Iterative Tuning Strategy for Setting Phase Splits
with Anticipation of Traffic Demand in Urban
Traffic Network

Yu Wang, Danwei Wang, Shangtai Jin, Nan Xiao, Yitong Li andiliEntrazzoli

Abstract

Facing large-scale urban traffic network, countless effiag been made toward intelligent and efficient urban traiicrol
system to better use existing traffic infrastructures. Rthgea novelty pre-timed traffic signal control strategyolun as Iterative
Tuning (IT) has been developed by exploiting repetitiverabteristic of junction’s vehicle throughput on workingydawhich is
sufficiently efficient in under-saturated traffic condito his paper further improves IT strategy in saturateditrabnditions with
consideration of traffic demand including vehicle througthgnd residual queued vehicles. Unlike conventional prned strategies,
preparation of signal schedules is not required in IT siratnd fine-tuning process executes iteratively and auioatlgt This
paper proposes a generalized traffic model to describe umblavork dynamics and explicit split tuning algorithm. Witlt specific
control trajectories, rigorous analysis generates safftccondition for guaranteeing the convergence of IT gsatgobally over
repetitions. The robustness of IT controller to variatiafdraffic flow patterns and errors of initial conditions isalanalysed
in details. Commonwealth Avenue, an area with heavy traffiSingapore, is demonstrated in simulations and simulagsalts
indicate the effectiveness and robustness of IT strategy.

Index Terms
Iterative Learning Control, Urban Traffic Signal Controtaffic Flow Patterns.

I. INTRODUCTION

With ever-increasing traffic mobility, urban traffic signebntrol plays an important role to better utilize existinopd
infrastructures. Roughly speaking, traffic signal contsotlassified as pre-timed signal control and traffic-respansignal
control [1]. Recently most research focuses on trafficoasjve signal control, such as Store-and-Forward appesaf?i,
BLX [3], etc. While large numbers of signal controllers ineusurrently are still pre-timed, and pre-timed signal sctesl
can be coupled with traffic-responsive signal control to-fumge signal control parameters to have better controloperdnce
[4]. Therefore, this paper aims to further develop pre-tinsignal strategy in urban traffic signal control.

For pre-timed signal control, the prerequisite is the riéigetcharacteristic of traffic demand. Festin [5] studibe general
daily traffic profiles in the United States and five areas fa pleriod 1970-1995 and showed that daily traffic profiles were
repetitive on a weekly basis. Roess al. [6] showed that typical variations of daily traffic patterwgre aroundl3% and
16% on weekdays and weekends, respectively. Wangl. [7] evaluated the phase-based traffic flow patterns in Siogap
and indicated the coefficients of variations were below 20% 85% during peak hours on working days and weekends,
respectively.

Since 1950s, traffic signal settings were proposed to opérphase splits and cycle length for isolated junction [8. A
increasing traffic demand varied largely in morning and ewgrpeak hours, Time-of-day (TOD) approach was proposed
to segment a day into several time intervals during whicliedgiht signal plans are applied. Hausdral. [9] considered
the application of data mining tools to help design switghpoints in traffic signal control. Smitkt al. [10] proposed a
computational approach to automate the identification tefrirls within allowable cluster size using a high-resolutlefinition
of system states and optimized the signal timing plans basethe set of archived data. Brian Paek al. [11] optimized
the breakpoints through minimization of within-clustestdince and maximization of between-cluster distances.gvébral.

[12] used clustering algorithms to re-estimate the TODrirgtks and optimize the signal timing plans for each TOD wdér
Guo and Zhang [13] proposed the time of traffic occurring as dimension in clustering to consider the coordination of a
corridor. In each grouped cluster, suitable signal planeevealculated by commercial simulation tools, such as TRXNS
series, Synchro series, etc.

For pre-timed strategies, preparation and fine-tuninggs®of signal schedules for new junctions are quite timeswoing
and labour-intensive. Meanwhile, traffic was estimatedxjpeeience an additional 3-5% delay time per year as a coesegu
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of gradual changing traffic conditions [14]. Signal re-timiprocess is required after several years when performainite
signal control system gets relatively worse.

To enable the fine-tuning capability of pre-timed signaltcoln iterative learning approach was proposed to autanfate-
tune signal schedules. Traditionally, Iterative Tuningatréng (ILC) methodology [15] is usually applied to fine-eunontrol
input to systems that operate repeatedly and to track af&pefierence over repetitions. The application of ILC ir#s many
industrial systems [16] in manufacturing, robotics [17§amemical processing. This approach had been first apmetehsity
control of freeway traffic flows with repeatable patterns actiieved robust performance [18]. Huagtgal. [19] proposed an
iterative learning approach by using traffic assignment ehtal find the global optimal signal control and flow pattertign
traffic signal controller was designed to drive traffic patteapproaching the desired flow patterns. Wangl. [20] proposed
Iterative Tuning (IT) strategy by considering repetitivehicle throughput and obtained considerable performdmiceias the
first trial to apply iterative learning approach without sifie control reference.

In order to further improve the performance of IT strategpatitive traffic demand is used in this paper to tune traffic
signals. Traffic demand includes not only the vehicle thigug at a junction, but also residual queued vehicles bdfmetop
line of junctions. In case of saturated condition, trafficndad rather than vehicle throughput reveals the real tredfizlitions.

The main contribution of this paper with respect to propoSedtrategy [20] includes: 1) IT offers generalized nonéne
model to describe traffic dynamics and explicit algorithm $plit tuning. The preparation of initial signal plans idirary
and the fine-tuning process executes iteratively and autoatls. 2) As traffic flows fluctuate largely during differetime for
every junction, it is difficulty to provide desired controhjectories for traditional ILC approaches. Without tcageies, error
function with traffic demand is proposed in this paper. Rigmr analysis provides sufficient condition for guarantgdhe
convergence of IT strategy over repetitions. 3) Urban taf@étwork in Singapore with real traffic demand is simulated a
validates the convergence, efficiency and robustness ofréifegy.

In this paper, cycle time and offset are assumed to be fixdg;ghrase split is tuned here. The rest of this paper is orgahiz
as follows: Section Il states the problem of urban traffimalgcontrol. Section 1l describes IT strategy in detailsl afows
the convergence of IT strategy with traffic variations. 8sctV presents case studies based on real traffic flows. @ecti
V analyses simulation results, validates the convergendeedficiency of IT strategy. Section VI concludes this papad
suggests some topics for further research.

