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Abstract

Fairness and e!ciency are two fundamental topics in resource allocation. In re-

source allocation problems, we need to allocate a set of items to a set of agents.

From an e!ciency perspective, our goal is to maximize the total reward of the

allocation. From the perspective of fairness, we want to ensure that every agent

feels the allocation is fair. This thesis aims to identify required allocations from

these di”erent perspectives. We present our findings in three parts: (i) e!ciency

in online resource allocation, (ii) fairness in o#ine resource allocation, and (iii)

fairness and e!ciency in o#ine resource allocation.

In Part I, we study the e!ciency guarantees in the fully online matching prob-

lem, which is a constrained resource allocation problem. Since e!ciency is easily

guaranteed in the o#ine setting, we focus on the fully online setting where both

agents and items arrive dynamically. For this problem, we provide a randomized

algorithm that achieves a competitive ratio of 0.1549.

In Part II, we investigate fairness guarantees in the o#ine resource allocation prob-

lem. In this part, we first consider a mixed goods setting where some items can

be divided into arbitrarily small pieces, while others can only be fully allocated to

an agent. In this problem, we propose two “up to a fraction” relaxations of some

classical fairness concepts, and prove the existence of such fair allocations in the

mixed goods setting. We then return to the indivisible goods setting, where every

item must be fully allocated to a single agent. In this setting, we allow some uncer-

tainties in agents’ preferences towards items and provide some complexity analysis

of finding allocations that can be fair with a high probability.

In Part III, we aim to find a fair and e!cient allocation in the o#ine resource

allocation problem. We first study the price of fairness, which measures the e!-

ciency loss when considering the fairness constraints. For this, we consider both

the indivisible goods and the mixed goods settings, and provide a tight analysis

of the price of fairness in these two settings. We then come to a resource allo-

cation problem for cloud computing, where agents have Leontief preferences over

xv
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items. In this setting, we propose several new mechanisms that can produce a fair

allocation with better social welfare guarantee.



Chapter 1

Introduction

Resource allocation is a key concept in both economics and computer science,

focusing on distributing a set of items among a group of agents to achieve optimal

outcomes. The primary objective is to maximize social welfare, making e!ciency

the central goal. This concept has numerous practical applications. For example, in

a ride-hailing platform, vehicle requests appear randomly over time. The platform’s

job is to match these requests with available drivers. The reward earned from each

successful match can vary depending on the matched pairs of vehicles and requests,

influenced by factors like location and personal preferences. The platform strives

to find the optimal matches that maximize overall rewards.

E!ciency is a key objective in resource allocation, particularly because resources

often have limited capacity. It is crucial to utilize these resources to their fullest

potential to maximize the overall rewards. As highlighted by Hensley et al. [81],

enhancements in the design of the ride-sharing market could influence around 20

percent of vehicle miles traveled in the United States in 2016. Consequently, opti-

mal resource allocation is vital for improving e!ciency and maximizing the benefits

of these systems.

Besides e!ciency, fairness is also a crucial concern for researchers. Fair resource

allocation fosters trust and credibility among agents, leading to higher satisfaction

levels. Furthermore, fair distribution encourages participation from a diverse range

of agents, contributing to the platform’s growth and sustainability. In certain

contexts, fairness may even take precedence over e!ciency. For instance, when the

government distributes public resources among various groups, the main goal is to

1



2 1.1. Outline of the Thesis and Our Results

ensure that each group feels satisfied with their share, emphasizing the perception

of fairness. Similarly, in a corporate setting, when employers assign tasks or benefits

to employees, they must consider each employee’s abilities and preferences to ensure

a fair distribution. This approach can enhance employee satisfaction and boost

their performance. As demonstrated by Kropp et al. [96], a perception of fairness

among employees can lead to up to a 26% improvement in performance and a 27%

increase in retention. These examples underscore the significance of fairness in

resource allocation.

This thesis aims to explore the concepts of e!ciency and fairness in resource al-

location, focusing on both online and o#ine settings. In an o#ine setting, where

complete information about agents and items is available, a simple matching al-

gorithm using deterministic optimization is typically su!cient to achieve high ef-

ficiency. In contrast, an online setting involves requests arriving randomly and

sequentially, requiring real-time resource allocation decisions upon their arrival.

The unpredictability of future requests significantly impacts resource utilization

and the rewards generated. Therefore, this thesis will focus on developing e!-

cient algorithms for online resource allocation to address these challenges when

considering the e!ciency issue.

Fairness is a crucial yet challenging aspect of resource allocation in both online and

o#ine settings. In the o#ine context, researchers have explored various notions of

fairness and their applicability in fair division problems [5, 107]. Some other litera-

ture takes into account fairness when developing e!cient online resource allocation

algorithms. [66, 82, 109, 136]. In this thesis, we concentrate on the o#ine setting,

examining fairness guarantees across multiple contexts.

1.1 Outline of the Thesis and Our Results

First, we introduce some resource allocation models and related concepts of fairness

and e!ciency in Chapter 2. Some specific variants of the models and concepts used

in subsequent chapters will be presented in further detail within those chapters for

a clearer demonstration.

In Part I, we focus on e!ciency in the online resource allocation setting. In par-

ticular, in Chapter 3, we examine a fully online matching problem in a stochastic
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setting. Specifically, each online arrival (including agents and items) follows a

known identical and independent distribution (i.i.d.) over a fixed set of vertex

types and will depart the system after an unknown sojourn time. Our goal is to

match arrivals to maximize the total utilities earned by these arrivals. For this

problem, we propose a linear program (LP)-based algorithm that achieves a com-

petitive ratio of at least 0.1549 under mild conditions. We also provide several

hardness results to illustrate the di!culty of this problem. We finally test our

proposed algorithm numerically.

In Part II, we come to the fairness issue. Given that fairness cannot be achieved

trivially even in o#ine resource allocation settings, in this part we mainly focus on

the o#ine scenarios.

In Chapter 4, we consider the mixed goods setting, where both divisible and indi-

visible goods need to be allocated to a set of agents. Here, divisible goods represent

the items that can be divided into multiple pieces and given to di”erent agents,

while each indivisible good can be allocated to only one agent. For this, we propose

“up to a fraction” relaxations of two classical fairness notions called envy-freeness

(EF) and proportionality (PROP) and demonstrate the existence of such fair allo-

cations.

In Chapter 5, we examine an indivisible goods setting where agents’ preferences

over items are assumed to be ordinal and have uncertainties. We study stochastic

dominance proportionality and provide complexity analysis for a series of problems

related to finding allocations that are fair with high probability. We also propose

multiple heuristics and test their performance numerically.

Finally, in Part III, we focus on achieving both e!ciency and fairness simultane-

ously in o#ine resource allocation settings.

In Chapter 6, we study the concept of the price of fairness, which measures the

worst-case e!ciency loss when imposing fairness constraints. This can, to some

extent, reflect the cost required to achieve fairness. For this, we provide a compre-

hensive characterization of the price of envy-freeness in various settings, including

the two-agent case and the n-agent case for both indivisible goods and mixed goods

settings.



4 1.1. Outline of the Thesis and Our Results

In Chapter 7, we address a specific resource allocation problem for the cloud com-

puting system, which examines a divisible goods setting where agents’ preferences

over items are assumed to be Leontief preferences. In this setting, we propose a

new approximation ratio measure called fair-ratio, defined as the worst-case ratio

between the optimal social welfare (or utilization) among all fair allocations and

that achieved by the mechanism. This can demonstrate the di!culty of achieving

high e!ciency when the fairness constraints are required. We then present multiple

novel mechanisms that can output a fair allocation with better e!ciency guarantees

under our proposed benchmark. We also test our mechanisms numerically.

In Chapter 8, we conclude the issues covered in this thesis and propose some

possible future directions.



Chapter 2

Preliminaries

In this chapter, we introduce multiple resource allocation models and the relevant

concepts that will be used in the following chapters. These include the fully online

matching model under stochastic settings, the indivisible goods setting, the mixed

goods setting, and the cloud computing setting. Additional preliminaries specific

to each model will be described in the corresponding chapters.

2.1 Fully Online Matching Model

Let [k] := {1, 2, . . . , k} for any positive integer k. In this section, we consider

the following online matching model where the arrivals follow a known identical

and independent (i.i.d.) probability distribution. Specifically, before the online

process, we are given an edge-weighted graph G = (V,E), where each vertex v → V

represents a vertex type, and each e = (x, y) → E represents an edge between x

and y with utility ue → R↑0. Here, each online vertex must be of a type among

these vertex types.

Given a total time horizon T , an online vertex represented by (x, d) arrives at each

time t → [T ], where x → V is the vertex type of this arrival, and d is the sojourn

time. Here, the sojourn time is defined as the number of subsequent arrivals for

which this vertex is willing to wait. For each online vertex (x, d), x is sampled from

a known i.i.d. distribution {pv}, where
∑

v↓V pv = 1 and Pr[x = v] = pv for each

5



6 2.1. Fully Online Matching Model

v → V . Then, d is sampled from an unknown discrete distribution Dx. For each

v → V , only the expectation Dv of Dv is known.

During the online process, we can match two available vertices at any time. An

online vertex is called available if it has not left the system or been matched to

another vertex. A match between vertices of type x and y will create a utility of

uxy. Here, a match between two vertices of the same type is also meaningful since

there may exist multiple vertices of the same type simultaneously in the system.

Our goal is to maximize the total utility induced from the matches. In Chapter 3,

we may use the vertex and the agent interchangeably.

Applications. The fully online matching model has broad applicability across

various domains, including ride-sharing. In ride-hailing platforms, drivers and pas-

sengers arrive and depart dynamically, which requires e!cient matching strategies

to maximize the total reward. Additional applications are discussed in Chapter 3.

Competitive ratio. We use the competitive ratio to measure the performance of

online algorithms. Specifically, for an online algorithm ALG and a problem instance

I, we use ALG(I) to represent the expected total utility of the matches output by

this algorithm, where the expectation is taken over the random sequences of online

arrivals and the randomization used in the algorithm. We also define OPT(I)

similarly, where OPT is an optimal o#ine algorithm that can utilize the information

of all online arrivals. We can then define the competitive ratio of ALG as the

minimum ratio of ALG(I) over OPT(I) among all possible instances I. In the

following, we may drop the term I when there is no ambiguity.

Remark. When the graph G is a bipartite graph, this can be equivalent to the

online resource allocation problem where both agents and items arrive dynamically

and each agent can be allocated only one item. Thus, the setting we present here is

more general and can be applied to a broader range of applications. For example, in

a ridesharing system, the platform may try to match pairs of passengers to achieve

a higher profit, where the underlying structure can be non-bipartite.



Chapter 2. Preliminaries 7

2.2 Indivisible Goods Setting

In this section, we explore the o#ine resource allocation setting, beginning with

the indivisible goods model. This model is highly relevant in practical scenarios.

