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Iterative Tuning Strategy for Setting Phase Splits
with Anticipation of Traffic Demand in Urban

Traffic Network
Yu Wang, Danwei Wang, Shangtai Jin, Nan Xiao, Yitong Li and Emilio Frazzoli

Abstract

Facing large-scale urban traffic network, countless efforthas been made toward intelligent and efficient urban traffic control
system to better use existing traffic infrastructures. Recently, a novelty pre-timed traffic signal control strategy known as Iterative
Tuning (IT) has been developed by exploiting repetitive characteristic of junction’s vehicle throughput on working days, which is
sufficiently efficient in under-saturated traffic conditions. This paper further improves IT strategy in saturated traffic conditions with
consideration of traffic demand including vehicle throughput and residual queued vehicles. Unlike conventional pre-timed strategies,
preparation of signal schedules is not required in IT strategy and fine-tuning process executes iteratively and automatically. This
paper proposes a generalized traffic model to describe urbannetwork dynamics and explicit split tuning algorithm. Without specific
control trajectories, rigorous analysis generates sufficient condition for guaranteeing the convergence of IT strategy globally over
repetitions. The robustness of IT controller to variationsof traffic flow patterns and errors of initial conditions is also analysed
in details. Commonwealth Avenue, an area with heavy traffic in Singapore, is demonstrated in simulations and simulationresults
indicate the effectiveness and robustness of IT strategy.

Index Terms

Iterative Learning Control, Urban Traffic Signal Control, Traffic Flow Patterns.

I. I NTRODUCTION

With ever-increasing traffic mobility, urban traffic signalcontrol plays an important role to better utilize existing road
infrastructures. Roughly speaking, traffic signal controlis classified as pre-timed signal control and traffic-responsive signal
control [1]. Recently most research focuses on traffic-responsive signal control, such as Store-and-Forward approaches [2],
BLX [3], etc. While large numbers of signal controllers in use currently are still pre-timed, and pre-timed signal schedules
can be coupled with traffic-responsive signal control to fine-tune signal control parameters to have better control performance
[4]. Therefore, this paper aims to further develop pre-timed signal strategy in urban traffic signal control.

For pre-timed signal control, the prerequisite is the repetitive characteristic of traffic demand. Festin [5] studied the general
daily traffic profiles in the United States and five areas for the period 1970-1995 and showed that daily traffic profiles were
repetitive on a weekly basis. Roesset al. [6] showed that typical variations of daily traffic patternswere around13% and
16% on weekdays and weekends, respectively. Wanget al. [7] evaluated the phase-based traffic flow patterns in Singapore
and indicated the coefficients of variations were below 20% and 35% during peak hours on working days and weekends,
respectively.

Since 1950s, traffic signal settings were proposed to optimize phase splits and cycle length for isolated junction [8]. As
increasing traffic demand varied largely in morning and evening peak hours, Time-of-day (TOD) approach was proposed
to segment a day into several time intervals during which different signal plans are applied. Hauseret al. [9] considered
the application of data mining tools to help design switching points in traffic signal control. Smithet al. [10] proposed a
computational approach to automate the identification of intervals within allowable cluster size using a high-resolution definition
of system states and optimized the signal timing plans basedon the set of archived data. Brian Parket al. [11] optimized
the breakpoints through minimization of within-cluster distance and maximization of between-cluster distances. Wong et al.
[12] used clustering algorithms to re-estimate the TOD intervals and optimize the signal timing plans for each TOD interval.
Guo and Zhang [13] proposed the time of traffic occurring as one dimension in clustering to consider the coordination of a
corridor. In each grouped cluster, suitable signal plans were calculated by commercial simulation tools, such as TRANSYT
series, Synchro series, etc.

For pre-timed strategies, preparation and fine-tuning process of signal schedules for new junctions are quite time-consuming
and labour-intensive. Meanwhile, traffic was estimated to experience an additional 3-5% delay time per year as a consequence
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of gradual changing traffic conditions [14]. Signal re-timing process is required after several years when performanceof the
signal control system gets relatively worse.

To enable the fine-tuning capability of pre-timed signal control, iterative learning approach was proposed to automatic fine-
tune signal schedules. Traditionally, Iterative Tuning Learning (ILC) methodology [15] is usually applied to fine-tune control
input to systems that operate repeatedly and to track a specific reference over repetitions. The application of ILC includes many
industrial systems [16] in manufacturing, robotics [17] and chemical processing. This approach had been first applied for density
control of freeway traffic flows with repeatable patterns andachieved robust performance [18]. Huanget al. [19] proposed an
iterative learning approach by using traffic assignment model to find the global optimal signal control and flow patterns,then
traffic signal controller was designed to drive traffic patterns approaching the desired flow patterns. Wanget al. [20] proposed
Iterative Tuning (IT) strategy by considering repetitive vehicle throughput and obtained considerable performance.IT was the
first trial to apply iterative learning approach without specific control reference.

In order to further improve the performance of IT strategy, repetitive traffic demand is used in this paper to tune traffic
signals. Traffic demand includes not only the vehicle throughput at a junction, but also residual queued vehicles beforethe stop
line of junctions. In case of saturated condition, traffic demand rather than vehicle throughput reveals the real trafficconditions.

The main contribution of this paper with respect to proposedIT strategy [20] includes: 1) IT offers generalized nonlinear
model to describe traffic dynamics and explicit algorithm for split tuning. The preparation of initial signal plans is arbitrary
and the fine-tuning process executes iteratively and automatically. 2) As traffic flows fluctuate largely during different time for
every junction, it is difficulty to provide desired control trajectories for traditional ILC approaches. Without trajectories, error
function with traffic demand is proposed in this paper. Rigorous analysis provides sufficient condition for guaranteeing the
convergence of IT strategy over repetitions. 3) Urban traffic network in Singapore with real traffic demand is simulated and
validates the convergence, efficiency and robustness of IT strategy.

In this paper, cycle time and offset are assumed to be fixed; only phase split is tuned here. The rest of this paper is organized
as follows: Section II states the problem of urban traffic signal control. Section III describes IT strategy in details and shows
the convergence of IT strategy with traffic variations. Section IV presents case studies based on real traffic flows. Section
V analyses simulation results, validates the convergence and efficiency of IT strategy. Section VI concludes this paperand
suggests some topics for further research.

II. PROBLEM STATEMENT

In this section, a generalized traffic model is proposed to describe traffic dynamics.