[I. PROBLEM STATEMENT
In this section, a generalized traffic model is proposed &rdee traffic dynamics.

A. Notation

This paper considers traffic dynamics based on lane gioapF;, where F; is the set of all lane groups of junctigfn
Referring to [6], lane group is defined for one or more lanea thk approaching one junction that have the same direction
Traffic flows are controlled by phase time, which is the greeration of phase € P;, whereP; is the set of all phases of
junction j. Evolution of traffic dynamics is described cycle by cycleaill variables defined for junction € J and entire
network are listed here, wherkis the set of junctions.

k index of cycles, and: € [0, K], whereK is maximum number of cycles.
x;:(k)  number of vehicles on lane groupof junction j when signal turns from red to green at cyéle

zji(k)  vehicle throughput on lane groupof junction j during green signal at cycle.

¢;,:(k)  number of residual queued vehicles on lane growp junction j when signal turns from green to red at cyéle
y;i(k)  traffic demand on lane groupof junction j at cyclek.

uji(k) green time duration for lane groupof junction j at cyclek.

0;i(k) degree of saturation (DS) for lane groupf junction j at cyclek.

d; (k) disturbances on lane grodmf junction j at cyclek.

ujp(k) green time duration of phagefor junction j at cyclek.
o;p(k) critical DS for phasep of junction j at cyclek.
(k) error of critical DS for phase of junctionj at cyclek.
Nji number of lane groups for junction
Li(k)  {z;:(k), zj.:(k), gj:(k), yji(k), u;:(k), 0;:(k), d;i(k)}, the set for lane group of junction j at cyclek.
v;,i(k)  any element of’; ;(k), i.e.,v;:(k) € T';,(k).
I';k) {x;(k), zj(k), q;(k), y;(k), u;(k), 0;(k), d;(k)}, the set for all lane groups of junctighat cyclek.
;(k)  any element of; (k), i.e.,v; (k) € T;(k). v (k) = [v;1(k),v52(k), .., v, . (B)] T
Njp number of phases for junctiof
Zipk)  {u;p(k), 0jp(k), e;p(k)}, the set for phasg of junction j at cyclek.
&p(k) any element o, ,(k), i.e., & (k) € E; p(k).
Zi(k)  {u;(k), o;(k), e;(k)}, the set for all phases of junctighat cyclek.
&(k)  any element of;(k), i.e., &;(k) € E;(k). &;(k) = [§1(k),&2(k), ... &in,, (R)] T



N number of junctions in the network.

r'(k) {x(k), z(k), q(k), y(k), u(k), o(k) d(k)}, the set for all lane groups of entire network at cykle

~(k) any element of'(k), i.e.,y(k) € T(k). v(k) = [/ (k),v5 (k), ...,y (k)] .

E(k) {u(k), o(k), e(k)}, the set for all phases of entire network at cykle

£(k) any element oE(k), i.e.,£(k) € E(k). (k) = [¢] (k), &5 (k), ..., &0 (k)] T.

n index of iterations.

L'(k,n) {x(k,n), z(k,n), q(k,n), y(k,n), U(k,n), o(k,n), d(k,n)}, the set for all lane groups of entire network at cycle
k in iterationn.

~(k,n) ~(k,n) in iterationn. v(k,n) represents any element Bfk,n), i.e.,vy(k,n) € T'(k,n).

E(k,n) {u(k,n), o(k,n), e(k,n)}, the set for all phases of entire network at cykla iterationn.

&(k,n)  &(k) in iterationn. £(k,n) represents any element &f(k, n), i.e.,&(k,n) € E(k,n).

B. Traffic Model

For an urban network, junction’s diagram is shown in Fig. if. E(a) shows the indexes of lane groups for single junction
with phase specification. In Fig. 1(b), three adjacent jiomstjy, j; andjo are illustrated with lane groups, where the indexes
of lane groups follow the similar way in Fig. 1(a).
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(a) Single Junction (b) Three Junctions’ Diagram

Fig. 1. Single junction with indexed lane groups and threefions’ diagram. In Fig. 1(b), three adjacent junctigis j1 and jo are illustrated with lane
groups. The indexes of lane groups follow the similar way ig. E(a).

As shown in Fig. 1(b), the dynamics of;, 1(k), x;, 2(k), x;, 3(k) are updated by vehicle throughput 2(k), z;,.6(k),
zjo,10(k) andz;, 1(k), zj, 2(k), zj,,3(k) at connectors at junctiongg andj;, respectively with disturbances, 1(k), d;, 2(k),
dj1-,3(k)! i.e.,

zj 1 (k +1) =z, 1(k) = 25,,1(k) +75,,1(F) (2)o,2(k) + 2j5,6(k) + 2jo,10(k)) + djy 1 (k) 1)
zj 2(k + 1) =5, 2(/*?) zjy,2(k) + 14, 2(k) (2jo,2(k) + 2jo,6(k) + 2j5,10(k)) + djy 2(k)
Lj1,3 (k + 1) =Zj1,3 (k) %j1,3 ( ) + 75,3 (k)(zjm?(k) + Zjoﬁ(k) + Zjo,lo(k)) + d]17 (k)

(

where r;, 1(k), 75, .,2(k), r; 3(k) are turning ratios of vehicles driving inte;, 1(k), z;, 2(k), x; 3(k) of junction ji,
respectively, and satisfy;, 1(k) +rj, 2(k) +rj, 3(k) = 1.
For junctionj, traffic statesz; ;(k),Vi € F} is rewritten as state space model based on (1), i.e.,

Xj(k+1) =x;(k) + Bj(k)z;(k) + > Bl.(k)z;- (k) + C;(k)d;(k) (2
SN
wherex; (k),z;(k),d;(k) € T';(k); matricesB, (k) = —I, where! is the identity matrix;B-;; (k) andC}(k) contain network
information, such as turning ratios and road connectighs J, j* # j indicates all junctions except junctign
For the entire network withV junctions, traffic stateg;(k),Vj € J is rewritten based on (2),

x(k + 1) = x(k) + B(k)z(k) + C(k)d(k) 3)

wherex(k), z(k),d(k) € T'(k); B(k) represents all the control effects 8 (k) andBj.; (k); C(k) = diag{C1(k), Ca(k), ...,
Cn(k)}.