For instance, when a school allocates courses to students, we would like to en-

sure the allocation is fair and satisfies the students’ preferences to maintain their

satisfaction.

In this setting, we need to allocate a set ofm indivisible goodsM = {g1, g2, . . . , gm}
to a set of n agents N = [n]. We call M ↔ a bundle if M ↔ is a subset of M .

Allocation. An allocation A is denoted by (A1, A2, . . . , An), where for each i → [n],

Ai is the bundle allocated to agent i. An allocation A is feasible if all Ai, i → [n]

are disjoint. We call a feasible allocation A complete if ↑i↓[n]Ai = M . Otherwise,

such a feasible allocation A is partial.

Utility. We denote the utility profile u by (u1, u2, . . . , un), where for each i → [n],

ui represents the non-negative utility function of agent i. Here, we assume each

utility function is additive. That is, for any bundle M ↔ ↓ M and any agent i → [n],

the utility of agent i over this bundle M
↔ is ui(M ↔) =

∑
g↓M → ui(g), where ui(g) is

the utility of agent i over the item g.

Compared to the fully online matching model discussed earlier, the indivisible

goods setting here is restricted to an o#ine framework, where matches occur only

between goods and agents, forming a bipartite graph. Unlike the online setting,

the indivisible goods model allows multiple goods to be assigned to a single agent

and prioritizes fairness objectives in addition to the e!ciency concerns emphasized

in the fully online matching model.

2.3 Mixed Goods Setting

We then address the mixed goods model, where we need to simultaneously allocate

both divisible and indivisible goods. This model applies to various real-world

scenarios, such as inheritance division. In such cases, divisible goods like land

or money and indivisible goods like cars or houses must be allocated together to

achieve fairness or e!ciency. Unlike the indivisible goods setting discussed earlier,
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this model involves allocating both indivisible and divisible goods. Specifically, in

this setting, we need to allocate a set of m indivisible goods M = {g1, g2, . . . , gm}
and a cake C = [0, 1] to a set of n agents N = [n]. We call A↔ = M

↔ ↑ C
↔ a bundle

if M ↔ is a subset of M and C
↔ ↓ C.

Allocation. An allocation A is denoted by (A1 = M1↑C1, A2 = M2↑C2, . . . , An =

Mn ↑ Cn), where for each i → [n], Ai = Mi ↑ Ci is the bundle allocated to agent

i. An allocation A is feasible if Mi ↔ Mj = ↗ and Ci ↔ Cj = ↗ holds for any two

di”erent agents i, j → [n]. We call a feasible allocation A complete if ↑i↓[n]Mi = M

and ↑i↓[n]Ci = C. Otherwise, such a feasible allocation A is partial.

Utility. We denote the utility profile u by (u1, u2, . . . , un), where for each i →
[n], ui represents the non-negative utility function of agent i. Here, we assume

each utility function is additive and integrable over C. That is, for any bundle

A
↔ = M

↔ ↑ C
↔ and any agent i → [n], the utility of agent i over this bundle A

↔ is

ui(A↔) =
∑

g↓M → ui(g) +
∫
C→ ui(x)dx, where ui(g) is the utility of agent i over the

item g.

Robertson-Webb (RW) query model [122]. When accessing the utility function

over the cake, we adopt the Robertson-Webb (RW) query model to solve this.

Specifically, there are two feasible queries: 1) evali(x, y): returns ui([x, y]); 2)

cuti(x, a): returns the leftmost point y such that ui([x, y]) = a.

Multiple Homogeneous Goods Assumption. In our thesis, we also focus on

a restricted setting called multiple homogeneous goods setting. Instead of utilizing

a heterogeneous and integrable cake C to represent the divisible goods, we use a

set of m̄ homogeneous divisible goods D = {d1, d2, . . . , dm̄} to denote the divisible

goods.

We then correspondingly modify the definitions of bundle, allocation, and utility,

while the remaining keeps exactly the same. We callA↔ = (M ↔
,x↔ = (x1, x2, . . . , xm̄) →

[0, 1]m̄) a bundle if M ↔ is a subset of M . Here, each xi, i → m̄ specifies the received

fraction of the corresponding homogeneous divisible good di.

An allocation is denoted byA = (A1 = (M1,x1), A2 = (M2,x2), . . . , An = (Mn,xn)),

where for each agent i → [n], Ai is the bundle allocated to agent i.
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The utility of agent i over a bundle A
↔ = (M ↔

,x↔) is ui(A↔) =
∑

g↓M → ui(g) +∑
k↓m̄ x

↔
i ·ui(dk), where ui(g) and ui(dk) are the utilities of agent i over the indi-

visible good g and the homogeneous divisible good dk, respectively.

2.4 Cloud Computing Setting

In this section, we explore the cloud computing setting, a divisible goods model

characterized by Leontief preferences. Unlike the previous two sections, this setting

emphasizes the allocation of divisible goods under a significantly di”erent utility

function.

In this setting, we need to allocate a set of m divisible goods R = {r1, r2, . . . , rm)
to a set of n agents N = [n]. We call A↔ = (A↔

1
, A

↔
2
, . . . , A

↔
m) → [0, 1]m a bundle,

where for each i → [m], A↔
i specifies the received fraction of the divisible good ri.

Allocation. An allocation A is denoted by (A1, A2, . . . , An), where for each i → [n],

Ai = (Ai1, Ai2, . . . , Aim) is the bundle allocated to agent i. An allocation A is

feasible if
∑

i↓[n] Aij ↘ 1 holds for any j → [m].

Utility. We denote the utility profile u by (u1, u2, . . . , un), where for each i → [n], ui

represents the non-negative utility function of agent i. Here, we assume agents have

Leontief preferences. That is, for each agent i → [n], we can define a normalized

demand vector di = {di1, di2, . . . , dim}, where dij → (0, 1] holds for each j → [m]

and there exists some j → [m] such that dij = 1. According to the demand

vector di of agent i → [n], the utility of agent i over a bundle A
↔ → [0, 1]m is

ui(A↔) = max{y → R+ : ≃j → [m], A↔
j ⇐ y · dij}.

2.5 E!ciency and Fairness Notions

For e!ciency, we utilize the social welfare to measure this.

Social Welfare. The social welfare of an allocation A = (A1, A2, . . . , An) is defined

as SW(A) :=
∑

i↓[n] ui(Ai).

For fairness, we first introduce the two most fundamental fairness notions used in

fair division, envy-freeness (EF) and proportionality (PROP).
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Definition 2.1 (EF & PROP [68, 126]). An allocation A = (A1, A2, . . . , An) is

said to satisfy

• envy-freeness (EF) if ui(Ai) ⇐ ui(Aj) holds for any two agents i, j → [n];

• proportionality (PROP) if ui(Ai) ⇐ ui(M)/n holds for any agent i → [n].

Informally, an allocation is EF if every agent does not envy any other agent’s

bundle, and is PROP if each agent receives enough resources which are at least 1/n

of the utility when she receives all the resources, where n is the number of agents.

In the following, we may use PROP and share incentive (SI) interchangeably, as

they are defined exactly the same.

However, in instances where a valuable indivisible item needs to be allocated to

two agents, EF or PROP allocations may not exist. Therefore, some classical

relaxations of these two fairness notions have been proposed for the indivisible

goods setting.

Definition 2.2 (EF1 & EFX & PROP1 [46, 50, 58, 106, 118]). An allocation

A = (A1, A2, . . . , An) is said to satisfy

• envy-freeness up to one good (EF1) if for any two agents i, j → [n], ui(Ai) ⇐
ui(Aj \ {g}) holds for some item g → Aj;

• envy-freeness up to any good (EFX) if for any two agents i, j → [n], ui(Ai) ⇐
ui(Aj \ {g}) holds for any item g → Aj;

• proportionality up to one good (PROP1) if for any agent i → [n], ui(Ai↑{g}) ⇐
ui(M)/n holds for some item g /→ Ai.

Here, EF1 ensures that the envy between two agents can be resolved by removing a

single good, and PROP1 requires each agent should receive enough resources which

are at least 1/n of the utility when she receives all the resources, after grabbing

an additional good from some other agent’s bundle. EFX is a stronger version of

EF1, which ensures that the envy between two agents can be resolved by removing

any single good.

For the mixed goods setting, two additional fairness notions have been proposed [27,

116].
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Definition 2.3 (EFM [27]). An allocation A = (A1 = M1 ↑ C1, A2 = M2 ↑
C2, . . . , An = Mn ↑ Cn) is said to satisfy envy-freeness for mixed goods (EFM) if

for any two agents i, j → [n],

• if agent j’s bundle contains only indivisible goods, that is, Cj = ↗ andMj ⇒= ↗,
ui(Ai) ⇐ ui(Aj \ {g}) holds for some good g → Mj;

• otherwise, ui(Ai) ⇐ ui(Aj).

In words, for any two agents i and j, agent i does not EFM-envy agent j if (1)

agent i does not envy agent j, or (2) agent j’s bundle only contains indivisible

goods and agent i does not EF1-envy agent j. EFM serves as a stronger notion

than EF1 as condition (2) forces j’s bundle to only contain indivisible goods if

agents i envies j.

Definition 2.4 (EFXM [116]). An allocation A = (A1 = M1 ↑ C1, A2 = M2 ↑
C2, . . . , An = Mn ↑ Cn) is said to satisfy envy-freeness up to any good for mixed

goods (EFXM) if for any two agents i, j → [n],

• if agent j’s bundle contains only indivisible goods, that is, Cj = ↗ andMj ⇒= ↗,
ui(Ai) ⇐ ui(Aj \ {g}) holds for any good g → Mj;

• otherwise, ui(Ai) ⇐ ui(Aj).

EFXM is a stronger version of EFM since it replaces the EF1-envy by EFX-envy

in the condition (2) mentioned above.





Part I

E!ciency in Online Resource

Allocation
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Chapter 3

Fully Online Matching in

Stochastic Settings

In the first part of our thesis, we mainly focus on e!ciency. Since simple matching

algorithms or linear programming typically su!ce for finding an e!cient allocation

in o#ine resource allocation, we will concentrate on the online setting and investi-

gate the e!ciency guarantee in the fully online matching model. This chapter has

been published in Li et al. [104].

3.1 Introduction

Starting from the seminal work by Karp et al. [93], online matching has been a

fundamental research topic in online resource allocation. Many online matching

studies focus on online bipartite matching, where vertices on one side are assumed

to be known upfront, and those on the other side arrive online. However, this

setting fails to model some modern applications, such as ride-sharing, where all

vertices arrive online and depart after a sojourn time. This chapter studies this

general setting. In particular, all vertices arrive in the system in an online manner.

When a vertex arrives, the edges with the previously arrived vertices are revealed.

A vertex will be matched to another unmatched neighboring vertex (linked to the

vertex by an incident edge) before its departure or be left unmatched and depart.

