 = 10.5,
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FIG. 9. (a) Marginal stability curve W e − k. (b) The critical electrical Weber number versus the conductivity ratio. The
depending parameters are ε1 = 10, ε2 = 1, Re = ρ = Ca = a = H = 1, μ = 5.
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FIG. 10. (a) Marginal stability curve W e − k. (b) The critical electrical Weber number versus the permittivity ratio
ε = ε1/ε2. The depending parameters are ε2 = 10, Re = σ = ρ = Ca = a = H = 1, μ = 5.

when W e is larger than W ec, the capillary instability is completely impeded. As the value of ε1

increases, the electric field’s suppression on the capillary instability becomes more significant as
seen in Figure 10(a). This phenomenon agrees with our analysis in the above section that the electric
field impedes the capillary instability when σ 2 < ε1/ε2 and σ > 1 − 1

S(a+1) . In Figure 10(b), we plot
the critical electrical Weber number W ec against the permittivity ratio ε1/ε2. The critical electrical
Weber number is observed to decrease with increasing ε.

We examine the influence of Re on the capillary mode and results are shown in Figures 11(a)
and 11(b). It is found that the larger Re the smaller is the growth rate in Figure 11(a). The value of Re
can be increased through increasing VI (the velocity at the interface). The interfacial shear effect will
be enhanced as Re increases. Dijkstra indicated that the interfacial shear can stabilize the capillary
breakup phenomenon.30 In this paper, the effective growth rate decreases with increasing Re, which
also indicates that the interfacial shear impedes the capillary instability. To exemplify the influences
of Re on the capillary instability, we plot the contour lines of growth rate in Re − k plane as shown
in Figure 11(b). First, we fix the wave number k, for instance, k = 2.5. Then, we observe that the
growth rate decreases as Re increases. The marginal curve corresponding to the zero growth rate in
Figure 11(b) bends leftward which indicates that the capillary instability is stabilized by interfacial
shear.

The interface may be unstable due to viscosity stratification (interface wave mode) when Re is
moderate.30 Furthermore, we plot the marginal curves in the Re − k plane to examine the electric
field’s influence on the interface wave mode due to viscosity stratification across the interface.
Results are shown in Figures 11(c) and 11(d). In order to discuss the electric field’s influences on
the interface wave mode, the capillary number Ca is replaced by Re/J where J = γ h0ρ2/μ2

2. The
surface tension number J is fixed at zero so that the capillary instability due to the azimuthal curvature
vanishes. The input values in Figure 11(c) are chosen with reference from Dijkstra,30 but the values
of radii a, b are slightly different. In our case, a = 0.1. While in the work of Dijkstra,30 a ≈ 0.11.
When W e = 0, we observe that we can produce a similar marginal curve as that by Dijkstra.30 When
W e > 0, for the selected input values of electrical properties in Figure 11(c), the normal Maxwell
stress is zero. We observe that the marginal curve moves leftward as W e increases, which indicates
that the tangential Maxwell stress enhances the interface wave instability since the stable region in
the Re − k plane becomes smaller. In Figure 11(d), the electrical properties are fixed at ε1 = 10, ε2

= 5, σ = 2, so that the tangential component of Maxwell stress is zero in Eq. (53). In Figure 11(d),
we observe that the electric field enhances the interface wave mode since the stable region in the Re
− k plane shrinks as W e increases. Results in Figure 11(d) indicate that the electric field enhances
the deformation of the interface(σ 2 > ε1/ε2 and σ > 1 − 1

S(a+1) ), thus destabilizes the system.
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FIG. 11. (a) The Reynolds number Re on the effective growth rate. The dependent parameters ρ = μ = Ca = W e = a
= H = 1, ε1 = 5, ε2 = 10, σ = 0.1. (b) The contour plot of growth rate in Re − k plane. The dependent parameters are the
same as Figure 11(a). (c) The marginal stability curves for interface wave mode. The dependent parameters ρ = 1, a = 0.1,
H = 0.1, μ = 0.5, J = 0, ε1 = 10, ε2 = 2.5, σ = 2. (d) The marginal stability curves for interface wave mode. The dependent
parameters ρ = 1, a = 0.1, H = 0.1, μ = 0.5, J = 0, ε1 = 10, ε2 = 5, σ = 2.

