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Second harmonic generation in the Weyl semimetal TaAs from a quantum kinetic equation
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We classify the sources of second harmonic generation (SHG) of the Weyl semimetal TaAs by collisionless
quantum kinetic equation into three kinds: i.e., injection current from the canonical band dispersion, shift current
from a gauge invariant shift vector, and anomalous current from Berry curvature associated with the Fermi surface.
Importantly, by using the realistic band model for TaAs, we predict that the SHG in TaAs is predominately
contributed by the shift current, while the anomalous current has a minute contribution when the Weyl point is
exactly located on the Fermi surface. Moreover, we highlight that the SHG contributed by the anomalous current
decays fast with the increasing frequency of incident photons, and could be enhanced by proper electron or hole
doping of TaAs.
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I. INTRODUCTION

Dirac fermions in monolayer graphene featurelinear band
dispersion near the Fermi level [1]. Consequently, mono-
layer graphene exhibits remarkably low absorption, ∼2.3%,
of photons with wavelengths ranging from midinfrared to
visible [2], and universal optical conductivity e2

4h̄
under high

frequency optical field [3–6]. Due to the presence of spatial
inversion symmetry, the second harmonic generation (SHG),
i.e., nonlinear current with doubled frequency of incident
photons, is absent in monolayer graphene, and only the strong
third harmonic generation is reported [7]. Fortunately, Weyl
semimetal materials with broken spatial inversion or time-
reversal invariance (TRI) provide intrinsic sources leading to
desirable SHG for nonlinear technology.

Weyl fermions are predicted in several magnetic materials
with broken TRI, such as multilayer topological insulators [8],
pyrochlore iridates Y2Ir2O7 [9–12], ferromagnetic HgCr2Se4

and GdN [13–15], and magnetic half-Heusler ZrCo2Sn [16].
Interestingly, for nonmagnetic materials without spatial inver-
sion symmetry, noncentrosymmetric transition metal diphos-
phides WTe2 and MoTe2 are also predicted to be Weyl
semimetals with tilted Weyl cone [17–20]. The natures of the
Weyl fermion and Fermi arc in WTe2 and MoTe2 are also sup-
ported by experimental measurements [21–26]. Particularly,
the Weyl semimetallic phase has been theoretically predicted
and experimentally verified in noncentrosymmetric transition
metal monopnictides TaAs and TaP [27–34], which offers nice
opportunity to study the detailed nonlinear processes in SHG.

The Weyl point or fermion with right (left)-handed chi-
rality plays the role of monopole (antimonopole), which is
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the source (sink) of Berry curvature [35–37]. Under parallel
magnetic and electric fields, a Weyl semimetal can present
negative magnetoresistance resulting from a chiral anomaly
[38,39]. Regarding the nonlinear optical (NLO) response
in Weyl semimetals, SHG and photocurrent in TaAs were
reported recently [40,41]. The SHG measurement showed
that the dominating nonlinear coefficient d33 at wavelength
λ = 800 nm is about 3600(±550) pm/V, while the d15 and
d31 are only about 3% of d33. Significant photocurrent is
also measured in TaAs under midinfrared polarized light with
wavelength λ = 10.6 μm. The photocurrent and SHG usually
involve three different mechanisms, i.e., injection, shift, and
anomalous currents [42–51]. The injection contribution is in
the form of j

(2)
I = ηabc(0; −ω,ω)Eb(ω)Ec(ω) and the tensor

ηabc is asymmetric under indices b and c, and circularly
polarized light is required to generate the injection current
[42]. Similarly, the nonlinear anomalous current also requires
circularly polarized light, and it is proportional to 1

ω2 , while ω

is the frequency of incident photons [48–50]. The shift current
results from the difference between intracell position matrices
within valence and conduction bands [52]. Usually, broken
spatial inversion symmetry is required for photocurrent and
SHG in nonmagnetic materials. However, photocurrent and
SHG can also be realized in magnetic materials with broken
TRI, even though the spatial inversion symmetry is preserved
[53–55].