The goal is to maximize the total reward of successful matches. We name this

general problem a fully online matching problem.

15
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Fully online matching generalizes online bipartite matching in several dimensions

(e.g., from a bipartite graph to a general graph, all agents arrive online) and is

hence much more complicated. There is limited literature on the related study.

Huang et al. [85] and Huang et al. [86] are inspiring ones. They assume that agents

arrive and depart in an adversary manner. Their goal is to maximize the number

of matches. In contrast, in this chapter we assume arrivals follow an identical and

independent (i.i.d.) probability distribution, which is a common assumption in

online matching literature [67, 83, 87, 88]. Upon arrival, each agent will stay in the

system for a sojourn time before leaving the system. We do not specify the exact

distribution of the sojourn time but assume it follows a type-specific distribution

with known expectations. In addition, we consider maximizing the edge-weighted

reward of successful matches. We claim the model settings considered in this

chapter are more applicable in ride-sharing. The arrival distribution can be easily

estimated using customers’ arrival data. However, the data on sojourn time is often

less available. Hence we consider a distributionally free setting, without assuming

a specific distribution but require information on the mean sojourn time. Finally,

the rewards from di”erent paired agents are often di”erent. Our model captures

this feature by maximizing the total weight of matched pairs.

Fully online matching has potential applications in various domains besides ride-

sharing. For example, in a chess game platform, players join the platform in an

online manner and will wait for an opponent to match for only a limited time.

We can measure the quality of a match by the rating di”erence between the two

matched players. The platform’s goal is to maximize the total quality of successful

matches. Another example is kidney exchange. Donors and recipients arrive in

the market sequentially and stochastically. The lifetime for recipients and kidneys

is limited. They must be matched within their lifetime, otherwise, they will be

abandoned. The goal is to maximize the total matching quality.

3.1.1 Our Contributions

We summarize the main contributions in this chapter as follows. We study a fully

online matching model with stochastic arrivals and departures. In particular, the

arrivals follow a known i.i.d. distribution, and the sojourn time before agents depart

can follow a large family of distributions with a known expectation. The goal is
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to maximize the total weight (defined on edges) of successful matches. The model

settings are applicable in a wide family of applications, including ride-sharing.

We design a distributionally free LP-based algorithm, and investigate its perfor-

mance measured by a competitive ratio, see Theorem 3.7. Under mild assumptions,

we prove that the competitive ratio of our algorithm is at least 0.1549, see Corollary

3.8. Moreover, for some specific distributions, we can achieve better competitive

ratios when we restrict the choices of the parameters of these distributions, see

Corollaries 3.9, 3.10 and 3.11.

We further establish two hardness results to foreground the technical challenges of

the problem we study. We first show no online algorithm can achieve a competitive

ratio of more than 2

3
, see Theorem 3.12. But if we restrict the algorithms to LP-

based algorithms with respect to the LP we derive, we show that there exists no

such online algorithm with a competitive ratio larger than 1

3
, see Theorem 3.13.

We conduct extensive numerical studies to evaluate the performance of our algo-

rithms. Our algorithms can significantly outperform the baseline algorithms from

related works in most parameter settings.

3.1.2 Related Work

There is extensive literature on online bipartite matching, where there exists a set of

o#ine vertices, and each online vertex will be matched to an o#ine vertex immedi-

ately upon its arrival or be rejected. A seminar work by [93] considered maximizing

the number of matches when agents arrive in an adversary setting. Many works

further consider generalizing the objective to maximizing vertex-weighted (or edge-

weighted) matching, and the arrival process to a stochastic process [1, 67, 83, 87].

To the best of our knowledge, the best bound under a stochastic arrival model is

achieved by [87]. They provided a 0.716-competitive algorithm in a vertex-weighted

setting and a 0.706-competitive algorithm in an edge-weighted with free disposal

setting, i.e., each o#ine vertex can update its matching vertex upon new arrivals.

Recently, fully online matching has attracted increasing attention, where each ver-

tex has its arrival and departure time and can be matched anytime before it de-

parts. In other words, a delay in matching is allowed. Our work in this chapter

lies in this steam of research. Starting from a non-weighted setting, Eckl et al.
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[63], Huang et al. [84, 85, 86] studied fully online matching with adversarial arrivals

and departures, and provided a 0.569-competitive algorithm and hardness results.

Considering edge-weighted reward and assuming fixed and identical sojourn time,

Ashlagi et al. [8] proposed a 0.25-competitive algorithm when agents arrive in an

adversary manner and a 0.279-competitive algorithm when the arrival sequence fol-

lows a random order model. Several papers focus on the setting where both arrival

and departure follow a type-specific Poisson process. Collina et al. [57] proposed

a 0.125-competitive algorithm for an edge-weighted setting, where the goal is to

maximize total weights defined on edges. Aouad and Saritac [6] studied a dynamic

stochastic matching with the same arrival and departure process. They model the

problem as an infinite-horizon continuous-time Markov decision process and pro-

vide an approximation policy that can achieve e↗1

4e ⇑ 0.158 of the optimality, in

sharp contrast with the competitive ratio for online matching problems. Our work

in this chapter di”ers from those papers in the following perspectives. First, all

online vertices arrive according to a known i.i.d. distribution. Second, we do not

assume a specific type of distribution for agents’ sojourn time. In other words, our

algorithm works for a large family of distributions with a known expectation and

is robust when the distribution varies.

Another stream of literature models the delay in matching by incorporating the

delay cost in the total cost function and makes the matching decision to minimize

cost [7, 11, 12, 65, 132]. It is in contrast to the modeling perspective in fully online

matching literature, where a hard constraint for the match to be restricted in a

time interval is imposed.

3.2 Linear Programming Benchmark

To bound the competitive ratio, we first provide a linear program to bound the

OPT. We define a variable nxy for each ordered pair (x, y) where x, y → V . We
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then define a benchmark LP (3.1) as follows.

max
∑

x,y↓V

wxynxy (3.1)

s.t.
∑

y↓V

nxy +
∑

y↓V

nyx ↘ pxT, ≃x → V, (3.1a)

nxy ↘ pxTpyDx, ≃x, y → V, (3.1b)

nxy ⇐ 0, ≃x, y → V, (3.1c)

In LP (3.1), each variable nxy denotes the expected number of times that an on-

line agent of type y is matched to an unmatched online agent of type x. Con-

straints (3.1a) upper bound each type x’s total expected number of matches by

its expected number of occurrences. Constraints (3.1b) restrict nxy by the total

number of occurrences of the event that an online agent of type y is in the sojourn

time of x.

We then show in Lemma 3.1 that LP (3.1) is a relaxation of the o#ine optimal.

The intuition behind the proof is as follows. We use n
→
xy to denote the optimal

solution to OPT. We then show such {n→
xy} is a feasible solution to LP (3.1).

Lemma 3.1. For any instance I, the optimal value of LP (3.1) is an upper bound

of OPT(I).

Proof. Let r denote a realization of instance I as one possible input sequence of

agent types with the corresponding sojourn time after randomization. We further

define nr,x,y as the number of matches between one agent of type y and one previous

agent of type x under realization r given by OPT and Pr as the probability of the

realization r.

We can define n
→
xy =

∑
r Prnr,x,y. Since OPT(I) =

∑
r Pr

∑
x,y↓V nr,x,ywxy =

∑
x,y↓V wxy (

∑
r Prnr,x,y), which is equal to

∑
x,y↓V wxyn

→
xy. It su!ces to show {n→

xy}
is one feasible solution to LP (1).

The first is to check the feasibility of Constraints (1a). ≃x → V ,
∑

y↓V n
→
xy +

∑
y↓V n

→
yx =

∑
r Pr(

∑
y↓V nr,x,y+nr,y,x) ↘

∑
r Pr · [number of type x in realization r] =

pxT . The inequality is because the number of matched agents of type x cannot ex-

ceed the number of appearing agents of type x in any realization. The last equality

is from the linearity of expectation.
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Since Constraints (1c) are obviously satisfied, the remaining is to show Constraints

(1b) are satisfied. ≃x, y → V , we have n
→
xy =

∑
r Prnr,x,y, which is weakly smaller

than
∑

r Pr · [number of the occurrence of event E in r], where event E is that one

agent of type x can see one following agent of type y. The last inequality has the

same reason as that of the above inequality. By linearity of expectation, we can

transform it into the sum of expected times of one agent of type x at time t seeing

one following agent of type y over all t from 1 to T , which is upper bounded by the

multiple of Tpx and the expected times of one following agent of type y existing

in the sojourn time of one agent of type x. We assume the support set of Dx is

Sx where the probability of support s → Sx is qs. So n
→
xy is upper bounded by

Tpx

∑
s↓Sx

qs · pys from linearity of expectation, which is equal to pxTpyDx.

For analysis convenience, we let ωxy be nxy

pyT
for all x, y → V . ωxy ↘ 1 according to

Constraints (3.1a). Then we can reformulate LP (3.1) as LP (3.2), and we will use

LP (3.2) in the following analysis.

max
∑

x,y↓V

wxyωxypyT (3.2)

s.t.
∑

y↓V

ωxypy +
∑

y↓V

ωyxpx ↘ px, ≃x → V, (3.2a)

ωxy ↘ pxDx, ≃x, y → V, (3.2b)

ωxy → [0, 1], ≃x, y → V, (3.2c)

3.3 Approximation Algorithm

Inspired by the algorithm used in Collina et al. [57], we propose our LP-based

Algorithm 1. In the algorithm, we set the matching probability according to the

optimal solution {ωxy} to LP (3.2). Specifically, the matching probability between

an arriving agent of type y and an existing agent of type x is set to ε ·ωx,y/(pxDx),

where ε is a scaling parameter and the term 1/(pxDx) is designed to increase the

matching probability appropriately. The matching probability is not greater than

1 according to Constraints (3.2b) and ε ↘ 1. We use J to denote the multiset of

types of all existing unmatched agents when an agent i of type y → V arrives. We

enumerate all elements x in J in a uniformly random order and match agent i with

the specific agent j of type x with the above probability (Lines 5-6 in Algorithm
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Algorithm 1 Sam(ε)
Input: Online arrivals of agents
Parameter: Scaling parameter ε → (0, 1]

1: {ωxy} := Solution to LP (3.2);
2: for each arriving agent i whose type is y → V do
3: J := The multiset of types of unmatched agents;
4: for each type x → J in a uniformly random order do
5: j := The corresponding unmatched agent of type x;
6: Match i and j w.p. ε ·ωxy/(pxDx);
7: end for
8: end for

1). When an agent j is matched with i successfully, no further enumeration is

needed. Algorithm 1 is solvable in polynomial time since LP (3.2) can be solved

in polynomial time and the number of computations per arrival is O(|J |) where

the size |J | of the set J defined in Line 3 of Algorithm 1 can be bounded by the

maximum support among all Dvs of v → V .