Referring toTraffic Engineerind6], traffic demandy(k) indicatesarrival flows which is the number of vehicles that desire
to travel pass a point during a specified period. In undarratgd conditions, phase durations are sufficient to cléaehicles
and there is enough space in the downstream links, no vehack queued. Otherwise in saturated conditions, large aersmb
of vehicles are queued until the next cycle. Therefore, dehydk) is related to number of vehicledk) and disturbances
d(k), which is formulated as nonlinear function, i.e.,

y(k) = g(x(k), d(k)) (4)
wherey(k) € T'(k).



Vehicle throughputz(k) is the minimum value amongst traffic demawp@:), number of vehicles driving through within
allocated green time(k), and available road space in the downstream links. Sincemuex volumes in the next links are
fixed, available road space is determined by vehiglég on those links. Therefore, a nonlinear function is illusdhas,

2(k) = f(x(k),y(k), u(k), d(k)) (5)

whereu(k) € E(k).
Substituting (4) into (5), there exists,

2(k) = f (x(k), g(x(k), d(k)), u(k),d(k)) = f(x(k), u(k),d(k)) (6)

For the entire network, substituting (6) into (3), and taffiemand (4), state space model (7)-(8) represents thectraffi
dynamics,

X(k + 1) =x(k) + B(k) f(x(k),u(k), d(k)) + C(k)d(k) @)
y(k) =g(x(k),d(k)) (8)

The above state space model is a generalized form to charactbe dynamics with consideration of upstream and
downstream vehicles. In S model [3], vehicle throughput dechand per sampling time are expressed as leaving average
flow rate and arriving average flow rate, respectively. Stord-forward models [2] also try to formulate the functioh o
vehicle throughput mathematically. IT strategy is a daiaeth strategy and two nonlinear functions are not requinedietails.
Vehicle throughput and demand are anticipated based ooricst repetitive traffic pattern. Traffic model (7)-(8) avaly used
for convergence analysis.

C. Control Objective

In this paper, the objective of IT strategy is to balanceigaitdegree of saturation (DS) for all junctions during thrgire
period iteratively. From Chapter 21 dfaffic Engineering6], the v/c ratio, or DS, is the ratio of demand flow rate over the
capacity. From Webster algorithm [8], it is suggested tihat least delay is obtained when green periods of phases are in
proportional to the corresponding ratios of flow to satwratilows. The same to Webster algorithm, the balanced drii&
for all junctions in urban network will obtain the nearly leat delay time.

The same to Equation (21-3) in [6], D& ;(k) for lane groupi of junction j can be rewritten as,

- yiilk) . .
0j.i(k) = Sj,iaj,i(k)’vj € J,Vi € F} 9)
wheres; ; is saturation flow for lane groupof junction j.
Critical DS 0, ,(k) is the largest DS of lane groups belonging to the same phasea function shown in Fig. 1(a), phase
specification is predefined and fixed in general, there exists

0j,1(k) = max{0;2(k), 0;s(k)}
0j,2(k) = max{0;,3(k), 05,0(k)}
0j,3(k) = max{0;5(k), 05,11 (k)}
0j,4(k) = max{0;,6(k), 0j,12(k)}

The above relationship is formulated as follows,
0;(k) = P(0;(k)) (10)

whereo; (k) € T';(k); 0j(k) € E;(k); function P(-) formulates phase specification.
As phase time also has the relationship similar to DS, theisse

uj(k) = P(U;(k)) (11)
whereu; (k) € T';(k); u;(k) € E,(k).
Substituting (9) into (10), i.e.,
0;(k) = P (diag{s; } ~'diag{T; (k)} 'y, (k)) = diag{u; (k)} P (diag{s;} 'y, (k)) (12)

h i =1[s51,8; ; T
wheres; = [s;1,55,2,..-,5N;,] -
Then errors of critical D®;(k),Vj € J can be obtained as critical DS minus mean value of criticaff@Sunction j, i.e.,

ej(k) =0;(k) — ﬁij,p,Nj,poj(k) = A;0;(k) (13)



1
wheree;(k) € E;(k); Aj = In, , — I
matrix with dimensions ofV; , x IV; ;m
Substituting (12) into (13), i.e.,

~—JIN,.,.N;+ In;, is the identity matrix with dimensions a¥; ,; Jn, , ~;, is all-ones

ej(k) = A;diag{u,(k)}~'P (diag{s;} 'y, (k)) (14)
For overall network, (14) is rewritten as,
e(k) = Adiag{u(k)}~'P (diag{s} 'y(k)) (15)
wherey(k) € T'(k); e(k),u(k) € E(k); A =diag{A1, As,...,An};S=[s]{,59,...,54] .
The objective of IT strategy is to minimize all elementsebﬁ:) vk € [0, K] to be O over repetitions, i.e.,
ii_r)noo e(k,n) — 0, Vkel0,K] (16)

wheree(k,n) € E(k,n) is error of critical DSe(k) on iterationn.

Traditional iterative learning approaches [16] are desijto track specific trajectories. As traffic demand variegdly at
different time of a day for every junction, iterative appcbaapplied to urban traffic control [19] uses traffic assigntmaodel
to predefine the specific trajectories. This predefined poizlabour-intensive and the control performance will eednined
by the accuracy of traffic assignment model. In contrasgreatk, n) in IT strategy is calculated in (15) by demamtk, n)
and phasei(k, n) without desired trajectories.

With respect to IT strategy proposed in [20], IT strategyxteaded to be suitable for under-saturated and saturatetitmms
with traffic information of traffic demang(k) rather than vehicle throughpafk). IT considers not only vehicle throughput, but
also residual queued vehicles especially in saturatedibomsl For certain phase in under-saturated and satucateditions,
degree of saturation will be; ,(k) < 1 ando,,(k) > 1, respectively. In this paper, the saturation flow is assutoede
constant in different traffic conditions.

For the single junction with repetitive traffic flows, desinehase durations can be calculated directly by assigaitig = 0.
For the network with multiple connected junctions, balagccritical DS of certain junction will affect other junctis in the
network to be unbalanced. IT strategy considers the neigfitog junctions’ coupling effects iteratively and apprbhas the
objectives of all junctions during the entire period sirankously.