A. Notation

This paper considers traffic dynamics based on lane groupi ∈ Fj , whereFj is the set of all lane groups of junctionj.
Referring to [6], lane group is defined for one or more lanes ofa link approaching one junction that have the same direction.
Traffic flows are controlled by phase time, which is the green duration of phasep ∈ Pj , wherePj is the set of all phases of
junction j. Evolution of traffic dynamics is described cycle by cycle. Main variables defined for junctionj ∈ J and entire
network are listed here, whereJ is the set of junctions.
k index of cycles, andk ∈ [0,K], whereK is maximum number of cycles.
xj,i(k) number of vehicles on lane groupi of junction j when signal turns from red to green at cyclek.
zj,i(k) vehicle throughput on lane groupi of junction j during green signal at cyclek.
qj,i(k) number of residual queued vehicles on lane groupi of junction j when signal turns from green to red at cyclek.
yj,i(k) traffic demand on lane groupi of junction j at cyclek.
ũj,i(k) green time duration for lane groupi of junction j at cyclek.
õj,i(k) degree of saturation (DS) for lane groupi of junction j at cyclek.
dj,i(k) disturbances on lane groupi of junction j at cyclek.
uj,p(k) green time duration of phasep for junction j at cyclek.
oj,p(k) critical DS for phasep of junction j at cyclek.
ej,p(k) error of critical DS for phasep of junction j at cyclek.
Nj,i number of lane groups for junctionj.
Γj,i(k) {xj,i(k), zj,i(k), qj,i(k), yj,i(k), ũj,i(k), õj,i(k), dj,i(k)}, the set for lane groupi of junction j at cyclek.
γj,i(k) any element ofΓj,i(k), i.e., γj,i(k) ∈ Γj,i(k).
Γj(k) {xj(k), zj(k), qj(k), yj(k), ũj(k), õj(k), dj(k)}, the set for all lane groups of junctionj at cyclek.
γj(k) any element ofΓj(k), i.e.,γj(k) ∈ Γj(k). γj(k) = [γj,1(k), γj,2(k), . . . , γj,Nj,i

(k)]⊤.
Nj,p number of phases for junctionj.
Ξj,p(k) {uj,p(k), oj,p(k), ej,p(k)}, the set for phasep of junction j at cyclek.
ξj,p(k) any element ofΞj,p(k), i.e., ξj,p(k) ∈ Ξj,p(k).
Ξj(k) {uj(k), oj(k), ej(k)}, the set for all phases of junctionj at cyclek.
ξj(k) any element ofΞj(k), i.e., ξj(k) ∈ Ξj(k). ξj(k) = [ξj,1(k), ξj,2(k), . . . , ξj,Nj,p

(k)]⊤.
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N number of junctions in the network.
Γ(k) {x(k), z(k), q(k), y(k), ũ(k), õ(k) d(k)}, the set for all lane groups of entire network at cyclek.
γ(k) any element ofΓ(k), i.e.,γ(k) ∈ Γ(k). γ(k) = [γ⊤

1 (k),γ⊤
2 (k), . . . ,γ⊤

N (k)]⊤.
Ξ(k) {u(k), o(k), e(k)}, the set for all phases of entire network at cyclek.
ξ(k) any element ofΞ(k), i.e., ξ(k) ∈ Ξ(k). ξ(k) = [ξ⊤1 (k), ξ

⊤
2 (k), . . . , ξ

⊤
N (k)]⊤.

n index of iterations.
Γ(k, n) {x(k, n), z(k, n), q(k, n), y(k, n), ũ(k, n), õ(k, n), d(k, n)}, the set for all lane groups of entire network at cycle

k in iterationn.
γ(k, n) γ(k, n) in iterationn. γ(k, n) represents any element ofΓ(k, n), i.e.,γ(k, n) ∈ Γ(k, n).
Ξ(k, n) {u(k, n), o(k, n), e(k, n)}, the set for all phases of entire network at cyclek in iterationn.
ξ(k, n) ξ(k) in iterationn. ξ(k, n) represents any element ofΞ(k, n), i.e., ξ(k, n) ∈ Ξ(k, n).

B. Traffic Model

For an urban network, junction’s diagram is shown in Fig. 1. Fig. 1(a) shows the indexes of lane groups for single junction
with phase specification. In Fig. 1(b), three adjacent junctionsj0, j1 andj2 are illustrated with lane groups, where the indexes
of lane groups follow the similar way in Fig. 1(a).

(a) Single Junction (b) Three Junctions’ Diagram

Fig. 1. Single junction with indexed lane groups and three junctions’ diagram. In Fig. 1(b), three adjacent junctionsj0, j1 and j2 are illustrated with lane
groups. The indexes of lane groups follow the similar way in Fig. 1(a).

As shown in Fig. 1(b), the dynamics ofxj1,1(k), xj1,2(k), xj1,3(k) are updated by vehicle throughputzj0,2(k), zj0,6(k),
zj0,10(k) andzj1,1(k), zj1,2(k), zj1,3(k) at connectors at junctionsj0 andj1, respectively with disturbancesdj1,1(k), dj1,2(k),
dj1,3(k), i.e.,

xj1,1(k + 1) =xj1,1(k)− zj1,1(k) + rj1,1(k)(zj0,2(k) + zj0,6(k) + zj0,10(k)) + dj1,1(k) (1)

xj1,2(k + 1) =xj1,2(k)− zj1,2(k) + rj1,2(k)(zj0,2(k) + zj0,6(k) + zj0,10(k)) + dj1,2(k)

xj1,3(k + 1) =xj1,3(k)− zj1,3(k) + rj1,3(k)(zj0,2(k) + zj0,6(k) + zj0,10(k)) + dj1,3(k)

where rj1,1(k), rj1,2(k), rj1,3(k) are turning ratios of vehicles driving intoxj1,1(k), xj1,2(k), xj1,3(k) of junction j1,
respectively, and satisfyrj1,1(k) + rj1,2(k) + rj1,3(k) = 1.

For junctionj, traffic statesxj,i(k), ∀i ∈ Fj is rewritten as state space model based on (1), i.e.,

xj(k + 1) =xj(k) +Bj(k)zj(k) +
∑

j∗∈J,j∗ 6=j

Bj
j∗(k)zj∗(k) + Cj(k)dj(k) (2)

wherexj(k), zj(k), dj(k) ∈ Γj(k); matricesBj(k) = −I, whereI is the identity matrix;Bj
j∗(k) andCj(k) contain network

information, such as turning ratios and road connections;j∗ ∈ J, j∗ 6= j indicates all junctions except junctionj.
For the entire network withN junctions, traffic statesxj(k), ∀j ∈ J is rewritten based on (2),

x(k + 1) = x(k) +B(k)z(k) + C(k)d(k) (3)

wherex(k), z(k), d(k) ∈ Γ(k); B(k) represents all the control effects ofBj(k) andBj
j∗(k); C(k) = diag{C1(k), C2(k), . . .,

CN (k)}.
Referring toTraffic Engineering[6], traffic demandy(k) indicatesarrival flows, which is the number of vehicles that desire

to travel pass a point during a specified period. In under-saturated conditions, phase durations are sufficient to clear all vehicles
and there is enough space in the downstream links, no vehicles are queued. Otherwise in saturated conditions, large numbers
of vehicles are queued until the next cycle. Therefore, demand y(k) is related to number of vehiclesx(k) and disturbances
d(k), which is formulated as nonlinear function, i.e.,

y(k) = g(x(k), d(k)) (4)

wherey(k) ∈ Γ(k).
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Vehicle throughputz(k) is the minimum value amongst traffic demandy(k), number of vehicles driving through within
allocated green timeu(k), and available road space in the downstream links. Since maximum volumes in the next links are
fixed, available road space is determined by vehiclesx(k) on those links. Therefore, a nonlinear function is illustrated as,

z(k) = f(x(k), y(k), u(k), d(k)) (5)

whereu(k) ∈ Ξ(k).
Substituting (4) into (5), there exists,

z(k) = f (x(k), g(x(k), d(k)), u(k), d(k)) = f(x(k), u(k), d(k)) (6)