We next analyze the competitive ratio of Algorithm 1. In the following analysis

in this section, we assume the maximal value in the support of the distribution

Dv is much lower than T for each v → V . The assumption is mild in ride-sharing

applications since the time horizon is much larger than the possible sojourn time

of every agent.

3.3.1 Analysis

Note that the total weight generated by OPT cannot be greater than the optimal

value of LP (3.2) from Lemma 3.1, we can compare the performance of Algorithm 1

with the value of LP (3.2) to get a lower bound of the competitive ratio. Thus, the

strategy of calculating the competitive ratio is to lower bound the ratio between

the expected number of successful matches and the term ωxypyT in the objective

function of LP (3.2), for each ordered pair (x, y), where x, y → V . Here, we only

consider the pair (x, y) such that Dx > 0 since agents of type x will not wait

otherwise.

We assume an agent i of type y → V arrives at time t. We will calculate the

probability of matching this agent to an existing agent j of type x → V who arrives

at time t
↔
< t by considering four events separately.
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The first event E1 is defined as an agent j of type x arrives at time t
↔. From the

known i.i.d. arrival setting we can easily derive Lemma 3.2.

Lemma 3.2. The probability of E1 is px.

The second event is defined to calculate the probability of the agent j who arrives

earlier (at t↔ < t) and is of type x being unmatched. We denote this event as E2.

In our proof, we use a vector ϑb to store the information of unmatched agents at

time t↔, where each element bz equals the number of type z in set J defined in Line

3 of Algorithm 1. By conditioning on the probability distribution over ϑb, we upper

bound the probability that there is one agent of type z → V matching to the agent

j. By union bound, we get Lemma 3.3.

Lemma 3.3. The probability of E2 is at least 1⇓ ε.

Proof. We use a vector ϑb to store the information of unmatched agents at time t
↔,

i.e. the element bz is equal to the number of z in set J in Line 3. Thus,

Pr[E2] =
∑

ωb

Pr[ϑb]$z↓V

(
1⇓ εωzx

pzDz

)bz

⇐
∑

ωb

Pr[ϑb]

(
1⇓ ε

∑

z↓V

bzωzx

pzDz

)

= 1⇓ ε

∑

z↓V

ωzx

pzDz

∑

ωb

Pr[ϑb]bz

⇐ 1⇓ ε

∑

z↓V

ωzx

pzDz
· pzDz

= 1⇓ ε

∑

z↓V

ωzx ⇐ 1⇓ ε

The first equality is from the description of Algorithm 1. The first inequality is

from the union bound, and the second inequality is because at any fixed time, the

total number of remaining unmatched agents of one fixed type is not greater than

the total number of all existing agents of this type. The last inequality is from

Constraints (3.2a) after ignoring the first term in the left hand side.

Next, we use E3 to represent the event that no arriving agent between time t
↔ + 1

and t⇓ 1 matches agent j given the occurrence of events E1, E2.
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Lemma 3.4. If Dx ⇐ 1, the probability of E3 is at least
(
1⇓ ε

Dx

)t↗t→↗1

.

The sketch of this proof is to first provide an upper bound of the event that an

arriving agent at time t
↔↔ → [t↔ + 1, t⇓ 1] matches agent j. Using the independence

between di”erent t↔↔, we prove Lemma 3.4.

Proof.

Pr[E3] ⇐
(
1⇓

∑

z↓V

pz
εωxz

pxDx

)t↗t→↗1

=

(
1⇓ ε

pxDx

∑

z↓V

pzωxz

)t↗t→↗1

⇐
(
1⇓ ε

Dx

)t↗t→↗1

The first inequality is because at each time between t
↔ + 1 and t⇓ 1, the matching

probability of the arriving agent of one possible type z at this time with agent j is

upper bounded by εϑxz

pxDx
by the description of our algorithm. The second inequality

is from Constraint (3.2a) after ignoring the second term in the left hand side.

The remaining is to measure the probability of the agent i of type y matching the

agent j of type x given the fact that agent j is unmatched before time t. We denote

this event as E4.

Lemma 3.5. The probability of E4 is at least εϑxy

pxDx

(
1⇓ ε

2

)
.

The intuition behind the proof is that there are two parts needed to match i to j

successfully. The first is that j can be matched to i in Line 6 of Algorithm 1, and

the second is that all unmatched type z → J that joins J earlier than the agent

j’s type x cannot match i successfully. The first can be easily calculated, while

the second needs to utilize the uniformly random order of elements in J and apply

similar arguments as in the proof of Lemma 3.3.

Proof. We define ϑb in a similar way as above, but here there are two di”erences

from the above ϑb in the proof of Lemma 3.3. The first is that we focus on the time
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t but not t
↔ here, while the second is that the corresponding x of agent j is not

counted in ϑb.

Pr[E4] ⇐
εωxy

pxDx



1⇓
∑

ωb

Pr[ϑb]
∑

z↓V

εωzybz

2pzDz





=
εωxy

pxDx



1⇓ ε

2

∑

z↓V

ωzy

pzDz

∑

ωb

Pr[ϑb]bz





⇐ εωxy

pxDx

(
1⇓ ε

2

∑

z↓V

ωzy

pzDz
pzDz

)

=
εωxy

pxDx

(
1⇓ ε

2

∑

z↓V

ωzy

)
⇐ εωxy

pxDx

(
1⇓ ε

2

)

The reason for the first inequality is that if we want to match i and j successfully,

besides that i can match j in Line 6 corresponding to the first term, all z → J before

the corresponding x of j cannot match i successfully. Because the probability of

one z → J before the corresponding x of j is 1

2
from the uniformly random order

and the matching probability is εϑzy

pzDz
, we can calculate one upper bound of the

probability of the event that there exists one z → J before the corresponding x of

j matching i successfully by union bound.

The second inequality is because the total number of unmatched agents of each

type z is not greater than the total number of existing agents of type z at time t,

which is further upper bounded by pzDz because of the di”erence of the existence

of agent j at time t
↔. The last inequality is again from Constraints (3.2a) after

ignoring the first term in the left hand side.

Besides the analysis of the four events, we need to utilize another lemma to calcu-

late the total ratio between the expected matching number of (x, y) and the term

ωxypyT , which can be proved by induction.

Lemma 3.6. (1 ⇓ x)d ↘ 1 ⇓ dx + d(d↗1)

2
x
2, for all x → [0, 1] and all non-negative

integer d.
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Proof. We can prove this by a simple induction. When d = 0, this is satisfied. It

su!ces to show it’s satisfied for d+ 1 when it’s true for d.

(1⇓ x)d+1 = (1⇓ x)d(1⇓ x)

↘
(
1⇓ dx+

d(d⇓ 1)

2
x
2

)
(1⇓ x)

= 1⇓ (d+ 1)x+
d(d⇓ 1)

2
x
2

+ dx
2 ⇓ d(d⇓ 1)

2
x
3

↘ 1⇓ (d+ 1)x+
d(d+ 1)

2
x
2
.

Now we are ready to formally present our main result.

Theorem 3.7. Under the assumption that Dv ⇐ 1 for all v → V , the competitive ra-

tio of Algorithm 1 with parameter ε is at least ε(1⇓ε)
(
1⇓ ε

2

) (
1⇓ ε

2
+ ε

2
C
)
, where

we define V arv as the variance of the distribution Dv and C = minv↓V
Dv↗V arv

D2
v

.

Proof. We assume the support set S of the distribution Dx with probability qs of

support s → S. Fix agent i of type y at time t, we want to calculate the expected

matching number of agent j of type x, which should be equal to

∑

s↓S

qs

t↗1∑

t→=t↗s

Pr[E1]Pr[E2]Pr[E3]Pr[E4].

Here, because of the assumption that T ⇔ s and we will also enumerate all possible

ts, the case that t⇓ s < 1 can be ignored, so we can directly start t↔ from t⇓ s but

not max{1, t⇓ s}.

Then, by observation, the lower bound of Pr[E1], Pr[E2] and Pr[E4] don’t contain

the term t
↔, we can directly move these terms outside and only focus on the value
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∑
s↓S qs

∑t↗1

t→=t↗s Pr[E3], which is equal to

∑

s↓S

qs

t↗1∑

t→=t↗s

(1⇓ ε/Dx)
t↗t→↗1

=
∑

s↓S

qs
1⇓ (1⇓ ε/Dx)

s

ε/Dx

⇐
∑

s↓S

qs
s · ε/Dx ⇓ 1

2
s(s⇓ 1) · (ε/Dx)

2

ε/Dx

⇐ Dx ⇓
ε

2Dx

∑

s↓S

qs(s
2 ⇓ s)

= Dx +
ε

2
⇓ ε

2Dx

(
V arx +D

2

x

)

= Dx

(
1⇓ ε

2
+

ε

2

Dx ⇓ V arx

D2
x

)

Here, the inequality is from Lemma 3.6. Since t can choose from 1 to T and agent

i of type y will arrive w.p. py, the total expected number of ordered pairs (x, y)

should be at least

Tpypx(1⇓ ε)
εωxy

pxDx

(
1⇓ ε

2

)
Dx

(
1⇓ ε

2
+

ε

2
C

)

= Tpyωxyε(1⇓ ε)
(
1⇓ ε

2

)(
1⇓ ε

2
+

ε

2
C

)

where C = minv↓V
Dv↗V arv

D2
v

.

Theorem 3.7 provides a lower bound of competitive ratio with respect to ε and

C. Note that C depends on the mean and variance of the online arrivals’ sojourn

time. In the remaining part, we will discuss several special types of distributions

to get their bounds. For each type, we can tune ε to achieve the best bound.

Corollary 3.8. Under the assumptions that Dv ⇐ V arv and Dv ⇐ 1 for all v → V ,

the competitive ratio of algorithm 1 is at least ε(1 ⇓ ε)
(
1⇓ ε

2

)2
. By setting ε

→ =
7↗

↘
17

8
⇑ 0.360, the competitive ratio is at least 0.1549.

We claim the assumptions in Corollary 3.8 are mild since they hold for many

classic discrete distributions, such as binomial distribution, Poisson distribution,

hypergeometric distribution, and geometric distribution with parameter pG ⇐ 0.5.
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3.3.2 Specific Distributions

In this part, we will discuss several special types of the distributions Dv on the

achieved competitive ratios. First, we consider the case where the distribution Dv

is a single-point distribution, i.e., each type v → V has fixed sojourn time Dv.

Corollary 3.9. Under the assumption that each type v → V has fixed sojourn time

Dv, the competitive ratio of algorithm 1 is at least 0.1588 by setting ε
→ ⇑ 0.373.

Proof. Most are similar to the proof of Theorem 3.7. We replace the inequality

from Lemma 3.6 by the inequality (1⇓ x/d)d ↘ e
↗x which is satisfied when x → [0, 1]

and d is a positive number, and we have
∑

s↓S qs
∑t↗1

t→=t↗s Pr[E3] is at least
1↗e↑ω

ω/Dx
.