IIl. | TERATIVE TUNING STRATEGY AND CONVERGENCEANALYSIS

Throughout this papel] - || denotes Euclidean norm. In mathematics, for square maffjxthe spectral radiup(M) is
defined as follows,
p(M) = max{|rx}

wherer, is ther!" eigenvalue ofM .
Lemma 1. As indicated of Corollary 10.29, Chapter 10 Applied Linear Algebra[21], if matrix M is symmetric, its
Euclidean matrix norm is equal to its spectral radius, i.e.,

[M]| = p(M) (17)
To facilitate the tuning convergenck,norm of a vectore(k) is defined, i.e.,

le(k)lx = sup a=**[le(k)|| (18)
ke[0,K]

where\ > 0 anda > 1.

A. Assumptions
Assumption 1. Referring to traffic model (7)-(8) and objective functiorbj1functionsf (-, -, -), g(-,-) andP(-) are uniformly
globally Lipschitzon a compact set with respect to their argumentskfer [0, K, i.e
IIf (x(k,n+1),u(k,n+1),d(k,n+ 1)) — f(X(k,n),u(k,n),d(k,n))| (19)
< kg |Ix(k,n+ 1) — x(k,n)|| + ku|Ju(k,n 4+ 1) — u(k,n)|| + kg, ||d(k, n + 1) — d(k,n)|]
lg(x(k,n +1),d(k,n + 1)) = g(X(k,n), d(k,n))[| < kg, [|X(k,n + 1) = X(k,n)[| + kg, |d(k, n + 1) —d(k,n)[  (20)
[P (diag{s} ~'y(k,n + 1)) — P(diag{s} "y (k,n))|| < ky|ly(k,n +1) = y(k,n)]| (21)
wherex(k,n),y(k,n),d(k,n) € L'(k,n), u(k,n) € E(k,n); k., ku, kr,, kg, kg,, ky, areLipschitzconstants.



Assumption 2. The initial traffic states and error of initial traffic statase bounded by, and b, throughout repeated
iterations, respectively, i.e.,

1%(0,n)[| < bz, Vn (22)
[x(0,7 4+ 1) —=x(0,n)[| < bz,  Vn

wherex(0,n + 1) andx(0,n) are initial traffic statex(0) in iterationn + 1 andn, respectively.
Assumption 3. The disturbanced(k) form traffic flows in the urban network. Disturbances and eabdisturbances are
bounded byb; andb, throughout repeated iterations, respectively, i.e.,

sup ||d(k,n)|| < bg, Vn (23)
k€0, K]

sup ||d(k,n+ 1) —d(k,n)|| <bs, Vn
ke[0,K]
whered(k,n + 1) andd(k,n) are disturbanced(k) in iterationn + 1 andn, respectively.

Assumption 4. There exists control inpui(k,n) € [umin, Umaz] Whenn — co that can exactly drive errors of critical DS
e(k,n) to be zero over the finite cycl®, K|, whereuw,,;, andu,,., are predefined minimum and maximum phase duration,
respectively.

Assumption 1 requires traffic model to be globdllypschitzcontinuous. For traffic dynamics in reality, number of védsc
x(k,n), demandy(k,n) and vehicle throughput(k,n) of lane groups are always bounded by the road maximum volumes
and lane groups’ capabilities, which can ensure the satisfaof the globalLipschitzcondition.

Assumption 2 is reasonable as number of vehicles is boungléotdl volumes of certain lane group. In reality, traffictsta
around 6 a.m. are very small, which can be regarded as iiisifiic states. From data analysis of urban network [7]fitaf
states on every day are similar and approach O.

Assumption 3 is reasonable since vehicles driving in andoduietwork are bounded by the capabilities of parking lots. A
shown in [7], variations of disturbances is below 20% on vimgkdays.

Assumption 4 is acceptable since control assignment shmeilidasible.

B. Iterative Tuning Controller
For entire network, IT strategy is constructed as followss., i

u(k,n+1) =u(k,n)+ pe(k,n) (24)

where is a diagonal matrix, where diagonal entries are positiwt member.
Define 5, as diagonal matrix for junctiof, there exists,

ﬁ = diag{ﬂlaﬁQa e 7ﬁN}
In urban traffic network, phase constraint should be sadisii follows,
> uj(k,n) +t, = C,Vk € [0, K], ¥n (25)

whereu;(k,n) is phase duration; (k) in iterationn; ¢, is total lost time in one cycle' is the cycle time.
Lemma 2. For junctionj € J, assuming phase durations(k, 1) in iteration1 satisfy the constraint in (25), i.e.,

> Uk, 1)+t = C,Vk € [0, K] (26)

To satisfy the constraint in (25) over repetitions, all diagl entries of3; are set to be equal, i.e3; = bg, I, wherebg, is
a scalar,l is identity matrix.

Proof. See Appendix A. O

Lemma 3. For junctionj, as defined in (13), there exists matuy = I,,, — %ijm. wherem is integer, thend; is
idempotent matrix, i.e.,
Aj = AjA; (27)

Let V; = (I, — ®;A4;)A;, and®; = diag{p1, ¢z, ..., ¢}, Wherepy, éo, ..., ¢, are positive scalar. Definey,, = || ,],
if 0 <bs, <2, there exists,
e <1 (28)

For entire network, as defined in (15),= diag{ A1, As,..., Ax}, then A is also idempotent matrix, i.e.,

A=AA (29)



Let U = (I — PA)A, and® = diag{ Py, Ds,..., P }. Definebs = ||®||, if 0 < bg < 2, there exists,
[P <1 (30)
Proof. See Appendix B. O

Theorem 1. Consider traffic dynamics described by nonlinear model &J)with objective function (15) and IT controller

(24) under Assumptions 1-4, choosing an appropriate tumagix 8 = bgl such thatd < bg < umin, the error of critical
DS e(k,n) and phase differencéu(k,n) are bounded over repetitions, i.e., °

nh_)rrgo lle(k, n)|[x < cubs + caba (31)

nl;rrgo [lou(k, n)||x < bgcgbs + bgcaba (32)

wheredu(k,n) = u(k,n + 1) — u(k, n); ¢, cq, bg andb, are defined in Appendix C.
Proof. See Appendix C. O

Remark 1. As stated in (31) and (32), the bounds &ifn [le(k,n)[x and lim [|du(k,n)| depend on the bounds of the
n—oo

initial conditionsb,,, variations of disturbanceds; and tunlng parametef. Note that ifb, andb, tend to 0O, errors of critical
DS tend to 0, and phase durations approach steady states.