For the entire network, substituting (6) into (3), and traffic demand (4), state space model (7)-(8) represents the traffic
dynamics,

x(k + 1) =x(k) +B(k)f(x(k), u(k), d(k)) + C(k)d(k) (7)

y(k) =g(x(k), d(k)) (8)

The above state space model is a generalized form to characterize the dynamics with consideration of upstream and
downstream vehicles. In S model [3], vehicle throughput anddemand per sampling time are expressed as leaving average
flow rate and arriving average flow rate, respectively. Store-and-forward models [2] also try to formulate the function of
vehicle throughput mathematically. IT strategy is a data-driven strategy and two nonlinear functions are not requiredin details.
Vehicle throughput and demand are anticipated based on historical repetitive traffic pattern. Traffic model (7)-(8) areonly used
for convergence analysis.

C. Control Objective

In this paper, the objective of IT strategy is to balance critical degree of saturation (DS) for all junctions during the entire
period iteratively. From Chapter 21 ofTraffic Engineering[6], the v/c ratio, or DS, is the ratio of demand flow rate over the
capacity. From Webster algorithm [8], it is suggested that the least delay is obtained when green periods of phases are in
proportional to the corresponding ratios of flow to saturation flows. The same to Webster algorithm, the balanced critical DS
for all junctions in urban network will obtain the nearly lowest delay time.

The same to Equation (21-3) in [6], DS̃oj,i(k) for lane groupi of junction j can be rewritten as,

õj,i(k) =
yj,i(k)

sj,iũj,i(k)
, ∀j ∈ J, ∀i ∈ Fj (9)

wheresj,i is saturation flow for lane groupi of junction j.
Critical DS oj,p(k) is the largest DS of lane groups belonging to the same phase. For a junction shown in Fig. 1(a), phase

specification is predefined and fixed in general, there exists,

oj,1(k) = max{õj,2(k), õj,8(k)}

oj,2(k) = max{õj,3(k), õj,9(k)}

oj,3(k) = max{õj,5(k), õj,11(k)}

oj,4(k) = max{õj,6(k), õj,12(k)}

The above relationship is formulated as follows,

oj(k) = P(õj(k)) (10)

whereõj(k) ∈ Γj(k); oj(k) ∈ Ξj(k); functionP(·) formulates phase specification.
As phase time also has the relationship similar to DS, there exists,

uj(k) = P(ũj(k)) (11)

whereũj(k) ∈ Γj(k); uj(k) ∈ Ξj(k).
Substituting (9) into (10), i.e.,

oj(k) = P
(
diag{sj}−1diag{ũj(k)}

−1yj(k)
)
= diag{uj(k)}

−1P
(
diag{sj}−1yj(k)

)
(12)

wheresj = [sj,1, sj,2, . . . , sj,Nj,i
]⊤.

Then errors of critical DSej(k), ∀j ∈ J can be obtained as critical DS minus mean value of critical DSfor junction j, i.e.,

ej(k) =oj(k)−
1

Nj,p

JNj,p,Nj,p
oj(k) = Ajoj(k) (13)



5

whereej(k) ∈ Ξj(k); Aj = INj,p
−

1

Nj,p

JNj,p,Nj,p
; INj,p

is the identity matrix with dimensions ofNj,p; JNj,p,Nj,p
is all-ones

matrix with dimensions ofNj,p ×Nj,p.
Substituting (12) into (13), i.e.,

ej(k) = Ajdiag{uj(k)}
−1P

(
diag{sj}−1yj(k)

)
(14)

For overall network, (14) is rewritten as,

e(k) = Adiag{u(k)}−1P
(
diag{s}−1y(k)

)
(15)

wherey(k) ∈ Γ(k); e(k), u(k) ∈ Ξ(k); A = diag{A1, A2, . . . , AN}; s = [s⊤1 , s
⊤
2 , . . . , s

⊤
N ]⊤.

The objective of IT strategy is to minimize all elements ofe(k), ∀k ∈ [0,K] to be 0 over repetitions, i.e.,

lim
n→∞

e(k, n) −→ 0, ∀k ∈ [0,K] (16)

wheree(k, n) ∈ Ξ(k, n) is error of critical DSe(k) on iterationn.
Traditional iterative learning approaches [16] are designed to track specific trajectories. As traffic demand varies largely at

different time of a day for every junction, iterative approach applied to urban traffic control [19] uses traffic assignment model
to predefine the specific trajectories. This predefined process is labour-intensive and the control performance will be determined
by the accuracy of traffic assignment model. In contrast, error e(k, n) in IT strategy is calculated in (15) by demandy(k, n)
and phaseu(k, n) without desired trajectories.

With respect to IT strategy proposed in [20], IT strategy is extended to be suitable for under-saturated and saturated conditions
with traffic information of traffic demandy(k) rather than vehicle throughputz(k). IT considers not only vehicle throughput, but
also residual queued vehicles especially in saturated conditions. For certain phase in under-saturated and saturatedconditions,
degree of saturation will beoj,p(k) < 1 and oj,p(k) ≥ 1, respectively. In this paper, the saturation flow is assumedto be
constant in different traffic conditions.

For the single junction with repetitive traffic flows, desired phase durations can be calculated directly by assigningej(k) = 0.
For the network with multiple connected junctions, balancing critical DS of certain junction will affect other junctions in the
network to be unbalanced. IT strategy considers the neighbouring junctions’ coupling effects iteratively and approaches the
objectives of all junctions during the entire period simultaneously.

III. I TERATIVE TUNING STRATEGY AND CONVERGENCEANALYSIS

Throughout this paper,‖ · ‖ denotes Euclidean norm. In mathematics, for square matrixM , the spectral radiusρ(M) is
defined as follows,

ρ(M) = max
π

{|rπ|}

whererπ is theπth eigenvalue ofM .
Lemma 1. As indicated of Corollary 10.29, Chapter 10 inApplied Linear Algebra[21], if matrix M is symmetric, its

Euclidean matrix norm is equal to its spectral radius, i.e.,

‖M‖ = ρ(M) (17)

To facilitate the tuning convergence,λ norm of a vectore(k) is defined, i.e.,

‖e(k)‖λ = sup
k∈[0,K]

a−λk‖e(k)‖ (18)

whereλ > 0 anda > 1.