Thus, the total expected number of ordered pair (x, y) is at least

Tpypx(1⇓ ε)
εωxy

pxDx

(
1⇓ ε

2

) 1⇓ e
↗ε

ε/Dx

= Tpyωxy(1⇓ ε)
(
1⇓ ε

2

)
(1⇓ e

↗ε).

When ε ⇑ 0.373, the competitive ratio is the largest, which is ⇑ 0.1588.

Second, we consider three common discrete distributions: Poisson distribution

Poi(ϖP ), geometric distribution Geo(pG) and binomial distribution B(nB
, p

B). The

performance over these three distributions will also be further evaluated in the fol-

lowing experiments section. Since the expectation and the variance of Poi(ϖP ) are

both ϖ
P , we get the same competitive ratio as in Corollary 3.8 if ϖP ⇐ 1. For the re-

maining two distributions, from the simple expressions of the expectation and vari-

ance, we can transform the formula in Theorem 3.7 to ε(1⇓ε)
(
1⇓ ε

2

)
(1⇓(1⇓p

G)ε)

for Geo(pG) and ε(1⇓ ε)
(
1⇓ ε

2

) (
1⇓ ε

2
(1⇓ 1

nB )
)
for B(nB

, p
B) to get the respec-

tive competitive ratios (see Corollaries 3.10 and 3.11, respectively).

Corollary 3.10. Under the assumption that each distribution Dv is a geometric

distribution Geo(pGv ), by setting ε
→ = 0.35, the competitive ratio of Algorithm 1 is

at least 0.122 + 0.066pG, where p
G is the smallest pGv for all v → V .

Corollary 3.11. Under the assumption that each distribution Dv is a binomial

distribution B(nB
v , p

B
v ) satisfying Dv = n

B
v p

B
v ⇐ 1, by setting ε

→ = 0.40, the com-

petitive ratio of Algorithm 1 is at least 0.154+ 0.038
nB , where n

B is the largest nB
v for

all v → V .
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Compared to the results in Corollary 3.8, we can get a better guarantee when

p
G
> 0.5 and n

B
< 38, respectively. Moreover, the above choice of ε→ is from the

consideration of being able to achieve relatively good performance over all possible

values of pG and n
B. If more refined ranges of pG and n

B are given, we can adjust

the value of ε→ to reach a better performance.

Remark 3.1. Algorithm 1 can achieve a similar performance guarantee if the arrival

of agents in each type v → V is driven by an independent Poisson arrival process

(see Huang and Shu [83] for details) and the corresponding Dv is an arbitrary

(continuous or discrete) distribution with non-negative support. Specifically, after

modifying the statements of some used lemmas such as Lemma 3.4, we can show

the competitive ratio of Algorithm 1 is at least ε(1 ⇓ ε)
(
1⇓ ε

2

) (
1⇓ ε

2
+ ε

2
C

↔),
where C

↔ = minv↓V
↗V arv
D2

v
.

3.4 Hardness Results

In this section, we will present hardness results to demonstrate the challenge of the

problem considered in this chapter. We will first show that no online algorithm

can reach a competitive ratio better than 2

3
. Next, by restricting the algorithms to

LP-based online algorithms with respect to our LP (3.2), we further show that no

LP-based online algorithm with respect to LP (3.2) can obtain a competitive ratio

better than 1

3
.

Theorem 3.12. No online algorithm can reach a competitive ratio better than 2

3
.

Proof. We consider such an instance:

• T ↖ ↙ and V = {1, 2};

• p1 = ϱ and p2 = 1⇓ ϱ where ϱ is significantly small;

• D1 and D2 are both single-point distributions where D1 = 0 and D2 = 1;

• w(1,2) =
1

ϖ(1↗ϖ) , w(1,1) = 0 and w(2,2) = 1;

We define f(t) as the expected value of t rounds output by the online optimal

algorithm given the first two agents are of type 2 and define g(t) as the expected
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value of T rounds output by the online optimal algorithm given the first agent is

of type 1. Our decision is needed only for each f(t) with t ⇐ 2.

For f(2), the optimal decision is to match the existing two agents of type 2,

which means f(2) = 1. For f(3), the value is the maximum of q3 ·w(2,2) + (1 ⇓
q3) · (p1 ·w(1,2) + p2 · f(2)), where q3 → [0, 1] is the decision parameter such that we

match the existing two agents of type 2 with probability q3. Since p1 ·w(1,2) =
1

1↗ϖ > 1 = w(2,2), q3 = 0 is the optimal strategy.

We next consider f(t) with t ⇐ 4. We again denote qt → [0, 1] as the decision

parameter such that we match the first two agents of type 2 with probability qt. If

we match the first two agents, we get the expected value 1 + p1 · (0 + g(t ⇓ 2)) +

p2p1 · (w(1,2) + g(t ⇓ 3)) + p2p2 · f(t ⇓ 2), and we denote it by At, where the three

terms except the first one are corresponding to the following arrival sequence of

type (1), (2, 1) and (2, 2), respectively. If we don’t match the first two agents, we

get the expected value p1 · (w(1,2) + g(t ⇓ 2)) + p2 · f(t ⇓ 1), and we denote it by

Bt, where these two terms corresponding to the following arrival type 1 and 2,

respectively. The value with respect to qt is equal to qtAt + (1⇓ qt)Bt. f(t) is the

optimum among them.

We then compare At and Bt. Since the representation of Bt also holds for the case

when t = 3, we replace f(t⇓ 1) in the representation of Bt by f(t⇓ 1) ⇐ Bt↗1. So

we have Bt ⇐ 1 + 1

1↗ϖ + ϱg(t⇓ 2) + ϱ(1⇓ ϱ)g(t⇓ 3) + (1⇓ ϱ)2f(t⇓ 2) > At. Thus,

qt = 0 is the optimal strategy again.

To sum up, since f(2) = 1, the expected value output by the online optimal

algorithm is not greater than the sum of the expected value output by the strategy

which only matches agents between type 2 and type 1 and one.

We now compare the expected values output by the o#ine and the online optimal

algorithm.

The o#ine optimal algorithm will match every pair of the type sequence (2, 1),

which is equal to p2p1Tw(1,2) + o(T ). Considering the expected matching number

of type sequence (2, 2), for every consecutive sequence of agents of type 2, if the

total number len is even, the matching number is at least (len⇓ 2)/2, while if the

total number len is odd, the matching number is (len ⇓ 1)/2. With the fact that

the total number of consecutive sequence is at most the number of agents of type 1
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plus 1, the expected matching number of type sequence (2, 2) is lower bounded by
p2↗2p1

2
T + o(T ). Thus, the expected value output by the o#ine optimal algorithm

is p2p1Tw(1,2) +
p2↗2p1

2
T + o(T ).

Then, in the strategy which only matches agents between type 2 and type 1, the

expected value is exactly p2p1Tw(1,2) + o(T ). So the expected value output by the

online optimal algorithm is p2p1Tw(1,2) + o(T ).

Replacing all the variables by ϱ and T , the competitive ratio is 2

3(1↗ϖ) , which is 2

3

when ϱ is significantly small.

To capture the hardness of our problem based on the LP (3.2), we conclude the

following theorem.

Theorem 3.13. No LP-based online algorithm with respect to LP (3.2) can reach

a competitive ratio better than 1

3
.

Proof. We consider such an instance:

• T = 3 and V = {1, 2};

• p1 = p2 = 0.5;

• D1 and D2 are both single-point distributions where D1 = 2, D2 = 0;

• w(1,2) = 1 and w(1,1) = w(2,2) = 0;

In this instance, the optimal value of LP (2) is 3

2
, while the o#ine optimal value is

1

2
.

3.5 Experiments

In this section, we compare our algorithms to several baseline algorithms over

synthetic datasets to demonstrate the e”ectiveness and e!ciency of our algorithms.
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Figure 3.1: Performance of di!erent algorithms w.r.t. di!erent distributions
and densities, q = 1.0, 1.5, . . . , 5.0
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Figure 3.2: Performance of di!erent algorithms w.r.t. di!erent distributions,
q = 2.5

3.5.1 Synthetic Datasets

We denote U(a, b) as the uniform distribution on [a, b], and Uint[a, b] as the uniform

distribution on [a, b] ↑ Z, where Z is the set of integers.

We generate a graph G = (V,E) with |V | = m = 100 and a parameter density q.

Without loss of generality, we set V = {1, 2, . . . ,m}. For each pair (x, y) → V
2 and

x ↘ y, we generate a value w
↔
xy from U(0, 1). If the value w

↔
xy ⇐ 1 ⇓ 2q

m+1
, we add

two non-trivial (positive-weighted) edges e = (x, y) and e = (y, x) with a weight

we = w
↔
xy to the edge set E. For the rest of the cases, we add trivial edges with

wxy = 0. It is straightforward to see that q is approximately the ratio between the

number of non-trivial edges and the number of vertices (m). If a graph is sparse,

q should be small compared to 1. The probability pv of each type v is randomly

generated from U(0, 1), and then we normalize it to satisfy
∑

v↓V pv = 1.

Three types of sojourn time distributions are tested:
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• Geometric distribution Geo(pG): p
G ∝ U(PG

, 1) where P
G → (0, 1) is a

hyperparameter.

• Binomial distribution B(nB
, p

B): nB ∝ Uint[10, NB] and p
B ∝ U(0, 1) where

N
B ⇐ 10 is a hyperparameter.

• Poisson distribution Poi(ϖP ): ϖP ∝ U(0, LP ) where LP ⇐ 1 is a hyperparam-

eter.

We assume the sojourn time of all vertices in a graph follows the same type of

distribution (geometric, binomial, or Poisson), and their distributions’ parameters

are randomly generated from a probability distribution. For example, if we assume

vertices’ sojourn time follow a geometric distribution with P
G = 0.5, then we will

generate p
G
v ∝ U(0.5, 1) for each vertex v → V .

In summary, a problem instance I is defined by a graph parametric by q and

the type of distribution (geometric, binomial, or Poisson distribution) with its

corresponding hyperparameter (PG, NB or LP ). For all experiments, we set T =

3000 which is much larger than the sojourn time of any vertex under any tested

distribution.

3.5.2 Baseline Algorithms

• Rcp: This is the randomized compatibility policy from Appendix B.3 of [6].

We adjust it to make it suitable for our model.

• Grd: Each arrival is matched to an available neighboring vertex with an

incident edge whose weight is the largest.

• Bat: This is the batching algorithm described in Section 4.1 of [8]. We set

the batch size as ′d̃∞+1 where d̃ is the expected sojourn time over all types.

• Sam0.5: Algorithm 1 with ε = 0.5.

• Sam: Algorithm 1 with ε = 0.36.