We are interested in the question: can the electric field impede the interface wave instability in
Figures 11(c) and 11(d) as well as the capillary instability? The condition σ = ε1/ε2 is considered
so that no tangential Maxwell stress is present on the interface. According to Eq. (65), the condition
that the electric field can stabilize the interface requires

1 − 1

S(a + 1)
< σ <

√
ε1/ε2, (70)

and σ = ε1/ε2 implies that σ < 1. When a → ∞, these is no such condition in Eq. (70) that the
electric field can impede the interface wave mode when σ = ε. The expression of S varies with the
wave number k, the radii a, b, and the conductivity ratio σ . Here, the radii are fixed at a = 0.1,
b = 1.2. In the range of wave number k ∈ [0, 16], we are looking for a sufficient condition for σ that
the electric field can impede the interfacial instabilities(capillary and interface wave instabilities)
and modify Eq. (70) as

max{1 − 1

S(a + 1)
} < σ < 1. (71)

Such a range of σ in Eq. (71) does exist, which is shown in Figure 12(a) as indicated by “stabilizing
region.” In this region, the electric field can stabilize the interfacial instabilities because it impedes
the deformation of interface. Numerical verification of Eq. (71) is shown in Figure 12(b). The surface
tension number in Figure 12(b) is fixed at J = 10 which changes the topology of the marginal curve
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FIG. 12. (a) The conductivity ratio σ versus the maximum value of 1 − 1
S(a+1) in wavenumber range [0, 16]. (b) The marginal

stability curves for interface wave mode. The dependent parameters ρ = 1, a = 0.1, H = 0.1, μ = 0.5, J = 10, ε1 = 9,
ε2 = 10, σ = 0.9.

of the interface wave branch. The conductivity ratio and permittivity ratio are σ = ε = 0.9. The
interface wave branch moves upward while the capillary branch moves downward as W e increases,
which demonstrates that the electric field can impede the capillary the interface wave instabilities.
Apart from that, in Figure 12(b), it is also observed that the interfacial shear can suppress the capillary
instability.

We investigate the destabilizing effect of the electric field on the interface because liquid mixing
in micro-scale channels is of particular importance in industry. The Re number is usually very small
in micro-scale flow systems, typically Re = O(1). Therefore, in the following discussion, Re is fixed
at Re = 1.

The electrical Weber number W e is plotted against ωm and km in Figure 13. It is observed that,
a larger W e is describing a larger ωm and km. It indicates that, when the input parameters σ 2 < ε1/ε2

and σ < 1 − 1
S(a+1) , the electric field enhances the deformation of the interface, thus destabilizing the

system. Figure 14 shows the conductivity ratio’s influence on ωm and km. The magnitude of electric
field’s effect on the deformation of interface is proportional to |σ 2 − ε1/ε2|. When σ < 1 − 1

S(a+1) ,

and σ 2 < ε1/ε2, the interfacial deformation is enhanced by the electric field and the electric field plays
a destabilizing role in the system. The value of |σ 2 − ε1/ε2| decreases with increasing σ . As a result,
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FIG. 13. The electrical Weber number on the maximum growth rate and wave number. The dependent parameters Re = ρ

= Ca = H = 1, μ = σ = 0.1, ε1 = 5, ε2 = 10.
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FIG. 14. The electrical conductivity ratio on the maximum growth rate and wave number. The dependent parameters
Re = ρ = Ca = H = 1 = W e = a = 1, μ = 0.1.

the enhancement of electric field on the interfacial deformation reduces. Therefore, both the maxi-
mum growth rate ωm and maximum wave number km decrease. With the increase in σ , the electric
field may stabilize the system, i.e., ωm ≤ 0. This can be seen from the stable region for ε1 = 5 and ε2