A. Assumptions

Assumption 1. Referring to traffic model (7)-(8) and objective function (15), functionsf(·, ·, ·), g(·, ·) andP(·) are uniformly
globally Lipschitzon a compact set with respect to their arguments fork ∈ [0,K], i.e.,

‖f (x(k, n+ 1), u(k, n+ 1), d(k, n+ 1))− f(x(k, n), u(k, n), d(k, n))‖ (19)

≤ kfx‖x(k, n+ 1)− x(k, n)‖+ ku‖u(k, n+ 1)− u(k, n)‖+ kfd‖d(k, n+ 1)− d(k, n)‖

‖g(x(k, n+ 1), d(k, n+ 1))− g(x(k, n), d(k, n))‖ ≤ kgx‖x(k, n+ 1)− x(k, n)‖ + kgd‖d(k, n+ 1)− d(k, n)‖ (20)

‖P(diag{s}−1y(k, n+ 1))− P(diag{s}−1y(k, n))‖ ≤ ky‖y(k, n+ 1)− y(k, n)‖ (21)

wherex(k, n), y(k, n), d(k, n) ∈ Γ(k, n), u(k, n) ∈ Ξ(k, n); kfx , ku, kfd , kgx , kgd , ky areLipschitzconstants.
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Assumption 2. The initial traffic states and error of initial traffic statesare bounded bybx and bx throughout repeated
iterations, respectively, i.e.,

‖x(0, n)‖ ≤ bx, ∀n (22)

‖x(0, n+ 1)− x(0, n)‖ ≤ bx, ∀n

wherex(0, n+ 1) andx(0, n) are initial traffic statesx(0) in iterationn+ 1 andn, respectively.
Assumption 3. The disturbancesd(k) form traffic flows in the urban network. Disturbances and error of disturbances are

bounded bybd andbd throughout repeated iterations, respectively, i.e.,

sup
k∈[0,K]

‖d(k, n)‖ ≤ bd, ∀n (23)

sup
k∈[0,K]

‖d(k, n+ 1)− d(k, n)‖ ≤ bd, ∀n

whered(k, n+ 1) andd(k, n) are disturbancesd(k) in iterationn+ 1 andn, respectively.
Assumption 4. There exists control inputu(k, n) ∈ [umin, umax] whenn → ∞ that can exactly drive errors of critical DS

e(k, n) to be zero over the finite cycle[0,K], whereumin andumax are predefined minimum and maximum phase duration,
respectively.

Assumption 1 requires traffic model to be globallyLipschitzcontinuous. For traffic dynamics in reality, number of vehicles
x(k, n), demandy(k, n) and vehicle throughputz(k, n) of lane groups are always bounded by the road maximum volumes
and lane groups’ capabilities, which can ensure the satisfaction of the globalLipschitzcondition.

Assumption 2 is reasonable as number of vehicles is bounded by total volumes of certain lane group. In reality, traffic states
around 6 a.m. are very small, which can be regarded as initialtraffic states. From data analysis of urban network [7], traffic
states on every day are similar and approach 0.

Assumption 3 is reasonable since vehicles driving in and outof network are bounded by the capabilities of parking lots. As
shown in [7], variations of disturbances is below 20% on working days.

Assumption 4 is acceptable since control assignment shouldbe feasible.

B. Iterative Tuning Controller

For entire network, IT strategy is constructed as follows, i.e.,

u(k, n+ 1) = u(k, n) + βe(k, n) (24)

whereβ is a diagonal matrix, where diagonal entries are positive real number.
Defineβj as diagonal matrix for junctionj, there exists,

β = diag{β1, β2, . . . , βN}

In urban traffic network, phase constraint should be satisfied as follows,
∑

uj(k, n) + tL = C, ∀k ∈ [0,K], ∀n (25)

whereuj(k, n) is phase durationuj(k) in iterationn; tL is total lost time in one cycle;C is the cycle time.
Lemma 2. For junctionj ∈ J , assuming phase durationsuj(k, 1) in iteration1 satisfy the constraint in (25), i.e.,

∑
uj(k, 1) + tL = C, ∀k ∈ [0,K] (26)

To satisfy the constraint in (25) over repetitions, all diagonal entries ofβj are set to be equal, i.e.,βj = bβj
I, wherebβj

is
a scalar,I is identity matrix.

Proof. See Appendix A.

Lemma 3. For junction j, as defined in (13), there exists matrixAj = Im − 1
m
Jm×m, wherem is integer, thenAj is

idempotent matrix, i.e.,
Aj = AjAj (27)

Let Ψj = (Im − ΦjAj)Aj , andΦj = diag{φ1, φ2, . . . , φm}, whereφ1, φ2, . . . , φm are positive scalar. DefinebΦj
= ‖Φj‖,

if 0 < bΦj
< 2, there exists,

‖Ψj‖ < 1 (28)

For entire network, as defined in (15),A = diag{A1, A2, . . . , AN}, thenA is also idempotent matrix, i.e.,

A = AA (29)
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Let Ψ = (I − ΦA)A, andΦ = diag{Φ1,Φ2, . . . ,ΦN}. DefinebΦ = ‖Φ‖, if 0 < bΦ < 2, there exists,

‖Ψ‖ < 1 (30)

Proof. See Appendix B.

Theorem 1. Consider traffic dynamics described by nonlinear model (7) (8) with objective function (15) and IT controller

(24) under Assumptions 1-4, choosing an appropriate tuningmatrix β = bβI such that0 < bβ <
2umin

bo
, the error of critical

DS e(k, n) and phase differenceδu(k, n) are bounded over repetitions, i.e.,

lim
n→∞

‖e(k, n)‖λ ≤ cxbx + cdbd (31)

lim
n→∞

‖δu(k, n)‖λ ≤ bβcxbx + bβcdbd (32)

whereδu(k, n) = u(k, n+ 1)− u(k, n); cx, cd, bβ andbo are defined in Appendix C.

Proof. See Appendix C.

Remark 1. As stated in (31) and (32), the bounds oflim
n→∞

‖e(k, n)‖λ and lim
n→∞

‖δu(k, n)‖λ depend on the bounds of the

initial conditionsbx, variations of disturbancesbd and tuning parameterβ. Note that ifbx and bd tend to 0, errors of critical
DS tend to 0, and phase durations approach steady states.

Remark 2. For the entire network, every junction has its own controller. For local controller of junctionj, only the
local information, such as traffic demand is required. With consideration of traffic statesx(k) in (7), these controllers work
cooperatively toward balancing critical DS for all junctions during the entire period. Therefore, IT strategy is decentralized
methodology and capable for large-scale network.

Remark 3. The tuning convergence only depends on minimum green time and maximum DSbo, wherebo is bounded since
the storage capacities of lane groups are fixed. The unavailable disturbances do not affect sufficient condition for guaranteeing
convergence. Therefore IT strategy is suitable for complexurban traffic control when uncertainties of traffic dynamicsexist.

Remark 4. Traffic model (7)-(8) is a generalized form, which can be simplified to be store-and-forward model [2] and BLX
model [3]. Theorem 1 validates the convergence of IT controller under store-and-forward model and BLX model.

IV. CASE STUDIES

In this section, Commonwealth Avenue in Singapore with heavy traffic demand is simulated in Vissim (Fig. 2).