Remark 2. For the entire network, every junction has its own controlieor local controller of junctionj, only the
local information, such as traffic demand is required. Witmsideration of traffic states(k) in (7), these controllers work
cooperatively toward balancing critical DS for all junei®during the entire period. Therefore, IT strategy is deedned
methodology and capable for large-scale network.

Remark 3. The tuning convergence only depends on minimum green tirdeveaximum DSh,,, whereb,, is bounded since
the storage capacities of lane groups are fixed. The unblaithsturbances do not affect sufficient condition for gueeing
convergence. Therefore IT strategy is suitable for compldan traffic control when uncertainties of traffic dynamassst.

Remark 4. Traffic model (7)-(8) is a generalized form, which can be difiga to be store-and-forward model [2] and BLX
model [3]. Theorem 1 validates the convergence of IT colg@ralnder store-and-forward model and BLX model.

IV. CASE STUDIES
In this section, Commonwealth Avenue in Singapore with keeaffic demand is simulated in Vissim (Fig. 2).

Fig. 2. Commonwealth Avenue in Singapore

A. Case Description

Referring to [22], Origin-Destination (OD) pairs are mgirdesigned to construct traffic flows close to the real situregi
on working days. In Vissim, traffic conditions are complgtielentical for all algorithms. Simulation period is 15 heurom
07 : 00 am to 10 : 00 pm with time intervalT = 15 mins, which includes most of heavy traffic period. Real traffic ditions
are simulated with 94.62% accuracy rate.

Two cases are considered here,

1) Case I: OD matrices without any variation

2) Case Il: matrices with certain variations

At first, a set of OD matrice®D are obtained and simulated in Case |, which shows the coemeegof IT strategy without
traffic variations. Then numbers of sets of OD matrié®®, are calculated in (33) to generate traffic variations in Gase
The first term in (33) is designed to generate traffic varietiand the second term aims to change traffic flow patterns.

OD,(1) = p1R1 - OD(7) + p2Rs - OD(7) + OD(7), V7 (33)



wherep; and . are scalar amplifier factor®®; is matrix of random numbers with proper dimensions, and edement in
Ry € [—1,1]; for Ry, its (s,t)"" entry is calculated ag—1)+1),

In case Il, 100 sets of different OD matrices are generatd83s which are categorized into three parts: part i (1-Isju
o1 = 0.15; o = 0. This part is analyzed to calculate conventional pre-tirsiggial schedules and fine-tuning process for IT
strategy. Part ii (11-50 runsp; = 0.15; ¢2 = 0. This part aims to compare the network performance of difiestrategies
with bounded traffic variations. Part iii (51-100 rung): = 0.15; p2 = 0.2. The part aims to show the feasibility of IT strategy
with respect to changed traffic flow patterns.

Total vehicle inputs of the network are shown in Fig. 3(a).th& beginning vehicle input is quite small, which initiafz
traffic dynamics in the network. The overall simulationslinte morning peak period, evening peak period and afternoon
non-peak period. In Case Il, there are 100 scenarios wiflerdifit time-sliced OD matrices designed based on (33). tUnde
single pre-timed strategy, coefficient of variations intpafor five junctions are shown in Fig. 3(b). The average vailsie
9.45%, which is quite similar to the real conditions durirgphy traffic period of working days.

Regarding to the assumptions made in Section Ill.A, sinutaplatform has predefined road volumes and junctions’
capabilities based on the reality for Assumption 1. The ldomnAssumption 2 and 3 are determined by sets of OD matrices
generated in (33). For Assumption 4, there exists plasék, n+ 1) beyond the constraints in certain cyéewhich indicates
that there is no feasible phase duration to balance crib&l As functionsat[-] in (34), letw; ,(k,n + 1) = Umin OF Umag,
phases of junction are tuned to balance critical DS without this phase

’U/j7p(]€, n+ 1)7 if Umin < uj,p(k7n + 1) < Umaz:

sat(ujp(k,n+1)] = Unmaa, if wjp(k,n+1) > tmas; (34)
Upnin s if ujp(k,n+1) < Upin.
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Fig. 3. Traffic Conditions of Commonwealth Avenue in Singapo

B. Signal Control Strategies

Several signal control strategies are simulated for coispas. Pre-timed signals are obtained from Webster alguar[8].
Single Pre-timed: one pre-timed signal plan for each jumctiuring the entire period.
TOD Pre-timed: three pre-timed signal plans for morningkpedternoon non-peak and evening peak hours, respectively

IT with Init: IT strategy with initialized signal schedulewhich is obtained from single pre-timed signal plan.

IT without Init: IT strategy with arbitrarily initialized ignal schedules. For junctiof the initial green time are allocated
equally, i.e.,u; ,(k,1) = (C' —tr)/N;,,Vk € [0, K].

IT of VT: IT strategy with traffic information of Vehicle Thrgghput (VT) as stated in [20].

In simulation, rounding operation to nearest integer ietafor phase durations as simulation software can only iiyent
integer. IT controller in (24) is used as follows, i.e.,
u(k,n+1) =R (uk,n) + Be(k,n)) (35)

where® is the function of rounding to nearest integer. In certaémation, if cycle time accumulated hy; (k) is not equal to
cycle timeC because of rounding operation, the largest phgggk),p € P; is adjusted to be equal 0.

C. Criteria of Comparison

Total Number of Vehicle (TNV): total number of vehicles whibave left the network.
Average Delay Time (ADT): delay time per vehicle, where gidime is the subtraction between total travel time of
all vehicles and total free-flow travel time.



Average Number of Stops (ANS):  stop per vehicle, where saunted if the speed of the vehicles was greater than zero
at previous time step and is zero currently.

Reductions off4pr and I 4xs are calculated as follows,

ADTsp — ADT ANSgp — ANS
I = x1 -1 =  x1 : 36
ADT ADTsp x 100%; Ians ANSsp x 100%; (36)

where ADTsp, ANSsp are ADT and ANS under single pre-timed strategy.

V. SIMULATION RESULTS

In this section, simulation results in two cases are sunmedriAverage Phase Differen@én) accumulated indicates the
convergence of phase time for iterationi.e.,

b(n) = ;) S Y Juiplhn+ 1) — ugp(k,n) (37)

K(ZJEJ Nj,p ke[0,K] j€J pEP;

wherew; ,(k,n + 1) andu; ,(k,n) are the phase; ,(k) in iterationn + 1 andn, respectively.