Here we test two di”erent εs for Algorithm 1. Sam uses ε = 0.36 which is suggested

by Corollary 3.8 for theoretical analysis. However, we note that Sam may be too



Chapter 3. Fully Online Matching in Stochastic Settings 33

OPT 4.420 Bat 0.652
Rcp 1.131 Sam0.5 0.696
Grd 0.016 Sam 0.737

Table 3.1: Average runtimes of di!erent algorithms (second)

conservative in practice. Hence, we would like to test a larger value. ε = 0.5 is

selected since its associated lower bound for the competitive ratio is 0.141 according

to Corollary 3.8, which is not bad in the theoretical bound but turns out to generate

much better performance in expectation (the results will be discussed later). Note

that we have tried many values for ε and obtained similar insights. These two

values are chosen without loss of generality.

3.5.3 Performance criterion

Let r denote a realization of our generated instance and R as the set of r that we

test. We use empirical competitive ratio (ECR) as our performance criterion for an

algorithm ALG: ECR =
∑

r↓R ALG(r)∑
r↓R OPT(r) where ALG(r) is the reward if we run ALG

for r and OPT(r) is the hindsight optimal for r. For each parameter setting, we

test |R| = 50 realized sequences.

3.5.4 Runtime

We list the average runtimes of di”erent algorithms in Table 3.1. The parameters

are q = 2.5 and geometric distribution with P
G = 0.5. We use Gurobi [78] as our

solver. We use a computer with 2.2 GHz Intel Core i7 processor, 16 GB 1600 MHz

DDR3 memory and Intel Iris Pro 1536 MB Graphics to run all the experiments.

In this parameter setting, the most time-consuming benchmark is OPT and the

runtimes of our algorithm are comparable with other baselines except the simple

Grd algorithm which shows that our algorithms are e!cient. Other parameter

settings obtain similar results.



34 3.5. Experiments

3.5.5 Results

Results are shown in Figures 3.1 and 3.2. In general, Sam0.5 outperforms other

baselines by at least 10% in most parameter settings and Sam can dominate other

baselines (except Sam0.5) in around 1

3
test settings. As discussed earlier, Sam is too

conservative to achieve a good performance in expectation, although it generates

a good lower bound of the competitive ratio. Sam0.5 is good in both theoretical

analysis and practice.

Sparsity. Figure 3.1 compares the performance under di”erent distributions and

densities with fixed hyperparameters. We can see that our algorithms’ perfor-

mance is stable when the density changes and Sam0.5 consistently outperforms

all the other tested algorithms in all cases. In contrast, Bat, as the best baseline

algorithm, does not perform as robust as ours. Its performance drops significantly

when q decreases. However, in practice, the graph is often sparse. For instance, in

ride-sharing, a non-trivial edge only exists between two vertices with close locations

and arrival times. In other words, the advantage of our algorithms becomes more

significant in applications with a sparse graph.

Diversity. Figure 3.2 compares the performance under di”erent distributions and

hyperparameters when fixing q = 2.5. Recall that the parameter of each vertex’s

distribution for sojourn time is uniformly generated from an interval defined by

a hyperparameter (PG, NB, or LP ). The change of the hyperparameter will lead

to di”erent levels of diversity among agents (in terms of their sojourn time). For

instance, for geometric distribution, when P
G decreases, the range to sample pG for

sojourn time’s distribution gets larger, which leads to a higher level of diversity. In

this case, Bat and Grd’s performance drops significantly whereas our algorithms

continue their good performance. This pattern is less significant for the other two

distributions. But Sam0.5 consistently performs the best among all cases and

outperforms the second-best algorithm by at least 10%.

In summary, our algorithms perform consistently well in all test cases and the

advantage over the baseline algorithms is especially significant in a sparse graph

with heterogeneous agents, which makes our algorithms practically relevant.
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3.6 Conclusions

In this chapter, we study a general fully online matching model with stochastic

arrivals and departures. We provide an LP benchmark for this problem and based

on this LP, we design an algorithm with at least a 0.1549 competitive ratio. Our

algorithm applies to a large family of departure distributions with a performance

guarantee. To demonstrate the challenge of the problem, we further provide several

hardness results. Specifically, we show that no algorithm can achieve a competitive

ratio better than 2

3
and no algorithm based on our LP can achieve a ratio better

than 1

3
. Finally, we demonstrate the e”ectiveness and e!ciency of our algorithm

by conducting extensive numerical studies.

In the future, we may improve our LP benchmark by capturing the structure of the

optimal o#ine solution. An extension to a fully online k-way matching (a match

needs k agents) is also interesting.
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Chapter 4

Allocating Mixed Goods with

Customized Fairness

In this part, we address the fairness issue in the resource allocation problem. Given

that fairness cannot be achieved trivially, we return to the o#ine setting and inves-

tigate the fairness guarantee across multiple o#ine resource allocation scenarios.

In this chapter, we first investigate the fairness under the mixed goods setting.

This chapter has been published in Li et al. [99].

4.1 Introduction

Fair division of a mixture of divisible and indivisible goods has been well moti-

vated since Bei et al. [27]. This scenario is exemplified in the context of dividing

inheritances, where the assets include both money and land (divisible goods) as

well as houses and cars (indivisible goods). In contrast to the division of purely

divisible goods, one of the key challenges lies in defining and characterizing the

notions of fairness that are both ideal and practical. This aspect continues to be

a subject of ongoing discussion and exploration in the literature [95, 107], and our

work contributes to this ongoing debate.

When the goods are all divisible, envy-freeness (EF) [68, 131] and proportionality

(PROP) [126] are the prominent fairness notions, where the definitions of these two

notions can be referred to Chapter 2. When the goods are all indivisible, due to the

39
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fact that EF and PROP allocations barely exist, the “up to one” relaxation is one

of the most widely accepted notions, such as envy-freeness up to one good (EF1)

[46, 106], and proportionality up to one good (PROP1) [58]. EF1 and PROP1 have

some nice properties, such as guaranteed existence, simple computation, and being

compatible with Pareto optimality (PO) [50].

When the goods are mixed, EF1 and PROP1 can be directly applied and guaran-

teed to be satisfiable, by treating the divisible goods as hypothetical infinitesimally

indivisible units. However, these “up to one” relaxations are rather weak fairness

criteria, as the presence of divisible goods can help alleviate the burden of un-

fairness. In light of this, Bei et al. [27] introduced envy-freeness for mixed goods

(EFM), whose existence is also guaranteed.

Apart from EFM, a more straightforward approach to enhance EF1 and quantify

the help of divisible goods in achieving fairness is to directly strengthen the “up

to one” relaxation to the “up to a fraction”, and the specific fraction depends

on the portion of indivisible goods in relation to all goods. Intuitively, an agent

may desire fairer allocations when her portion of divisible goods is more valuable.

One possible way to quantify the portion of (in)divisible goods for each agent i

is through her indivisibility ratio ωi, where ωi represents the portion of utility

derived from indivisible goods. Then, an allocation is envy-free up to ω-fraction

of one good (EFω) to agent i if any envy she has towards another agent j can be

resolved by obtaining an ωi fraction of some indivisible item from agent j’s bundle.

Similarly, an allocation is proportional up to ω-fraction of one good (PROPω) to

agent i if her utility remains at least 1/n after acquiring an ωi fraction of some

indivisible item from another agent’s bundle. It is important to note that the “up

to ω” relaxation allows for varying indivisibility ratios among the agents, thereby

tailoring the evaluation of fairness based on each agent’s specific perspective. In

this work, we focus on EFω and PROPω.

Example. To illustrate the di”erence between EFM and EFω, we consider the

following example, where two indivisible goods M = {g1, g2} and one cake C are

allocated to three identical agents. The utility function u( · ) is shown in Table 4.1.

Allocation A = (A1, A2, A3) with A1 = A2 =
1

2
C and A3 = {g1, g2} is EFM, but it

is not EFω since removing 0.5 fraction from item g1, the remaining utility of A3 is

0.25∈ 0.5 + 0.25 = 0.375 which is still greater than 0.25.
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From this example, we observe that when the indivisibility ratio is small, EFω can

ensure a fairer or more balanced allocation which can be closer to EF. In contrast,

EFM may return an allocation that appears somewhat unfair due to its adherence

to the EF1 criteria for bundles comprising solely indivisible goods. Furthermore,

unlike EFM, when agents are non-identical, EFω guarantees customized fairness

based on various personalized indivisibility ratios.

g1 g2 C ω

u( · ) 0.25 0.25 0.5 0.5

Table 4.1: An Example on EFM v.s. EFω

4.1.1 Main Results

In this chapter, we propose to study the “up to a fraction” relaxation of EF and

PROP, when a mixture of divisible and indivisible goods are allocated. We show

that an EFω allocation may not exist and a PROPω allocation always exists. Thus

we would like to understand to what extent EFω needs to be relaxed and PROPω

can be strengthened, namely EFf(ω) and PROPf(ω), so that a fair “up to a

fraction” allocation exists.

In Section 4.3, we study the “up to a fraction” relaxation of EF, i.e., EFω and

EFf(ω). We first prove that f(ω) = %(n)ω is necessary and su!cient to satisfy

EF by removing f(ω) fraction of a good. We find that any EFM allocation is

EFnω, and thus an EFnω allocation always exists (by [27]). The guarantee of

EFM cannot be improved even when agents have identical valuations. On the

other hand, we prove that at least n2

4(n↗1)
ω fraction of the good has to be removed

in order to satisfy EF, and thus our results are tight up to a constant. Besides,

when agents have identical valuations, we show that a simple greedy algorithm

ensures an EF n2

4(n↗1)
ω allocation, which exactly characterizes the extent to which

EFf(ω) can be guaranteed in this restricted case.

We then focus on the “up to a fraction” relaxation of PROP, namely, PROPω

and PROPf(ω), in Section 4.4. In contrast to EFω, EFM implies PROPω whose

existence is thus guaranteed. Additionally, we design a simple polynomial-time

algorithm to compute such an allocation. On the negative side, we find that a
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PROP(n↗1

n ⇓ ϱ)ω allocation does not always exist for any ϱ > 0 so that our bound

is asymptotically the best possible.

The relations between the “up to a fraction” fairness notions and other well-known

notions in the mixed goods setting are discussed in Section 4.5.

4.1.2 Related Work

The study of fair allocation is extensive (see, e.g., Amanatidis et al. [5], Brams

and Taylor [42], Moulin [112], Robertson and Webb [122], Suksompong [127] for

a survey). To capture fairness, various notions have been proposed for divisible

and indivisible goods, including EF [68, 131] and PROP [126] for divisible goods;

EF1 [46, 106] and PROP1 [58] for indivisible goods. There are also some notable

fairness notions, e.g., envy-freeness up to any good (EFX) [76, 106] and maximin

share (MMS) [46], etc.