Fig. 2. Commonwealth Avenue in Singapore

A. Case Description

Referring to [22], Origin-Destination (OD) pairs are mainly designed to construct traffic flows close to the real situations
on working days. In Vissim, traffic conditions are completely identical for all algorithms. Simulation period is 15 hours from
07 : 00 am to 10 : 00 pm with time intervalτ = 15 mins, which includes most of heavy traffic period. Real traffic conditions
are simulated with 94.62% accuracy rate.

Two cases are considered here,
1) Case I: OD matrices without any variation
2) Case II: matrices with certain variations
At first, a set of OD matricesOD are obtained and simulated in Case I, which shows the convergence of IT strategy without

traffic variations. Then numbers of sets of OD matricesODv are calculated in (33) to generate traffic variations in CaseII.
The first term in (33) is designed to generate traffic variations and the second term aims to change traffic flow patterns.

ODv(τ) = ϕ1R1 · OD(τ) + ϕ2R2 · OD(τ) +OD(τ), ∀τ (33)
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whereϕ1 andϕ2 are scalar amplifier factors;R1 is matrix of random numbers with proper dimensions, and eachelement in
R1 ∈ [−1, 1]; for R2, its (s, t)th entry is calculated as(−1)(s+t).

In case II, 100 sets of different OD matrices are generated as(33), which are categorized into three parts: part i (1-10 runs):
ϕ1 = 0.15; ϕ2 = 0. This part is analyzed to calculate conventional pre-timedsignal schedules and fine-tuning process for IT
strategy. Part ii (11-50 runs):ϕ1 = 0.15; ϕ2 = 0. This part aims to compare the network performance of different strategies
with bounded traffic variations. Part iii (51-100 runs):ϕ1 = 0.15; ϕ2 = 0.2. The part aims to show the feasibility of IT strategy
with respect to changed traffic flow patterns.

Total vehicle inputs of the network are shown in Fig. 3(a). Atthe beginning vehicle input is quite small, which initializes
traffic dynamics in the network. The overall simulations include morning peak period, evening peak period and afternoon
non-peak period. In Case II, there are 100 scenarios with different time-sliced OD matrices designed based on (33). Under
single pre-timed strategy, coefficient of variations in part i for five junctions are shown in Fig. 3(b). The average valueis
9.45%, which is quite similar to the real conditions during heavy traffic period of working days.

Regarding to the assumptions made in Section III.A, simulation platform has predefined road volumes and junctions’
capabilities based on the reality for Assumption 1. The bound in Assumption 2 and 3 are determined by sets of OD matrices
generated in (33). For Assumption 4, there exists phaseuj,p(k, n+1) beyond the constraints in certain cyclek, which indicates
that there is no feasible phase duration to balance criticalDS. As functionsat[·] in (34), letuj,p(k, n+ 1) = umin or umax,
phases of junctionj are tuned to balance critical DS without this phasep.

sat[uj,p(k, n+ 1)] =






uj,p(k, n+ 1), if umin < uj,p(k, n+ 1) < umax;
umax, if uj,p(k, n+ 1) ≥ umax;
umin, if uj,p(k, n+ 1) ≤ umin.

(34)
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Fig. 3. Traffic Conditions of Commonwealth Avenue in Singapore

B. Signal Control Strategies

Several signal control strategies are simulated for comparisons. Pre-timed signals are obtained from Webster algorithm [8].
Single Pre-timed: one pre-timed signal plan for each junction during the entire period.
TOD Pre-timed: three pre-timed signal plans for morning peak, afternoon non-peak and evening peak hours, respectively.
IT with Init: IT strategy with initialized signal schedules, which is obtained from single pre-timed signal plan.
IT without Init: IT strategy with arbitrarily initialized signal schedules. For junctionj, the initial green time are allocated

equally, i.e.,uj,p(k, 1) = (C − tL)/Nj,p, ∀k ∈ [0,K].
IT of VT: IT strategy with traffic information of Vehicle Throughput (VT) as stated in [20].

In simulation, rounding operation to nearest integer is taken for phase durations as simulation software can only identify
integer. IT controller in (24) is used as follows, i.e.,

u(k, n+ 1) = ℜ (u(k, n) + βe(k, n)) (35)

whereℜ is the function of rounding to nearest integer. In certain iteration, if cycle time accumulated byuj(k) is not equal to
cycle timeC because of rounding operation, the largest phaseuj,p(k), p ∈ Pj is adjusted to be equal toC.

C. Criteria of Comparison

Total Number of Vehicle (TNV): total number of vehicles which have left the network.
Average Delay Time (ADT): delay time per vehicle, where delay time is the subtraction between total travel time of

all vehicles and total free-flow travel time.
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Average Number of Stops (ANS): stop per vehicle, where stop is counted if the speed of the vehicles was greater than zero
at previous time step and is zero currently.

Reductions ofIADT andIANS are calculated as follows,

IADT =
ADTSP −ADT

ADTSP

× 100%; IANS =
ANSSP −ANS

ANSSP

× 100%; (36)

whereADTSP , ANSSP are ADT and ANS under single pre-timed strategy.

V. SIMULATION RESULTS

In this section, simulation results in two cases are summarized. Average Phase Differenceθ(n) accumulated indicates the
convergence of phase time for iterationn, i.e.,

θ(n) =
1

K(
∑

j∈J Nj,p)

∑

k∈[0,K]

∑

j∈J

∑

p∈Pj

|uj,p(k, n+ 1)− uj,p(k, n)| (37)

whereuj,p(k, n+ 1) anduj,p(k, n) are the phaseuj,p(k) in iterationn+ 1 andn, respectively.

A. Case I: Without Variations

In Case I, one set of OD matrices are simulated over repetitions. In the first iteration, phase durations under single pre-timed
strategy obtained from Wester algorithm are applied. Then 50 iterations are run to tune phase splits by IT strategy.

Errors of critical DS shown in Fig. 4 indicates the convergence of tuning process. In the last iteration, norm of errors
‖diag{ej(k, n)}‖, ∀k for 5 junctions are illustrated respectively in Fig. 4(a). According to (35), andbβj

= 10, ∀j ∈ J , phase
durations will not be tuned once‖diag{ej(k, n)}‖ < 0.05, sincebβj

‖diag{ej(k, n)}‖ < 0.5 and rounding operation takes it
as 0. From Fig. 4(a), most of errors are below 0.05. There are several points exceeding 0.05 because of rounding operationto
nearest integer.

Norm of errors‖diag{E(n)}‖ for the network is illustrated in Fig. 4(b), whereE(n) = [e⊤(1, n), e⊤(2, n), . . . , e⊤(K,n)]⊤. It
represents the maximum errors of 5 junctions during the entire period along with number of iterations. The errors‖diag{E(n)}‖
converge very fast within first ten iterations and approaches steady states of 0.1022 after29th iteration.
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Fig. 4. Norm of Errors of Critical DS for Overall Network and Five Junctions

Meanwhile, average phase difference is calculated to indicate the convergence of phase durationsu(k, n), ∀k. As shown in
Fig. 5(a), average phase difference is 0 and phase durationsreach steady states after29th iteration. The simulations without
variations validate the convergence of IT strategy proved in Theorem 1 and stated in Remark 1.