A. Case |: Without Variations

In Case I, one set of OD matrices are simulated over repasitim the first iteration, phase durations under singletipned
strategy obtained from Wester algorithm are applied. Thgitegations are run to tune phase splits by IT strategy.

Errors of critical DS shown in Fig. 4 indicates the convergenf tuning process. In the last iteration, norm of errors
|/diag{e;(k,n)}||, Yk for 5 junctions are illustrated respectively in Fig. 4(axcarding to (35), ands, = 10,Vj € J, phase
durations will not be tuned oncgdiag{e;(k,n)}|| < 0.05, sincebg,||diag{e;(k,n)}| < 0.5 and rounding operation takes it
as 0. From Fig. 4(a), most of errors are below 0.05. Thereareral points exceeding 0.05 because of rounding operadion
nearest integer.

Norm of errors||diag{E(n)}|| for the network is illustrated in Fig. 4(b), wheEgn) = [e (1,n),e" (2,n),...,e" (K,n)]T. It
represents the maximum errors of 5 junctions during theeptgriod along with number of iterations. The errfpdsag{E(n)} ||
converge very fast within first ten iterations and approadteady states of 0.1022 aft*" iteration.
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Fig. 4. Norm of Errors of Critical DS for Overall Network andv€ Junctions

Meanwhile, average phase difference is calculated to ateithe convergence of phase duratiak, n), Vk. As shown in
Fig. 5(a), average phase difference is 0 and phase duratiach steady states aft29” iteration. The simulations without
variations validate the convergence of IT strategy provedheorem 1 and stated in Remark 1.

Moreover, along with phase durations tuned iterativelgrage delay time for overall network is deceased and appesac
steady state of 54.84/veh (Fig. 5(b)). In the first iteration, average delay time unsiegle pre-timed strategy is 67.83veh.

IT outperforms pre-timed strategy by 18.23%. As stated hytrob objective in Section Il, balancing degree of satunatcan
have nearly lowest delay time, but not the best performafice.best performance shown in Fig. 5(b) is 52s54¢h, which
is quite close to steady state of 54.8eh.

B. Case II: With Variations

As shown in Fig. 6(a), average phase difference is approgdieady state of 0.24 and below 0.38 second per phasey, rathe
than 0 in Fig. 5(a). Without phase initialization, signahedules are tuned substantially at the first few iteratibusing part i
(11-50 runs), average phase difference are quite simildr and without initializations. Since traffic flow patterng a&hanged
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from 51*" iteration, phase difference increases suddenly and résunormal states after 4 iterations. The simulations védida
Theorem 1 that total phase difference are bounded by 0.38dguer phase with respect to bounded traffic variations.

The average delay time for four signal schedules are caédiland depicted in Fig. 6(b). Roughly speaking, during part
ii (11-50 runs) and part iii (51-100 runs), IT strategy istbethan single pre-timed and TOD pre-timed signal schedule
strategy with and without initialization looks similar, weh indicates labour-intensive preparation of signal sicihes for a new
junction is not required in IT strategy. During part iii (3DO0 runs), performance of single pre-timed and TOD predisignal
schedules gets worse due to the changed traffic flow pattereentrast, IT strategy learns traffic flow patterns iterelif and
automatically. Delay time returns to normal states aftetedations. The performance in part iii (51-100 runs) showeg 1T
strategy adapts to gradual changing traffic flow patterns.

The average performance during 11-50 runs are summariz8ahbte 1. Reduction of ADT and ANS for all strategies
presented in bracket are calculated by (36). At the end ofilsition period, traffic demand is quite small and there is no
congestion everywhere, then TNV is very similar. Averagiagéime during 11-50 runs is 54.4720Qveh. Compared with
delay time of 54.8%/veh in Case |, variations of traffic demand may not affect the oekwerformance when traffic demand

is highly repetitive as working days. It indicates the fedgy of IT strategy on working days without unforeseenffia
incidents.

TABLE |
AVERAGE PERFORMANCE

Algorithm TNV (veh) ADT (s/veh) ANS

Single Pre-timed 32904 69.1373 1.5694
TOD Pre-timed 32902 62.2507(9.96%) 1.4215(9.42%)
IT with Init 32909 54.4790(21.20%) 1.2494(20.39%)
IT without Init 32908 54.2354(21.55%) 1.2442(20.72%)
IT of VT 32908 57.4241(16.94%) 1.3261(15.50%)

TOD Pre-timed, IT strategy with and without initializati@an reduce delay time by 9.96%, 21.20% and 21.55%, reduce
number of stops by 9.42%, 20.39% and 20.72%, respectivdlgrefore, IT strategy considerably improves the network
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performance on working days. Besides, with consideratibresidual queued vehicles, the performance of IT with traffi
demand outperforms vehicle throughput stated in [20] by6%3and 4.89% on ADT and ANS, respectively. It shows that
traffic demand is more reliable to reflect real traffic cormfis.

VI. CONCLUSION

Iterative Tuning (IT) strategy is the first trial to apply Hétive Learning Control (ILC) approach to urban traffic sign
control without specific control reference. This paper eate|T strategy for phase splits to be capable for underratzid
and saturated traffic conditions on working days by takiradfitt demand into consideration. IT controllers of all junaos
tune daily traffic signal schedules iteratively and autdcadly to balance critical degree of saturation (DS) for jgiiases.
Time-consuming and labour-intensive preparation and tfinéig process of pre-timed signal schedules are not reduny
more. With generalized traffic model and explicit tuningaithm, sufficient condition for guaranteeing the conveige of
IT strategy is investigated in details by analysing the stbess to traffic variations and errors of initial condiso8imulation
results validate the convergence of IT strategy with andhauit variations. Comparing with pre-timed strategy, ITasgy
considerably reduces delay time and number of stops forativeetwork. With changed vehicle inputs, IT strategy learn
traffic patterns and fine-tunes phase durations within a ferations.