Although the SHG in insulators is usually interpreted based
on the mechanism of shift current [56–58], the mechanism
of SHG in Weyl semimetals with zero band gap is still under
investigation. For the Weyl semimetal TaAs, the mechanism of
both the SHG and photocurrent was believed to be due to the
shift vector [40,41,59]. Yet, detailed analysis of this interpre-
tation is still absent. Besides, although SHG and photocurrent
generated by the Berry curvature dipole were also predicted
in Weyl semimetals with tilted Weyl fermions [45–48], the

2469-9950/2018/97(8)/085201(7) 085201-1 ©2018 American Physical Society

http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevB.97.085201&domain=pdf&date_stamp=2018-02-14
https://doi.org/10.1103/PhysRevB.97.085201


LI, JIN, TOHYAMA, IITAKA, ZHANG, AND SU PHYSICAL REVIEW B 97, 085201 (2018)

Berry curvature induced SHG has not been identified in Weyl
semimetal TaAs with minute tilted Weyl fermions, even though
the chirality of Weyl fermions in TaAs is demonstrated by
the photocurrent experiment [41]. Therefore, clarification of
the Berry curvature dipole’s contribution to SHG in TaAs is
needed. In this work, we investigate SHG of Weyl semimetals
by a collisionless quantum kinetic equation and identify three
types of courses for generating SHG, i.e., injection current
from the parabolic band dispersion, shift current from a gauge
invariant shift vector, and anomalous current from Berry cur-
vature on the Fermi surface. Using the realistic band model for
TaAs, we predict that the SHG is predominately from the shift
current, while contributions from both injection and anomalous
currents are less pronounced. Importantly, the SHG contributed
from anomalous current decays faster with the increasing
frequency of incident photons, and proper electron or hole
doping could deliberately enhance SHG through anomalous
current.

II. SHG FROM A QUANTUM KINETIC EQUATION

Under an external electric field, light-matter coupling can be
described by a model Hamiltonian in length gauge [42,50,51],

H (k,t) = h0(k) + H1 = h0(k) − er · E(t), (1)

where h0(k) is the momentum dependent unperturbed Hamil-
tonian, and E(t) = E(ω)e−iωt is a time-dependent external
electric field. For intrinsic NLO effect from band structure,
we ignore all the scattering terms here. With orthogonal Bloch
wave functions |n〉 = en(k,r) satisfying h0(k)en(k) = εnen(k),
the solution for Hamiltonian (1) can be expressed as

|ψ(r)〉 =
∫

BZ

d3k
(2π )3

an(k)en(k,r), (2)

where n is the band index, and momentum takes values in the
whole Brillouin zone (BZ). The density matrix ρ is defined as

ρ(k) = a∗
n(k)am(k)|en〉〈em|. (3)

The dynamics of ρ(k,t) can be described by a collisionless
quantum kinetic equation [60,61],

−h̄
∂ρ(k,t)

∂t
= eE · ∂ρ(k,t)

∂k
+ i[H,ρ(k,t)]. (4)

By perturbation calculation, the linear order of ρ reads

ρ(1)
nn (k,ω) = −ieE(ω)

h̄ω
· ∂ρ(0)

nn (k)

∂k

= −ieE(ω)

h̄ω
· ∂εn(k)

∂k
δ(k − kF ) (5)

for the intraband density matrix. Here, ρ(0)
nn is the Fermi

distribution function 1/[1 + exp ( εn−μ

kBT
)] (μ, kB , T are Fermi

energy, Boltzmann constant, and temperature, respectively)

of the unperturbed ground state, and ∂ρ
(0)
nn (k)

∂εn(k) = δ(k − kF ) at
0 K, which is nonzero only on the Fermi surface. We also
assumed that Fermi energy μ is independent of temperature T

for simplicity. The first order of the interband (n �= m) density
matrix reads

ρ(1)
nm(k,ω) = 〈n|H1|m〉(ρ(0)

mm(k) − ρ(0)
nn (k)