Moreover, along with phase durations tuned iteratively, average delay time for overall network is deceased and approaches
steady state of 54.81s/veh (Fig. 5(b)). In the first iteration, average delay time undersingle pre-timed strategy is 67.03s/veh.
IT outperforms pre-timed strategy by 18.23%. As stated by control objective in Section II, balancing degree of saturation can
have nearly lowest delay time, but not the best performance.The best performance shown in Fig. 5(b) is 52.54s/veh, which
is quite close to steady state of 54.81s/veh.

B. Case II: With Variations

As shown in Fig. 6(a), average phase difference is approaching steady state of 0.24 and below 0.38 second per phase, rather
than 0 in Fig. 5(a). Without phase initialization, signal schedules are tuned substantially at the first few iterations.During part ii
(11-50 runs), average phase difference are quite similar with and without initializations. Since traffic flow patterns are changed
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Fig. 5. Average Phase Difference (s/phase) and Average Delay Time (s/veh) without Variations
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Fig. 6. Average Phase Difference (s/phase) and Average Delay Time (s/veh) with Variations

from 51th iteration, phase difference increases suddenly and returnto normal states after 4 iterations. The simulations validate
Theorem 1 that total phase difference are bounded by 0.38 second per phase with respect to bounded traffic variations.

The average delay time for four signal schedules are calculated and depicted in Fig. 6(b). Roughly speaking, during part
ii (11-50 runs) and part iii (51-100 runs), IT strategy is better than single pre-timed and TOD pre-timed signal schedules. IT
strategy with and without initialization looks similar, which indicates labour-intensive preparation of signal schedules for a new
junction is not required in IT strategy. During part iii (51-100 runs), performance of single pre-timed and TOD pre-timed signal
schedules gets worse due to the changed traffic flow patterns.In contrast, IT strategy learns traffic flow patterns iteratively and
automatically. Delay time returns to normal states after 4 iterations. The performance in part iii (51-100 runs) shows that IT
strategy adapts to gradual changing traffic flow patterns.

The average performance during 11-50 runs are summarized inTable I. Reduction of ADT and ANS for all strategies
presented in bracket are calculated by (36). At the end of simulation period, traffic demand is quite small and there is no
congestion everywhere, then TNV is very similar. Average delay time during 11-50 runs is 54.4790s/veh. Compared with
delay time of 54.81s/veh in Case I, variations of traffic demand may not affect the network performance when traffic demand
is highly repetitive as working days. It indicates the feasibility of IT strategy on working days without unforeseen traffic
incidents.

TABLE I
AVERAGE PERFORMANCE

Algorithm TNV (veh) ADT (s/veh) ANS
Single Pre-timed 32904 69.1373 1.5694
TOD Pre-timed 32902 62.2507(9.96%) 1.4215(9.42%)
IT with Init 32909 54.4790(21.20%) 1.2494(20.39%)
IT without Init 32908 54.2354(21.55%) 1.2442(20.72%)
IT of VT 32908 57.4241(16.94%) 1.3261(15.50%)

TOD Pre-timed, IT strategy with and without initializationcan reduce delay time by 9.96%, 21.20% and 21.55%, reduce
number of stops by 9.42%, 20.39% and 20.72%, respectively. Therefore, IT strategy considerably improves the network
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performance on working days. Besides, with consideration of residual queued vehicles, the performance of IT with traffic
demand outperforms vehicle throughput stated in [20] by 4.36% and 4.89% on ADT and ANS, respectively. It shows that
traffic demand is more reliable to reflect real traffic conditions.

VI. CONCLUSION

Iterative Tuning (IT) strategy is the first trial to apply Iterative Learning Control (ILC) approach to urban traffic signal
control without specific control reference. This paper extends IT strategy for phase splits to be capable for under-saturated
and saturated traffic conditions on working days by taking traffic demand into consideration. IT controllers of all junctions
tune daily traffic signal schedules iteratively and automatically to balance critical degree of saturation (DS) for allphases.
Time-consuming and labour-intensive preparation and fine-tuning process of pre-timed signal schedules are not required any
more. With generalized traffic model and explicit tuning algorithm, sufficient condition for guaranteeing the convergence of
IT strategy is investigated in details by analysing the robustness to traffic variations and errors of initial conditions. Simulation
results validate the convergence of IT strategy with and without variations. Comparing with pre-timed strategy, IT strategy
considerably reduces delay time and number of stops for overall network. With changed vehicle inputs, IT strategy learns
traffic patterns and fine-tunes phase durations within a few iterations.

The future work will focus on IT strategy with reactive compensation, which can respond to non-repetitive disturbances.

APPENDIX A
PROOF OF LEMMA 2

Proof. In this paper, lost timetL and cycle timeC are assumed to be fixed. Defineoj(k, n), ej(k, n) as oj(k), ej(k) in
iterationn, with IT controller (24), there exists,

uj(k, n+ 1) = uj(k, n) + βjej(k, n) (A.1)

Summing up all elements of all vectors on both sides separately,
∑

uj(k, n+ 1) =
∑

uj(k, n) +
∑

βjej(k, n) (A.2)

Vector ej(k, n) = Ajoj(k, n) is defined in (13). With matrixAj ,
∑

ej(k, n) = 0 for any vectoroj(k, n).
If all entries ofβj are equal, i.e.,βj = bβj

I, for any vectoroj(k, n), there exists,
∑

βjej(k, n) = 0 (A.3)

Substitute (A.3) into (A.2), yields, ∑
uj(k, n+ 1) =

∑
uj(k, n) (A.4)

Assuming phase durationsuj(k, 1) satisfy,
∑

uj(k, 1) + tL = C, ∀k ∈ [0,K] (A.5)

With (A.4), there exists, ∑
uj(k, n) + tL = C, ∀k ∈ [0,K], ∀n (A.6)

Lemma 2 is proved.

APPENDIX B
PROOF OFLEMMA 3

Proof. For Aj = Im − 1
m
Jm×m,

AjAj = (Im −
1

m
Jm×m)(Im −

1

m
Jm×m) = ImIm − 2Im

1

m
Jm×m +

1

m
Jm×m

1

m
Jm×m (B.1)

= Im − 2
1

m
Jm×m +

1

m
Jm×m = Im −

1

m
Jm×m = Aj

Therefore,Aj is idempotent matrix.
From [23], for idempotent matrixAj , there exists,

rank(Aj) = tr(Aj) = m− 1 (B.2)

wheretr is trace of matrix.
Let rπ ∈ r be eigenvalue, andr is the vector of eigenvalues ofAj . Then r = [0, 1, 1, . . . , 1], where there are only 1

eigenvalue equal to 0 and(m− 1) eigenvalues equal to 1.
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Let Ψj = (Im−ΦjAj)Aj , whereΦj is diagonal matrix, andΦj = diag{φ1, φ2, . . . , φm}, whereφ1, φ2, . . . , φm are positive
scalar. Based on Eigendecomposition, there exists eigenvector Q such thatAj = QΛQ−1, whereQ−1 is the inverse ofQ;
Λ = diag{r}. Then

Ψj = (Im − ΦjAj)Aj = (QImQ−1 − ΦjQΛQ−1)QΛQ−1 = Q(Im − ΦjΛ)Q
−1QΛQ−1 = Q(Im − ΦjΛ)ΛQ

−1 (B.3)

where

(Im − ΦjΛ)Λ =







1 0 · · · 0
0 1 · · · 0
...