The future work will focus on IT strategy with reactive comgation, which can respond to non-repetitive disturbances

APPENDIXA
PROOFOF LEMMA 2

Proof. In this paper, lost time;, and cycle timeC' are assumed to be fixed. Define(k,n), e;(k,n) aso,(k), (k) in
iterationn, with IT controller (24), there exists,

uj(kan+1) = uj(kan)+ﬂjej(kan) (Al)
Summing up all elements of all vectors on both sides sefdgrate
>ouilen+1) = ui(k,n) + ) Biei(k,n) (A.2)

Vectore;(k,n) = A;0,(k,n) is defined in (13). With matrixd,;, >"e;(k,n) = 0 for any vectoro; (k, n).
If all entries of 3; are equal, i.e.3; = bg,I, for any vectoro;(k,n), there exists,

> Bigi(k,n) =0 (A.3)
Substitute (A.3) into (A.2), yields,
> ouilkn+1) = uj(k,n) (A.4)
Assuming phase durations (k, 1) satisfy,
> ui(k,1) 4+t = C,Vk € [0, K] (A.5)
With (A.4), there exists,
> uj(k,n) +tr = C,Vk € [0, K], ¥n (A.6)
Lemma 2 is proved. O
APPENDIXB

PROOF OFLEMMA 3
Proof. For A; = I, — £ Jruxm,

1 1 1 1 1
AjAj = (Im - Ejmxm)(lm - Ejmxm) = ImIm - 2Imgjm><m + Ejmxmgjmxm (Bl)
1 1 1
= Im - 2_u7m><m + _jmxm = Im - _jmxm = Aj
m m m

Therefore,A; is idempotent matrix.
From [23], for idempotent matrixl;, there exists,
rank(A;) =tr(4;) =m—1 (B.2)

wheretr is trace of matrix.

Let r. € r be eigenvalue, and is the vector of eigenvalues of;. Thenr = [0,1,1,...,1], where there are only 1
eigenvalue equal to 0 andn — 1) eigenvalues equal to 1.



12

Let U, = (I, —®;A;)A;, whered; is diagonal matrix, an@; = diag{¢1, ¢2, ..., dm }, Wherepq, ¢o,. .., ¢, are positive
scalar. Based on Eigendecomposition, there exists eigemv@ such that4d; = QAQ~!, whereQ ™" is the inverse ofQ;
A =diag{r}. Then

U= (I — ®4;)A; = (QInQ " = ®,QAQ M QAQ ™! = QI — 2;0)Q'QAQ™" = Q(I,, — 2;A)AQ™"  (B.3)

where

1 0 0 o1 0 0 0 0 0 0 0 0
01 --- 0 0 ¢ --- 0 01 --- 0 01 --- 0
(L, — ®;A)A = R B R : Lo o I (B.4)
00 1 0 0 ¢m | L0 O -1 00 1
1 0 0 0 0 0 0 0 0
0 1— ¢y 0 0 1 0 0 1—¢o 0
[0 0 - 1-6y 00 - 1| 0 0 - 1—op
The spectral radius o¥; is formulated as,
p(\I/j):max{l—gbl,l—(bg,...,l—(bm} (BS)
Since 4; is symmetric matrix, matrix¥; is also symmetric. Based on Lemma 1, yields,
15[ = p(¥5) (B.6)
In order to havd|¥,|| < 1, then
0<bg, <2 (B.7)
wherebg, = ||®;].
For entire network, definel = diag{ A1, As, ..., An},
A 0 -0 A 0 -0 A1 Ay 0 0
0 Ay -+ 0 0 Ay -+ 0 0 AsAy - 0
AA = . . . . . . = . ) . ) =A (B.8)
0 0 - Ay 0o 0 -+ An 0 0 - ANAn

Therefore,A is also idempotent matrix.

Let ¥ = (1 —-DA)A, andd = diag{P,, D3,...,Px}, every block diagonal matrix i follows the similar relationship as
shown in (B.3)-(B.5), therefore, the spectral radiuslofs formulated as,

p(¥) = max{p(¥;)} (B.9)
jeJ

Based on Lemma 1,

@] = p(¥) (B.10)
In order to have| || < 1, then

0<bp <2 (B.11)

wherebs = ||P||.

Lemma 3 is proved. O

APPENDIXC

PROOFOF THEOREM 1
Proof. Iterative tuning controller is

u(k,n+1) = u(k,n) + pe(k,n) (C.1)
wheree(k,n) = Adiag{u(k,n)} ~'P (diag{s} ~'y(k,n)) based on (15).
Define
ou(k,n) =u(k,n+1) —u(k,n)
X(k,n) =x(k,n+1) —x(k,n)
0y(k,n) =y(k,n+1) —y(k,n)
8d(k,n) = d(k,n+1) — d(k, n)



With diag{o(k,n + 1)} = diag{u(k,n + 1)} ~*P (diag{s} ~'y(k,n + 1)) based on (12), yields,
e(k,n+1) —e(k,n)
=Adiag{u(k,n + 1)} ~'P (diag{s} 'y(k,n + 1)) — Adiag{u(k,n)} ' P (diag{s} 'y (k,n))
=Adiag{u(k,n + 1)} P (diag{s} 'y(k,n + 1)) — Adiag{u(k,n)} ' P (diag{s} 'y(k,n + 1))
+ Adiag{u(k,n)}~'P (diag{s} 'y(k,n + 1)) — Adiag{u(k,n)}~'P (diag{s} 'y(k,n))

) -
= — Adiag{u(k,n + 1) - u(k,n)} ~'éu(k,n)P (diag{s} ~'y(k,n + 1)) + Adiag{u(k,n)}~'P (diag{s} ~'dy(k,n))