Recently, a stream of literature has focused on the fair allocation problem with

a mixture of divisible and indivisible goods (mixed goods) [27, 28, 31, 36, 116].

In particular, Bei et al. [27] initiated the fair division problem with mixed goods

and proposed the fairness notion envy-freeness for mixed goods (EFM). Further,

Bei et al. [28] and Kawase et al. [95] considered the fairness notions of MMS and

envy-freeness up to one good for mixed goods (EF1M) in the mixed goods setting,

respectively. Note that, the ratio of approximate MMS allocation obtained in [28]

is a monotonically increasing function determined by how agents value the divisible

goods relative to their MMS values. On the other hand, our proposed indivisible

ratio is determined by how an agent values the divisible goods relative to her value

of all goods. Furthermore, Li et al. [103] and Li et al. [105] examined EFM in

conjunction with the issues of truthfulness and price of fairness, respectively. See

a recent survey on the mixed fair division for more details [107].

In addition, several studies considered the interplay between fairness and e!ciency

for fair allocation [19, 21, 22, 69, 113, 135]. Specifically, EF, EF1, and EF1M

are compatible with Pareto optimality (PO) (i.e., a criterion of e!ciency) via the

maximum Nash welfare allocation in the divisible, indivisible, and mixed goods

settings, respectively [50, 124]. It is worth noting that EFM is incompatible with



Chapter 4. Allocating Mixed Goods with Customized Fairness 43

PO while whether a weak version of EFM can be combined with PO is an open

question in the mixed goods setting [27].

4.2 Preliminaries

Beyond the notations presented for the mixed goods setting in Chapter 2, we

introduce additional notations required for this chapter in this section. In this

chapter, we assume without loss of generality that agents’ utilities are normalized

to 1, i.e., ui(M ↑ C) = 1 for each i → [n].

As illustrated in the introduction, EF1 and PROP1 are rather weak in the mixed

goods setting. In this chapter, we introduce new “up to a fraction” fairness notions

with the help of indivisibility ratio.

Definition 4.1 (Indivisibility Ratio). For each agent i, the indivisibility ratio ωi

is defined as ωi :=
ui(M)

ui(M)+ui(C)
.

For each agent i, ωi is the ratio between the utility for all indivisible goods and the

utility for all goods. We point out that each agent has a personalized indivisibility

ratio, allowing us to define the fairness with respect to each agent’s perspective.

Specifically, we introduce the following new fairness notions.

Definition 4.2 (EFω & PROPω). An allocation A is called

• envy-freeness up to ω-fraction of one good (EFω) if for any agents i, j → N ,

there exists an indivisible good g → Mj such that ui(Ai) ⇐ ui(Aj)⇓ωi ·ui(g).

• proportionality up to ω-fraction of one good (PROPω) if for any agent i → N ,

there exists an indivisible good g → M\Mi such that ui(Ai)+ωi ·ui(g) ⇐ 1/n.

It is easy to observe that when an agent has a higher utility for the cake, her

indivisible ratio becomes smaller. This, in turn, implies that she is more likely to

receive an allocation closer to EF/PROP under the EFω/PROPω criteria. One

can easily check that when good is only the cake, EFω (resp., PROPω) reduces to

EF (resp., PROP); when goods are all indivisible, EFω (resp., PROPω) reduces to

EF1 (resp., PROP1). We can also observe that EFω implies PROPω.
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As we will show later, an EFω allocation may not exist and a PROPω allocation

always exists. For a better understanding of what EFω needs to be relaxed and

PROPω can be strengthened, we next introduce the generalizations of EFω and

PROPω.

Definition 4.3 (EFf(ω) & PROPf(ω)). An allocation A is

• envy-freeness up to one f(ω)-fraction of good (EFf(ω)) if for any agents

i, j → N , there exists an indivisible good g → Mj such that ui(Ai) ⇐ ui(Aj)⇓
f(ωi) ·ui(g).

• proportionality up to one f(ω)-fraction of good (PROPf(ω)) if for any agent

i → N , there exists an indivisible good g → M\Mi such that ui(Ai) +

f(ωi) ·ui(g) ⇐ 1/n.

When f(ω) = ω, the above notions degenerate to EFω and PROPω. In this

chapter, we focus on the linear function form f(ω) = g(n) ·ω, where g(n) is a

function of the number of agents. One can obtain stronger (resp., weaker) fairness

requirements by making g(n) smaller (resp., larger).

4.3 Envy-freeness up to a Fractional Good

In this section, we focus on envy-freeness up to a fractional good, i.e., EFω and

EFf(ω). We first present that for two agents, an EFω allocation can be found in

polynomial time. Then, we proceed to consider the case with n ⇐ 3 agents and

show that there does not exist EF( n2

4(n↗1)
⇓ ϱ)ω allocations for any ϱ > 0. We then

explore the best fairness guarantee under EFf(ω). In particular, we find that an

EFnω allocation always exists which is tight up to a constant factor. When agents

have identical utility, we further show that f(ω) = n2

4(n↗1)
ω is the exact fraction we

can guarantee for EFf(ω).

4.3.1 Two Agents

In this subsection, we make use of the polynomial-time algorithm for finding an

EFM allocation with two agents in [27] to provide the existence of EFω allocations

for two agents.
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Theorem 4.1. When n = 2, an EFω allocation exists and can be found in poly-

nomial time. Specifically, such allocation can be found in O(m) time.

Proof. The polynomial-time algorithm for finding an EFM allocation with two

agents is also capable of finding an EFω allocation with two agents ([27]): “We

begin with an EF1 allocation (M1,M2) of all indivisible goods. Assume without

loss of generality that u1(M1) ⇐ u1(M2). Next agent 1 adds the cake into M1 and

M2 so that the two bundles are as close to each other as possible. Note that if

u1(M1) > u1(M2 ↑C), agent 1 would add all cake to M2. If u1(M1) ↘ u1(M2 ↑C),

agent 1 has a way to make the two bundles equal. We then give agent 2 her

preferred bundle and leave to agent 1 the remaining bundle.” It is easy to see that

we only need to analyze the case when u1(M1) > u1(M2↑C) holds and agent 1 gets

M2 ↑ C. Since there exists some good g in M1 such that u1(M2) ⇐ u1(M1 \ {g}),
we have

u1(M2 ↑ C) = u1(M2) + (1⇓ ω1)

⇐ u1(M1)⇓ u1({g}) + (1⇓ ω1)u1({g})

= u1(M1)⇓ ω1 ·u1({g}),

which completes the proof.

Since the initial EF1 allocation can be found in O(m) time by applying the envy-

cycle elimination [106], and all the remaining procedure can also be done in O(m)

time. Thus, such allocation can be found in O(m) time.

4.3.2 General Number of Agents

We move on to consider the case of a general number of agents n ⇐ 3 in this part.

When the resources to be allocated contain only divisible or indivisible goods, EFω

allocations always exist. However, when the goods are mixed, we show that EFω

allocations fail to exist even when there is only one homogeneous cake 1 and one

indivisible good.

1We call a cake homogeneous if the utility over a subset of cake C depends only on the length

of this subset, i.e., for each i → [n] and any C → ↓ C, ui(C →) = |C→|
|C| ·ui(C), where |C →| and |C|

represents the length of C → and C, respectively.
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Theorem 4.2. For n ⇐ 3 agents, an EFω allocation does not always exist. Specif-

ically, for any ϱ > 0, an EF( n2

4(n↗1)
⇓ ϱ)ω allocation does not always exist.

Proof. The proof is derived from the following counterexample where we have n

identical agents, one indivisible good g, and one homogeneous cake C.

g C ω

ui( · ), ≃i → [n] 2

n
n↗2

n
2

n

Suppose the indivisible good g is allocated to agent n. Then there must exist one

agent i → [n⇓ 1] such that ui(Ai) ↘ n↗2

n(n↗1)
. For this agent i,

ui(An)⇓ ω ·ui(o) =
2

n
⇓ (

2

n
)2 =

2(n⇓ 2)

n2
. (4.1)

When n ⇐ 3, we have 2

n >
1

n↗1
, and thus 2(n↗2)

n2 >
n↗2

n(n↗1)
which implies that agent

i fails to achieve EFω.

The above analysis can be tighter, and we have

ui(An)⇓ (
n
2

4(n⇓ 1)
⇓ ϱ)ω ·ui(o)

=
n⇓ 2

n(n⇓ 1)
+

4ϱ

n2
> ui(Ai),

which implies agent i fails to achieve EF( n2

4(n↗1)
⇓ ϱ)ω.

On the positive side, we will show in Section 4.5 that EFM implies EFnω (Theo-

rem 4.7) which means that an EFnω allocation can be derived by using the poly-

nomial algorithm for EFM in [27]. This also implies that when n ⇐ 3, the best

fairness guarantee under EFf(ω) notion would be EF%(n)ω. Further, when all

agents are identical, we show that the exact fairness guarantee under EFf(ω) no-

tion is EF n2

4(n↗1)
ω.

Theorem 4.3. When agents have identical utility functions, an EF n2

4(n↗1)
ω alloca-

tion always exist. Such allocation can be found in O(mn
3) time.
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Proof. As described after the statement of Theorem 4.3, we adopt an algorithm

which finds an EF1 allocation for indivisible goods first and then utilizes the water-

filling procedure to allocate the cake, where the cake will be always allocated to

the agents with the smallest utility.

Based on the form f(ω) = g(n) ·ω, we then prove that for an arbitrary integer

n ⇐ 3, via this algorithm, each instance that admits a function g(n) can be modified

to an instance with only one indivisible good and a cake that also admits a function

lower bounded by g(n).

Under the instance I1 that admits a function g(n), we assume the envy of g(n) ·ω
occurs from agent i to agent j. Since when j is fixed, the smaller u(i) can lead to a

larger g(n), we can assume the bundle i has the smallest utility among all bundles,

which always receives divisible goods during the whole water-filling process and

has exactly the utility at the water level (the utility of all agents receiving some

cake).

Since the allocation is EF1 before allocating the cake, the di”erence between the

utilities of bundle j and bundle i before allocating the divisible goods is upper

bounded by some good g → Mj. We then assume g
↔ is the good with the largest

utility in Mj, which is the corresponding o used in the condition of EFf(ω). We

can then compare to the instance I2 where only one indivisible good with utility

g
↔ is given to agent j. In both instances, the g↔s corresponding to the o used in the

condition of EFf(ω) are the same but the initial di”erence between the utilities of

agent j and i is larger under I2, which is from a value weakly less than u(g) ↘ u(g↔)

to exactly u(g↔). Further, the divisible goods are required to be allocated to exactly

n⇓ 1 agents from the beginning in I2, which can makes a lower water level and a

larger di”erence after terminating the water-filling procedure. With the decrease

of ω since there exists only one indivisible good g
↔ in I2, instance I2 admits a larger

g(n) than that in I1.