...
. . .

...
0 0 · · · 1


−




φ1 0 · · · 0
0 φ2 · · · 0
...

...
. . .

...
0 0 · · · φm







0 0 · · · 0
0 1 · · · 0
...

...
. . .

...
0 0 · · · 1





 ·




0 0 · · · 0
0 1 · · · 0
...

...
. . .

...
0 0 · · · 1


 (B.4)

=




1 0 · · · 0
0 1− φ2 · · · 0
...

...
. . .

...
0 0 · · · 1− φm







0 0 · · · 0
0 1 · · · 0
...

...
. . .

...
0 0 · · · 1


 =




0 0 · · · 0
0 1− φ2 · · · 0
...

...
. . .

...
0 0 · · · 1− φm




The spectral radius ofΨj is formulated as,

ρ(Ψj) = max{1− φ1, 1− φ2, . . . , 1− φm} (B.5)

SinceAj is symmetric matrix, matrixΨj is also symmetric. Based on Lemma 1, yields,

‖Ψj‖ = ρ(Ψj) (B.6)

In order to have‖Ψj‖ < 1, then
0 < bΦj

< 2 (B.7)

wherebΦj
= ‖Φj‖.

For entire network, defineA = diag{A1, A2, . . . , AN},

AA =




A1 0 · · · 0
0 A2 · · · 0
...

...
. . .

...
0 0 · · · AN







A1 0 · · · 0
0 A2 · · · 0
...

...
. . .

...
0 0 · · · AN


 =




A1A1 0 · · · 0
0 A2A2 · · · 0
...

...
. . .

...
0 0 · · · ANAN


 = A (B.8)

Therefore,A is also idempotent matrix.
Let Ψ = (1−ΦA)A, andΦ = diag{Φ1,Φ2, . . . ,ΦN}, every block diagonal matrix inΨ follows the similar relationship as

shown in (B.3)-(B.5), therefore, the spectral radius ofΨ is formulated as,

ρ(Ψ) = max
j∈J

{ρ(Ψj)} (B.9)

Based on Lemma 1,
‖Ψ‖ = ρ(Ψ) (B.10)

In order to have‖Ψ‖ < 1, then
0 < bΦ < 2 (B.11)

wherebΦ = ‖Φ‖.
Lemma 3 is proved.

APPENDIX C
PROOF OF THEOREM 1

Proof. Iterative tuning controller is
u(k, n+ 1) = u(k, n) + βe(k, n) (C.1)

wheree(k, n) = Adiag{u(k, n)}−1P
(
diag{s}−1y(k, n)

)
based on (15).

Define

δu(k, n) = u(k, n+ 1)− u(k, n)

δx(k, n) = x(k, n+ 1)− x(k, n)

δy(k, n) = y(k, n+ 1)− y(k, n)

δd(k, n) = d(k, n+ 1)− d(k, n)
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With diag{o(k, n+ 1)} = diag{u(k, n+ 1)}−1P
(
diag{s}−1y(k, n+ 1)

)
based on (12), yields,

e(k, n+ 1)− e(k, n) (C.2)

=Adiag{u(k, n+ 1)}−1P
(
diag{s}−1y(k, n+ 1)

)
−Adiag{u(k, n)}−1P

(
diag{s}−1y(k, n)

)

=Adiag{u(k, n+ 1)}−1P
(
diag{s}−1y(k, n+ 1)

)
−Adiag{u(k, n)}−1P

(
diag{s}−1y(k, n+ 1)

)

+Adiag{u(k, n)}−1P
(
diag{s}−1y(k, n+ 1)

)
−Adiag{u(k, n)}−1P

(
diag{s}−1y(k, n)

)

=−Adiag{u(k, n+ 1) · u(k, n)}−1δu(k, n)P
(
diag{s}−1y(k, n+ 1)

)
+Adiag{u(k, n)}−1P

(
diag{s}−1δy(k, n)

)

=−Adiag{u(k, n)}−1diag{o(k, n+ 1)}δu(k, n) +Adiag{u(k, n)}−1P
(
diag{s}−1δy(k, n)

)

Based on (C.1), there exists,
δu(k, n) = βe(k, n) (C.3)

Substituting (C.3) into (C.2), then

e(k, n+ 1) = e(k, n)−Adiag{u(k, n)}−1diag{o(k, n+ 1)}βe(k, n) +Adiag{u(k, n)}−1P
(
diag{s}−1δy(k, n)

)
(C.4)

= (I − βAdiag{u(k, n)}−1diag{o(k, n+ 1)})e(k, n) +Adiag{u(k, n)}−1P
(
diag{s}−1δy(k, n)

)

Based on Lemma 3, A is idempotent matrix, therefore,

e(k, n) =Adiag{u(k, n)}−1P
(
diag{s}−1y(k, n)

)
= A2diag{u(k, n)}−1P

(
diag{s}−1y(k, n)

)
= Ae(k, n) (C.5)

Then

e(k, n+ 1) = (I − βdiag{u(k, n)}−1diag{o(k, n+ 1)}A)Ae(k, n) +Adiag{u(k, n)}−1P
(
diag{s}−1δy(k, n)

)
(C.6)

= Ψe(k, n) + Adiag{u(k, n)}−1P
(
diag{s}−1δy(k, n)

)

whereΨ = (I − βdiag{u(k, n)}−1diag{o(k, n+ 1)}A)A.
Based on Assumption 1, taking norm operation for (C.6), there exists,

‖e(k, n+ 1)‖ ≤ ‖Ψ‖ · ‖e(k, n)‖+ ‖Adiag{u(k, n)}−1P
(
diag{s}−1δy(k, n)

)
‖ (C.7)

≤ ‖Ψ‖ · ‖e(k, n)‖+ ky‖Adiag{u(k, n)}−1‖ · ‖δy(k, n)‖

≤ ‖Ψ‖ · ‖e(k, n)‖+ ε1‖δy(k, n)‖

whereε1 = sup
k∈[0,K]

ky‖Adiag{u(k, n)}−1‖.