= — Adiag{u(k,n)} 'diag{o(k, n + 1)}éu(k,n) + Adiag{u(k,n)} P (diag{s} 'sy(k, n))
Based on (C.1), there exists,
du(k,n) = Be(k,n)
Substituting (C.3) into (C.2), then
e(k,n+ 1) = e(k,n) — Adiag{u(k,n)} 'diag{o(k, n + 1)}Be(k,n) + Adiag{u(k,n)} P (diag{s} ~'dy(k,n))
= (I — BAdiag{u(k,n)} 'diag{o(k,n + 1)})e(k,n) + Adiag{u(k,n)}~'P (diag{s} 'sy(k, n))
Based on Lemma 3, A is idempotent matrix, therefore,
e(k,n) =Adiag{u(k,n)} P (diag{s} 'y(k,n)) = A’diag{u(k,n)} ' P (diag{s} 'y(k,n)) = Ae(k,n)
Then
e(k,n+1) = (I — pdiag{u(k,n)}~'diag{o(k,n + 1)} A) Ae(k,n) + Adiag{u(k,n)}~'P (diag{s} 'oy(k,n))
= We(k,n) + Adiag{u(k,n)} ' P (diag{s} ~'dy(k,n))

whereW = (I — Bdiag{u(k,n)}~'diag{o(k,n + 1)} A) A.
Based on Assumption 1, taking norm operation for (C.6),dhetists,

le(k,n+1)|| < || - [le(k, n)|| + || Adiag{u(k, n)} ~'P (diag{s} ~'dy (k. n)) |
<19 - lle(k, n)|| + ky || Adiag{u(k, n)} || - |y (k, ) |
< 1]l - ek, n)[| + ex[loy(k, n)
wheres; = sup k| Adiag{u(k,n)} .
Taking n(;crr% oéJeranon on (8) based on Assumption 1 and 3dgjel
16y (K, n) || <[|6g(X(k,n), d(k, n))|| < kg, [|6X(k, n)|| + kg, [|6d(k, n)[| < kq, |0X(k, n)[| + Kgyba
Taking norm operation of (7) based on Assumption 1-3,

16x(k, n)|| < ||6x(k — 1,n) + B(k — )5 f(x(k — 1,n),u(k — 1,n),d(k — 1,n)) + C(k — 1)5d(k — 1,n)]|

el
< [J6x(k = 1 ml| + by, 9x(k — L) + ey, 6k — 1, ml| + ky, [ 9l(k — 1,m) ) + bee|5dl( — 1,m)]
(k

< (14 bk, )[0x(k — 1,n)]| + ks, |6u(k — 1,n)[| + (be + baky,)|d(k — 1,n)]
< (14 kg, )[0x(k = 1,m)]| + biky, blle(k — )| + (be: + biky, )||6d(k — 1,n)]
< esg|ox(k — 1,n)|| + eslle(k — 1,n)|| + e4]|6d(k — 1,n)]|

k—1 k—1
< e5)16x(0,n) || + e3> b |le(w, n)l| + 24 Y e 6d(k,n)|
k=0 k=0

k—1 k—1
< sé(bm + 4 Zﬁg_ﬁ_lbd +e3 Zaé‘“_llle(j, n)||
j=0 k=0
k—1
K eq(l ) k—r—1
<eh bx+1_7€2bd+63';)€2 e(s,n)

wherebe = supepo,x] IC ()|, b = supyepo,x) 1Bk, bs = ||BI|, e2 = 1 + bgky,, €3 = bpky,bs, €4 = bc + bpky, .
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Substituting (C.8) and (C.9) into (C.7),

ek, n+ D[l < [[W]| - [[e(k, n)l[ + e1(ky, [|0X(k, n) || + kg4ba) (C.10)
k—1

k—r—1 K eq(l — 55()
ek, n)ll +e1ky, (€3> e5 " le(r, n)l| + 5y + —=——2"ba | + e1kg,ba

<] :
k=0 —&2

= e1kg, e4(1 — k)
= |9l - [le(k, n)|| +e1esky, Y5~ e(k, n)| + 1k, 5 be + <—1 g 2
1 — &9

k=0
k—1

= |- letk, )|l + ereskg, Y 5™ lle(r, n) + esbe + esba

k=0
k 1—eX
e1kg, e4( £3) +51kgd)-
1— €9
Then the convergence &k, n) is proved by using\ norm operation. From (C.10), multiplying both sides etgy\’“ and
taking supremum over [0,K], there exists,

sup &5 ek, n+ 1) (C.11)
ke[0,K]

+ Elkgd> bd

wherees = g1k, ek, 6 = (

k—1
<) sup e lle(k,n)] +ereshy, sup e S ek etk n)| + sup ex i (esb, + e6ba)
k ke[0, K] = ke[0,K]

) ) )

Since
k—1 k—1
e Ak A=1)(i—k
sup ;™Y eb M le(r,n)| < &3t sup ex " lles, n)[le§* VU™ (C.12)
k€[0,K] 0 kel0.K] \ 5o
k—1
A—1)(k—k
sup (Z sup =5 ler, n) )5 >>
kel0,K] \ =) k€[0,K]
k—1
< ey '|le(k,n)llx- sup ZEQA Diw=k)
ke[0,K]
—(A-1)K
1—¢
= ||e(k, : 2
etk )l -~
Deriving from (C.11),
| _ cm (DK
le(k,n+ 1)[Ix < [V - [[e(k, n)lIx + Elaskgzafia “[lek, n)[[x + e7bs + €sba (C.13)
2 T <2
1 _ oK
< ||\I/H +€1€3]€gz>\27 : He(kz,n)H)\ + e7by + £8bg
€9 — &2
wheree; = sup 5;”“55; €8 = Sup a;)‘ksﬁ.
ke[0,K] ke0,K]

With condition of ||| < 1, and a sufficiently large\, there exists,

1 _ (DK
W] + ere3ky, —2—— | <p <1 (C.14)
€9 — &2
From (C.13),
1 — pntl 1 — pntl
etk + )l < plelh,n) s +rb +sba < 0" e, 0) + T - - - b, (C.15)
Taking limit asn — oo with bounded||e(k, 0)||, there exists,
lim_|le(k,n)| by = oby + caba (C.16)
n—oo — p
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From (C.3),||6u(k,n)|| < bg|le(k,n)]|, then

lim H(SU(IC, ’n)”)\ < bﬁczbz + bgcdbd (Cl?)
n—oo

From (C.14), the convergence condition||i§|| < 1. Define

® = pdiag{u(k,n)} " 'diag{o(k,n + 1)}

where® is a matrix with all non-negative entries.

Then
U= (I-dA)A (C.18)
Based on Lemma 3, taking Euclidean norm and supremui ofer [0,K],
. 1 bgb,
sup [ @] = sup (| Sdiag{u(k,n — 1)} ~*diagfo(k, n)}||) = (C.19)
ke[0,K] ke[0,K] min
whereb, = supyc(o x| (|diag{o(k, n) }|), umin = infyepo,x)([[diag{u(k, n — 1)}).
If 0 < 222 <2 ||¥| < 1, therefore,
Umin
0<bs < 2“;“’" (C.20)
Theorem 1 is proved. O
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