)
h̄ω − εnm

, (6)

where εnm = εn(k) − εm(k). The linear current along the y

direction can be determined by

J (1)
y (ω) = −e

∑
n

∫
BZ

dk
(2π )3

〈n|ρ(1)(k,ω)v0(k)|n〉. (7)

Here, the intraband velocity [62] is defined as

〈n|v0|n〉 = 〈n|∂h0(k)

h̄∂k
|n〉 = ∂εn

h̄∂k
, (8)

and the interband velocity is defined as

〈n|v0|m〉 = 〈n|∂h0(k)

h̄∂k
|m〉 = εmn

h̄
〈n|∂k|m〉. (9)

Assuming the external electric field is along the x direction,
the intraband linear current from Drude conductivity reads

J
(1)
D,x(ω) = − e

h̄

∑
n

∫
BZ

dk
(2π )3

ρ(1)
nn (k)

∂εn(k)

∂kx

= − ie2Ex(ω)

h̄2ω

∑
n

∫
FS

dk
(2π )2

(
∂εn(k)

∂kx

)2

, (10)

where we make use of the equation ∂ρ
(0)
nn (k)

∂εn(k) = δ(k − kF ) and
kF is the Fermi vector. The interband linear current along the
y direction reads

J
(1)
I,y(ω) = i

e2

h̄
Ex(ω)

∑
n�=m

∫
BZ

dk
(2π )3

εnm

2Ah̄ωρ(0)
nn (k)

(h̄ω)2 − ε2
nm

− e2

h̄
Ex(ω)

∑
n�=m

∫
BZ

dk
(2π )3

2Bρ(0)
nn (k)ε2

nm

(h̄ω)2 − ε2
nm

, (11)

where functions A and B are defined as

2A = 〈∂xn|m〉〈m|∂yn〉 + 〈∂yn|m〉〈m|∂xn〉, (12)

−2B = i〈∂xn|m〉〈m|∂yn〉 − i〈∂yn|m〉〈m|∂xn〉. (13)

In the derivation of Eq. (11), we make use of the interband
position matrix [63,64], i.e., the interband Berry connection,

〈n|r|m〉 = i〈n|∂k|m〉 = anm. (14)

For an applied static external field to the gapped system, the
first term in Eq. (11) vanishes, and the transverse Hall current
reads

J
(1)
I,y = − e2

h̄
Ex

∑
n

∫
BZ

dk
(2π )3

(−2B)

= − e2

h̄
Ex

∑
n

∫
BZ

dk
(2π )3

∇ × ann(k). (15)

The Hall conductivity from each band is e2

h̄

∫
dk

(2π)2 ∇ × ann

for a two-dimensional system, i.e., the Chern number.
With an applied external field along direction x, the second-

order density matrix ρ(2)(t) ∝ E2, and the intraband and
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interband density matrices read

ρ(2)
nn (2ω) = − [eEx(ω)]2

2(h̄ω)2
∂2
xρ(0)

nn (k) +
∑
m

〈n|H1|m〉ρ(1)
mn − ρ(1)

nm〈m|H1|n〉
2h̄ω

, (16)

ρ(2)
nm(2ω) = −ieE(ω)

2h̄ω − εnm

(
∂

∂k
+ i[amm − ann]

)
ρ(1)

nm + 〈n|H1|m〉(ρ(1)
mm − ρ(1)

nn

)
2h̄ω − εnm

+
∑

l �=n,l �=m

〈n|H1|l〉ρ(1)
lm − ρ

(1)
nl 〈l|H1|m〉

2h̄ω − εnm

, (17)

respectively. The second-order current is determined by

J (2)
y =

∑
n

〈n|v0ρ
(2)|n〉 =

∑
nl

〈n|v0|l〉〈l|ρ(2)|n〉. (18)

For n = l, the intraband current J
(2)
inj (2ω) along the y direction reads

J
(2)
inj (2ω) = e

h̄

[eEx(ω)]2

2(h̄ω)2

∑
n

∫
BZ

dk
(2π )3

∂2
xρ(0)

nn (k)
∂εn(k)