Taking norm operation on (8) based on Assumption 1 and 3, yields,

‖δy(k, n)‖ ≤‖δg(x(k, n), d(k, n))‖ ≤ kgx‖δx(k, n)‖+ kgd‖δd(k, n)‖ ≤ kgx‖δx(k, n)‖+ kgdbd (C.8)

Taking norm operation of (7) based on Assumption 1-3,

‖δx(k, n)‖ ≤ ‖δx(k − 1, n) +B(k − 1)δf(x(k − 1, n), u(k − 1, n), d(k − 1, n)) + C(k − 1)δd(k − 1, n)‖ (C.9)

≤ ‖δx(k − 1, n)‖+ bB(kfx‖δx(k − 1, n)‖+ kfu‖δu(k − 1, n)‖+ kfd‖δd(k − 1, n)‖) + bC‖δd(k − 1, n)‖

≤ (1 + bBkfx)‖δx(k − 1, n)‖+ bBkfu‖δu(k − 1, n)‖+ (bC + bBkfd)‖δd(k − 1, n)‖

≤ (1 + bBkfx)‖δx(k − 1, n)‖+ bBkfubβ‖e(k − 1, n)‖+ (bC + bBkfd)‖δd(k − 1, n)‖

≤ ε2‖δx(k − 1, n)‖+ ε3‖e(k − 1, n)‖+ ε4‖δd(k − 1, n)‖

≤ εk2‖δx(0, n)‖+ ε3

k−1∑

κ=0

εk−κ−1
2 ‖e(κ, n)‖+ ε4

k−1∑

κ=0

εk−κ−1
2 ‖δd(κ, n)‖

≤ εK2 bx + ε4

k−1∑

j=0

εk−κ−1
2 bd + ε3

k−1∑

κ=0

εk−κ−1
2 ‖e(j, n)‖

≤ εK2 bx +
ε4(1 − εK2 )

1− ε2
bd + ε3

k−1∑

κ=0

εk−κ−1
2 ‖e(j, n)‖

wherebC = supk∈[0,K] ‖C(k)‖, bB = supk∈[0,K] ‖B(k)‖, bβ = ‖β‖, ε2 = 1 + bBkfx , ε3 = bBkfubβ , ε4 = bC + bBkfd .



14

Substituting (C.8) and (C.9) into (C.7),

‖e(k, n+ 1)‖ ≤ ‖Ψ‖ · ‖e(k, n)‖+ ε1(kgx‖δx(k, n)‖+ kgdbd) (C.10)

≤ ‖Ψ‖ · ‖e(k, n)‖+ ε1kgx

(
ε3

k−1∑

κ=0

εk−κ−1
2 ‖e(κ, n)‖ + εK2 bx +

ε4(1− εK2 )

1− ε2
bd

)
+ ε1kgdbd

= ‖Ψ‖ · ‖e(k, n)‖+ ε1ε3kgx

k−1∑

κ=0

εk−κ−1
2 ‖e(κ, n)‖+ ε1kgxε

K
2 bx +

(
ε1kgxε4(1− εK2 )

1− ε2
+ ε1kgd

)
bd

= ‖Ψ‖ · ‖e(k, n)‖+ ε1ε3kgx

k−1∑

κ=0

εk−κ−1
2 ‖e(κ, n)‖+ ε5bx + ε6bd

whereε5 = ε1kgxε
K
2 , ε6 =

(
ε1kgxε4(1− εK2 )

1− ε2
+ ε1kgd

)
.

Then the convergence ofe(k, n) is proved by usingλ norm operation. From (C.10), multiplying both sides byε−λk
2 , and

taking supremum over [0,K], there exists,

sup
k∈[0,K]

ε−λk
2 ‖e(k, n+ 1)‖ (C.11)

≤ ‖Ψ‖ · sup
k∈[0,K]

ε−λk
2 ‖e(k, n)‖+ ε1ε3kgx sup

k∈[0,K]

ε−λk
2

k−1∑

κ=0

εk−κ−1
2 ‖e(κ, n)‖+ sup

k∈[0,K]

ε−λk
2 (ε5bx + ε6bd)

Since

sup
k∈[0,K]

ε−λk
2

k−1∑

κ=0

εk−κ−1
2 ‖e(κ, n)‖ ≤ ε−1

2 sup
k∈[0,K]




k−1∑

j=0

ε−λκ
2 ‖e(κ, n)‖ε(λ−1)(j−k)

2


 (C.12)

≤ ε−1
2 sup

k∈[0,K]

(
k−1∑

κ=0

( sup
k∈[0,K]

ε−λκ
2 ‖e(κ, n)‖)ε(λ−1)(κ−k)

2

)

≤ ε−1
2 ‖e(k, n)‖λ · sup

k∈[0,K]

k−1∑

κ=0

ε
(λ−1)(κ−k)
2

= ‖e(k, n)‖λ ·
1− ε

−(λ−1)K
2

ελ2 − ε2

Deriving from (C.11),

‖e(k, n+ 1)‖λ ≤ ‖Ψ‖ · ‖e(k, n)‖λ + ε1ε3kgx
1− ε

−(λ−1)K
2

ελ2 − ε2
· ‖e(k, n)‖λ + ε7bx + ε8bd (C.13)

≤

(
‖Ψ‖+ ε1ε3kgx

1− ε
−(λ−1)K
2

ελ2 − ε2

)
· ‖e(k, n)‖λ + ε7bx + ε8bd

whereε7 = sup
k∈[0,K]

ε−λk
2 ε5; ε8 = sup

k∈[0,K]

ε−λk
2 ε6.

With condition of‖Ψ‖ < 1, and a sufficiently largeλ, there exists,
(
‖Ψ‖+ ε1ε3kgx

1− ε
−(λ−1)K
2

ελ2 − ε2

)
≤ ρ < 1 (C.14)

From (C.13),

‖e(k, n+ 1)‖λ ≤ ρ‖e(k, n)‖λ + ε7bx + ε8bd ≤ ρn+1‖e(k, 0)‖λ +
ε7(1− ρn+1)

1− ρ
bx +

ε8(1 − ρn+1)

1− ρ
bd (C.15)

Taking limit asn → ∞ with bounded‖e(k, 0)‖λ, there exists,

lim
n→∞

‖e(k, n)‖λ ≤
ε7

1− ρ
bx +

ε8
1− ρ

bd = cxbx + cdbd (C.16)

wherecx =
ε7

1− ρ
; cd =

ε8
1− ρ

.
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From (C.3),‖δu(k, n)‖ ≤ bβ‖e(k, n)‖, then

lim
n→∞

‖δu(k, n)‖λ ≤ bβcxbx + bβcdbd (C.17)

From (C.14), the convergence condition is‖Ψ‖ < 1. Define

Φ = βdiag{u(k, n)}−1diag{o(k, n+ 1)}

whereΦ is a matrix with all non-negative entries.
Then

Ψ = (I − ΦA)A (C.18)

Based on Lemma 3, taking Euclidean norm and supremum ofΦ over [0,K],

sup
k∈[0,K]

‖Φ‖ = sup
k∈[0,K]

(‖βdiag{u(k, n− 1)}−1diag{o(k, n)}‖) =
bβbo
umin

(C.19)

wherebo = supk∈[0,K](‖diag{o(k, n)}‖), umin = infk∈[0,K](‖diag{u(k, n− 1)}‖).

If 0 <
bβbo
umin

< 2, ‖Ψ‖ < 1, therefore,

0 < bβ <
2umin

bo
(C.20)

Theorem 1 is proved.
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