= 10. When σ 2 > ε1/ε2 and σ > 1 − 1
S(a+1) , the electric field destabilizes the system, and the value

of |σ 2 − ε1/ε2| becomes larger as σ increases. As a result, the system becomes more unstable when
σ increases. It is observed that, when σ is small and σ 2 < ε1/ε2, ωm and km increases as the value of
ε = ε1/ε2 increases. This is because the value of |σ 2 − ε| increases with increasing ε when
σ 2 <ε, and the destabilizing effect of the electric field is enhanced. When σ 2 >ε and σ > 1 − 1

S(a+1) ,

the value of σ 2 − ε reduces with increasing ε. Thus the maximum growth rate decreases. However,
because the selected input values of (ε1, ε2) are chosen that σ 2 	 ε, ε does not have significant
influences on the growth rate and wave number when σ 2 > ε and σ > 1 − 1

S(a+1) , although it is
found that the maximum growth rate is slightly decreased as shown in Figure 14. The influence of
viscosity ratio μ on ωm and km are plotted in Figure 15. For the selected input parameters, the max-
imum growth rate ωm decreases with increasing the viscosity ratio μ due to the viscous dissipation.
Influence of viscosity ratio μ on the maximum wave number km is not significant when μ is large.
It is observed that when μ is very small, km decreases initially, then increases. This phenomenon
implies that the unstable mode changes. Figure 16 shows that the perturbed flow field is stronger
in the outer layer when μ = 0.1, while it is stronger in the inner layer when μ = 4. Results in
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FIG. 15. The viscosity ratio on the maximum growth rate and wave number. The dependent parameters Re = ρ = Ca =
W e = a = 1, σ = 0.1, ε1 = 5, ε2 = 10.
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Figure 16 indicate that for small μ, instability is dominated by the outer layer, while for large μ,
instability is dominated by the inner layer. Physically, the viscous dissipation effect is associated
with the fluid viscosity. The viscous dissipation effect is stronger in the inner layer for small viscosity
ratio, while it is stronger in the outer layer for large viscosity ratio. As a result, increasing μ shifts
the domination of instability from the outer layer to the inner layer. Apart from that, results in Figure
15 show that the larger thickness ratio the smaller are ωm and km.

VI. CONCLUSION

This paper discussed the influences of radial electric field on the interfacial instabilities of a
two-fluid pressure-driven flow in an annulus duct. The two-dimensional hydrodynamical problem
was considered in this paper and the normal mode analysis was carried out to study the temporal
stability problem. Results of the linear stability analysis showed that, depending on the ratios of
electrical properties (the electrical permittivity ratio and electrical conductivity ratio between the
outer layer and inner layer), the electric field can either stabilize or destabilize the system. Both
theoretical analysis and numerical studies were carried out. It was found that an external electric
field can completely impede the capillary instability. Linear stability analysis showed that the system
can be stabilized by increasing the inner radius of the duct or the thickness of the outer layer. It
was found that viscosity had dual effects on the stability of this system. The viscosity stratification
may cause instability in this system, while the viscous dissipation effect had a stabilizing effect.
The Reynolds number on the stability was investigated and we found that the capillary instability
could be suppressed by the interfacial shear. Apart from that, it was observed that, electric field can
either stabilize or destabilize the interface wave instability due to viscosity stratification which was
dependent of the electrical properties. Furthermore, a range of electrical properties were found that
the electric field can suppress the capillary instability as well as the interface wave instability.

Further investigations of the input parameters on the effective growth rate and the wave number
of the most unstable perturbation were conducted. In this paper, it was found that the effective
growth rate and wave number depended on the strength of the electric field and the electrical
permittivities and conductivities. The viscosity ratio’s effect on the growth rate and wave number of
the most unstable disturbance was investigated. It was found that, for selected input parameters, the
instability of the system was dominated by the outer layer when the viscosity ratio was small; for
large viscosity ratio, instability was dominated by the inner layer.
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