∂ky

− e

h̄

∑
n�=m

∫
BZ

dk
(2π )3

〈n|H1m〉〈m|H1|n〉
(h̄ω)2 − ε2

nm

ρ(0)
nn (k)

∂εnm

∂ky

. (19)

Since the integrand is proportional to ∂ε(k)
∂k , J

(2)
inj (2ω) is dubbed an injection current. For n �= l, we have three additional types

of nonlinear current from different mechanisms in Eq. (18). Here, we ignore the nonlinear current from the third term in Eq. (17),
which involves three bands. The other two types of nonlinear current with doubled frequency of incident photon read

J
(2)
S+A,y = e

h̄

∑
nm

∫
BZ

dk
(2π )3

ieE(ω)〈m|∂yh0|n〉
2h̄ω − εnm

Dnmρ(1)
nm − e

h̄

∑
n�=m

∫
BZ

dk
(2π )3

〈n|∂ym〉〈m|H1|n〉(ρ(1)
nn − ρ(1)

mm

)
2h̄ω + εnm

. (20)

The first term in Eq. (20) is the shift current resulting from shift
vector Dnm(k) = ∂

∂k + i[amm − ann], which characterizes the
difference between intracell position matrices within valence
and conduction bands [37,65]. The shift current is gauge
invariant, i.e., invariant under local phase transformation of
the wave function. The second term in Eq. (20) is the anomaly
current from Berry curvature. With the definitions of A and
B in Eqs. (12) and (13), respectively, the anomalous current
reads

J
(2)
A,y(2ω) = ie2Ex(ω)

h̄

∑
n�=m

∫
BZ

dk
(2π )3

εnm

4Ah̄ω

(2h̄ω)2 − ε2
nm

ρ(1)
nn (k)

− e2

h̄
Ex

∑
n�=m

∫
BZ

dk
(2π )3

2Bε2
nm

(2h̄ω)2 − ε2
nm

ρ(1)
nn (k).

(21)

The SHG from the injection, shift, and anomaly current can be
easily calculated by

χ (2)
yxx(2ω; ω,ω) = σ (2)

yxx(2ω; ω,ω)

2iωε0
, (22)

where ε0 is vacuum permittivity. The nonlinear optic conduc-
tivity σ (2)

yxx(2ω; ω,ω) reads

σ (2)
yxx(2ω; ω,ω) = J (2)

y (2ω; ω,ω)

ExEx

, (23)

and J (2)
y (2ω; ω,ω) can be injection, shift, and anomaly current.

III. BAND MODEL CALCULATION

For a Weyl semimetal, the low energy band dispersion
near the Fermi level usually can be described by a minimal
Hamiltonian [66]. For the Weyl semimetal TaAs, there are

only four bands near the the Fermi level in the calculated band
structure by first-principles calculation [27]. The low energy
electronic structure near the Fermi level can be described by

FIG. 1. Calculated parameters mz (a) and t (b) dependent SHG
coefficients χ (2)

zzz(2ω; ω,ω) contributed from shift current.
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FIG. 2. Calculated parameter � (a) and temperature T (b) depen-
dent SHG coefficients χ (2)

zzz(2ω; ω,ω) contributed from shift current.

the following minimal model preserving TRI:

h0(k) = t[cos kx + my(1 − cos ky) + mz(1 − cos kz)]σx

+ t[sin ky + � cos kysx]σy + t sin kzsxσz, (24)

as introduced by Wu et al. [40]. In concrete material TaAs,
there are some bands far away from the Fermi level. However,
these bands can only contribute to SHG by the mechanism of
shift current as in the case of most insulators, if we exclude the
four bands near the Fermi level [56]. Therefore, those bands far
away from the Fermi level are not taken into the calculation for
simplicity. Here, σi and si are standard Pauli matrices acting
on the orbital and spin degrees of freedom, respectively. The
spatial inversion symmetry is broken by parameter �. The
bandwidth is determined by parameters t , my , and mz. This
model Hamiltonian preserves the mm2 point group, which is
a subgroup of 4mm point group of TaAs. This Hamiltonian
renders four Weyl points with linear band dispersion on the
Fermi level. Because of nonzero parameter my , the band
dispersion is neither an odd nor an even function of momentum

FIG. 3. Calculated photon energy dependent SHG contributed
from shift current and injection current with parameters t = 0.8 eV,
� = 0.5, my = 1.0, mz = 3.0, T = 300 K, and μ = 0.0 eV.

k, which takes values the in whole Brillouin zone. With the
model Hamiltonian (24), the calculated parameters mz and t

dependent SHG coefficients χ (2)
zzz(2ω; ω,ω) contributed from

shift current by Eq. (20) are shown in Fig. 1. The maximal value
in each curve is increasing (decreasing) with the increase of
parameter mz (t). Especially, when mz is larger than 3.0, there
exists an obvious dip in the curve around photon energy 0.7
eV. The dip in the curve can be interpreted by the enhanced
anisotropy of electronic structure resulting from relatively
large mz. The calculated parameter � dependent χ (2)

zzz(2ω; ω,ω)
contributed from shift current is shown in Fig. 2(a), and it
reveals that χ (2)

zzz(2ω; ω,ω) is decreasing with the decrease of
parameter �. In Fig. 2(b), we show the temperature dependent
χ (2)

zzz(2ω; ω,ω), indicating that the dependence between temper-
ature and χ (2)

zzz(2ω; ω,ω) is very weak. Numerical calculation
also reveals that χ (2)

zxx(2ω; ω,ω) contributed from shift current
is also weakly dependent on temperature (not shown).

With parameters � = 0.5, mz = 3.0, and t = 0.8 eV, the
calculated SHG coefficient χ (2)

zzz(2ω; ω,ω) = 2d33 contributed
by shift current at photon energy h̄ω = 1.55 eV, i.e., wave-
length 800 nm, is roughly 1/6 of the experimental result
d33 = 3600(±550) pm/V [40]. Since Eq. (24) only renders
four Weyl points, i.e., 1/6 of the Weyl points in concrete
TaAs, we adopt � = 0.5, mz = 3.0, and t = 0.8 eV in our
following calculation. These parameters take the same values
as those adopted in Ref. [40], except mz. The calculated
photon energy dependent SHG coefficients χ (2)

zzz(2ω; ω,ω) =
2d33 and χ (2)

zxx(2ω; ω,ω) = 2d31 contributed from injection
current and shift current are shown in Fig. 3. The calculated
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FIG. 4. Calculated Fermi energy dependent SHG coefficients
χ (2)

zxx(2ω; ω,ω) contributed by anomalous current with parameters
t = 0.8 eV, � = 0.5, my = 1.0, mz = 3.0, and T = 300 K, for Fermi
energy μ � 60 meV (a) and μ � 75 meV (b).

SHG coefficient d33 contributed by injection current at 800
nm is much smaller than the SHG coefficient contributed by
shift current. At 800 nm, the calculated SHG coefficient d31

contributed by either injection or shift current is much smaller
than the SHG d33 contributed by shift current. These calculated
results present the main salient features of the experimental
measurements.

Since ρ(1)
nn (k) is proportional to δ(k − kF ), Eq. (21) indicates

that the anomalous current is mainly determined by the states
at the Fermi level. In the band structure of an ideal Weyl
semimetal, the Weyl point is exactly on the Fermi level, and
ρ(1)

nn (kF ) is finite at 0 K. The calculated Fermi energy dependent
SHG coefficient χ (2)

zxx(2ω; ω,ω) induced by anomalous current
is shown in Fig. 4. When the Fermi level μ � 60 meV, the SHG
coefficient χ (2)

zxx(2ω; ω,ω) at low frequency is decreasing with
the increase of Fermi energy, i.e., SHG induced by anomalous
current is decreasing when the Fermi level moves far away from
the Weyl point. Overall, the χ (2)

zxx(2ω; ω,ω) induced by anoma-
lous current is minute when the Fermi level μ � 60 meV.
However, with the further increase of Fermi energy,
χ (2)

zxx(2ω; ω,ω) increases with the Fermi energy, as shown in
Fig. 4(b). When μ � 75 meV, the increase of χ (2)

zxx(2ω; ω,ω)
with increasing Fermi energy is not related to the anomalous
current from the linear band dispersion near the Weyl point.
The increasing SHG is obviously related to the anomalous
current from parabolic band dispersion at high energy [51],
since the low energy part near the Weyl point is occupied
and the transition between the upper part and lower part of

FIG. 5. Calculated photon energy dependent SHG coefficients
χ (2)

zxx(2ω; ω,ω) contributed by anomalous and shift currents (a)
when μ = 0.15 eV, and temperature dependent SHG coefficients
χ (2)

zxx(2ω; ω,ω) induced by anomalous current (b).

the Weyl point is forbidden. It is revealed by Fig. 4 that the
χ (2)

zxx(2ω; ω,ω) induced by anomalous current can be enhanced
by electron or hole doping into TaAs. With varying parameters
t , �, and mz, we checked the enhancement of χ (2)

zxx (2ω; ω,ω) by
electron or hole doping. We concluded that the enhancement
of χ (2)

zxx(2ω; ω,ω) by doping is robust, even though different
parameters are adopted. Especially, when the Fermi level is
rather far away from the Weyl point, the energy difference at
the Fermi vector εnm(kF ) should be rather large. In the case of
low frequency ω 	 μ, where μ is the Fermi level measured
from Weyl point, the first term in Eq. (21) can be ignored, and
the anomalous current reads

J
(2)
A,y(2ω) = − ie3

h̄2ω
E2

x (ω)
∑

n

∫
FS

d2k
∂εn(k)

∂kx

�(k), (25)

where the Berry curvature � reads

�(k) = ∇ × ann = i〈un|∂k|un〉. (26)

From Eqs. (22) and (23), the SHG from anomalous current
should be inversely proportional to 1/ω2 in the case of ω 	 μ.
Indeed, regardless of the concentration of doping, the calcu-
lated results show that the SHG coefficient decays more quickly
with the increasing frequency of incident photons, as shown in
Fig. 4.

The calculated χ (2)
zxx(2ω; ω,ω) induced by injection current

is much larger than that induced by anomalous current when
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the Weyl point is exactly on the Fermi level. However,
when the Fermi energy is 0.15 eV above the Weyl points,
the calculated SHG coefficient χ (2)

zxx(2ω; ω,ω) contributed by
anomalous current is larger than that contributed from shift
current when the frequency of incident photons is very low, as
shown in Fig. 5(a). The SHG contributed by shift current is not
monotonically decreasing with the increase of photon energy
(not shown), while the SHG contributed by anomalous current
is monotonically decreasing.

The temperature dependent χ (2)
zxx(2ω; ω,ω) induced by

anomalous current is shown in Fig. 5(b), and it reveals that
dependence between temperature and χ (2)

zxx(2ω; ω,ω) is very
weak. With the increase of temperature, χ (2)

zxx(2ω; ω,ω) is
slightly increasing, i.e., the anomalous current is enhanced
by high temperature. However, the increase of χ (2)

zxx(2ω; ω,ω)
is not monotonic with the increase of temperature. When the
temperature is higher than 250 K, χ (2)

zxx(2ω; ω,ω) decreases
with the increase of temperature.

IV. SUMMARY

The sources of SHG of Weyl semimetals are analyzed by
a collisionless quantum kinetic equation in this work. Three

types of sources are injection current from the band dispersion,
shift current from gauge invariant shift vector, and anomalous
current from Berry curvature on the Fermi surface. Clearly,
SHG is mainly generated by the shift current mechanism in
TaAs, while the anomalous current is less pronounced when the
Weyl point is on the Fermi surface. Additionally, we predicted
that SHG contributed by the anomalous current decays faster
with the increasing of frequency of incident photons, which
can be enhanced by properly doping electrons or holes into
TaAs.
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