We can then focus on the case where there is only one indivisible good and a

cake. We assume the value over the indivisible good is x and the value over the

cake is 1 ⇓ x, where ω here is exactly x. Without loss of generality, we assume

x ⇐ 1↗x
n↗1

otherwise we can directly reach a PROP allocation. We then need to find

an x which minimizes the g(n) in the inequality x ⇓ g(n) ·x2 ↘ 1↗x
n↗1

, which is the
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condition for EFf(ω). By some calculus, the optimal x is exactly 2

n , corresponding

to the counterexample in Theorem 4.2.

For the time complexity, we can adopt the envy-cycle elimination [106] to find the

initial EF1 allocation for indivisible goods, which can be done in O(mn
3) time.

For the water-filling procedure, since the size of the set of agents with the smallest

utility can be increased at most n times and we can determine the allocated amount

of the cake in each round in O(n2) time. Thus, the water-filling procedure can be

done in O(n3) time.

However, such an idea is not applied to the non-identical agents setting, where the

presence of multiple indivisible goods may complicate the envy graph and prevent

us from reducing it to a case with only one indivisible good.

4.4 Existence and Computation of PROPf (ω)

In this section, we focus on the proportionality up to a fractional good (i.e.,

PROPω and PROPf(ω)). We first prove by presenting a polynomial algorithm

that a PROPω allocation always exists in the mixed good setting. Subsequently,

we consider the PROPf(ω) notion and show a lower bound of f(ω), giving an

asymptotically tight characterization for the existence of PROPf(ω).

4.4.1 The Algorithm

The complete algorithm for finding a PROPω allocation is shown in Algorithm 2.

Conceptually, Algorithm 2 performs the “moving-knife” procedure on indivisible

goods and the cake separately through n ⇓ 1 rounds (Lines 2-14). In each round,

one agent is allocated with a bundle that yields a utility that achieves PROPω. The

bundle is firstly filled by indivisible goods (Line 4) until there exists an indivisible

good o such that after adding o to the bundle, some agent j will be satisfied with

the bundle. Then, depending on whether we can make some agent satisfied by only

adding some cake to the bundle, we execute either Case 1 (Lines 5-8) or Case 2

(Lines 9-14).
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• Case 1: when the cake is not large enough to make any agent satisfied, we

simply add the indivisible good o to the bundle and allocate it to agent j.

• Case 2: we first find out the minimum required piece of cake for each agent

that will make her satisfied (Line 11). This step can be implemented through

the RW model. Note that the condition of entering the second case ensures

that at least one agent can be satisfied by adding some piece of the cake.

we then find the optimal agent i
→ that requires the minimum piece of cake

among all agents and allocate the piece of cake together with the bundle of

indivisible goods to her.

After allocating the bundles to n⇓1 agents, we give all the remaining goods to the

last agent (Line 17). Assume, w.l.o.g., that agents 1, 2, . . . , n receive their bundles

in order.

We remark that when all goods are indivisible, our algorithm omits Case 2 and

thus degenerates to the well-known bag-filling procedure. When the whole good is

a divisible cake, the algorithm only executes Case 2 and then becomes the classical

moving-knife algorithm. Though Algorithm 2 is a natural extension of the algo-

rithms in the divisible goods setting and the indivisible goods settings, we claim

that the analysis is non-trivial as shown in the next subsection.

4.4.2 Analysis

Our main result for the existence and computation of PROPω allocations is as

follows.

Theorem 4.4. For any number of agents, Algorithm 2 returns a PROPω allocation

in polynomial time. Specifically, the PROPω allocation can be found in O(n2
m

2)

time.

To prove Theorem 4.4, we will utilize some useful concepts and facts. Let k be the

first agent that receives her bundle with only indivisible goods in Lines 5 to 8. In

other words, agents 1, . . . , k⇓1 are assigned their bundles with some pieces of cake

in Lines 9 to 14. Moreover, for distinction, we set k ∋ n if all the first n⇓1 agents

are assigned in Lines 9 to 14. The agent k plays an important role in bounding the

ratio ωi for the agent after k. The relation is shown below.
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Algorithm 2 Finding a PROPω allocation
Data: Agents N , indivisible goods M and cake C

Result: A PROPω allocation (A1, A2, . . . , An)

1: M̂ ∋ M, Ĉ ∋ C;
2: while |N | ⇐ 2 do
3: B ∋ ↗;
4: Add one indivisible good in M̂ at a time to B until adding the next indi-

visible good o will cause uj(B ↑ {o}) ⇐ 1/n ⇓ ωj ·uj(g) for some agent j and
some good g → M \ (B ↑ {o}), or M \ (B ↑ {o}) = ↗;

5: if ≃i → N and g → M \B, ui(B ↑ Ĉ) < 1/n⇓ ωi ·ui(g) then
6: // Case 1: allocate with only indivisible goods;
7: Aj ∋ B ↑ {o};
8: N ∋ N \ {j}, M̂ ∋ M̂ \ (B ↑ {o});
9: else
10: // Case 2: allocate with cake;
11: Suppose now Ĉ = [a, b]. For all i → N , if ui(B↑ [a, b]) ⇐ 1/n⇓ωi ·ui(g),

let xi be the leftmost point such that ui(B ↑ [a, xi)) = 1/n⇓ωi ·ui(g) for some
good g → M \B; otherwise, let xi = b;

12: i
→ ∋ argmini↓N xi;

13: Ai↔ ∋ B ↑ [a, xi↔);
14: N ∋ N \ {i→}, M̂ ∋ M̂ \B, Ĉ ∋ Ĉ \ [a, xi↔);
15: end if
16: end while
17: Give all the remaining goods to the last agent;
18: return (A1, A2, . . . , An);

Proposition 4.1. ωi ⇐ n↗k
n for each agent i > k.

Proof. Fix an agent i > k. According to the definition of k, each agent j in

{1, . . . , k ⇓ 1} will be assigned a bundle with some pieces of cake Cj. It is clear to

see that agent i’s valuation on each Cj is at most 1/n since otherwise agent i will

be an agent that receives a bundle before agent k.

Next, we focus on the remaining cake. Note that if the condition in Line 5 is true,

i.e., ui(B ↑ Ĉ) < 1/n⇓ ωi ·ui(g) for all goods g → M \B, this also means that the

remaining cake Ĉ worth at most 1/n to agent i.

Combined the above arguments, we have ui(C) ↘ k/n which completes the proof.
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Let oi be the indivisible good o as defined in Line 4 for the i-th iteration of the while-

loop. For each agent j, we define gij = argmaxg↓(M\Mi)≃oi uj(g). Intuitively, gij is

the good that, when agent i conducts the “moving-knife” procedure (and finally

obtains Ai), for agent j, the most valuable good besides the bundle Ai without oi.

The next proposition makes a connection between the above two definitions.

Proposition 4.2. uj(gij) ⇐ uj(op) for any agents i, j, p with i ⇒= n and op ⇒= oi↗1.

Proof. For the first case when p > i, because op exists in round p, we have op /→ Ai

and then verify the case from the definitions of gij.

When p < i, since op ⇒= oi↗1, op is not observed at round i and we can prove the

statement by the definitions of gij.

When p = i, the statement obviously holds.

We are ready to prove the following lemma.

Lemma 4.5. Before the j-th iteration, the remaining goods are enough for j to

achieve PROPω. Specifically, we have

uj(M̂ ↑ Ĉ) ⇐ (n⇓ j + 1)(
1

n
⇓ ωj ·uj(gjj)),

where M̂ ↑ Ĉ represents the remaining goods just before the j-th iteration.

Proof. We first look at the case with j ↘ k. By definition of k, each agent in

{1, . . . , k ⇓ 1} is assigned her bundle in Lines 9 to 14. In other words, from the

viewpoint of j, the value of each bundle Ai with i → {1, . . . , j ⇓ 1} is less than

1/n ⇓ ωj ·uj(g) ↘ 1/n for some g ⇒→ Ai since, otherwise, agent j will be assigned

before agent i. This means that, agent j’s value on the remaining goods is at least

1⇓ j ⇓ 1

n
=

n⇓ j + 1

n
⇐ (n⇓ j + 1)(

1

n
⇓ ωj ·uj(gjj)).

We note that k = n belongs to this case as the analysis only focus on the fact that

each agent in {1, . . . , k ⇓ 1} is assigned her bundle in Lines 9 to 14.

We next consider the case with j > k. Similar to the above case, we can show

that agent j’s value on each bundle Ai with i → {1, . . . , k ⇓ 1} is weakly less

than 1/n ⇓ ωj ·uj(gij). We then focus on the k-th assignment to the (j ⇓ 1)-st
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assignment which can either be implemented in Lines 5 to 8 or in Lines 9 to 14.

If the i-th assignment, where k ↘ i ↘ j ⇓ 1, is executed by Lines 9 to 14, we can

similarly obtain that uj(Ai) ↘ 1/n ⇓ ωj ·uj(gij). For the situation with Lines 5

to 8, we can also have uj(Ai) ↘ 1/n ⇓ ωj ·uj(gij) + uj(oi). Now we are ready to

compute agent j’s value over the remaining goods. Our discussion is divided into

two parts: (a) argmaxk⇐p⇐j↗1 uj(op) = {oj↗1} and oj↗1 → Aj; (b) other situations,

i.e., either (i) argmaxk⇐p⇐j↗1 uj(op) ⇒= {oj↗1} or (ii) argmaxk⇐p⇐j↗1 uj(op) = {oj↗1}
but oj↗1 ⇒→ Aj.

We first consider Part (b), we can get:

uj(M̂ ↑ Ĉ)

= 1⇓
∑

1⇐i⇐j↗1

uj(Ai)

⇐ 1⇓
∑

1⇐i⇐k↗1

(
1

n
⇓ ωj ·uj(gij)

)
⇓

∑

k⇐i⇐j↗1

(
1

n
⇓ ωj ·uj(gij) + uj(oi)

)

=
n⇓ j + 1

n
+

∑

1⇐i⇐k↗1

(ωj ·uj(gij)) +
∑

k⇐i⇐j↗1

(ωj ·uj(gij)⇓ uj(oi))

⇐ n⇓ j + 1

n
+ ωj

∑

1⇐i⇐k↗1

max
k⇐p⇐j↗1

uj(op) + (ωj ⇓ 1)
∑

k⇐i⇐j↗1

max
k⇐p⇐j↗1

uj(op)

Here, for the second inequality, we can first observe that uj(gij) ⇐ maxk⇐p⇐j↗1 uj(op)

for each 1 ↘ i ↘ k ⇓ 1 from Proposition 4.2. For the third term in this in-

equality, we achieve this by presenting the fact that ωj ·uj(gij) ⇓ uj(oi) ⇐ (ωj ⇓
1)maxk⇐p⇐j↗1 uj(op) is satisfied for each k ↘ i ↘ j ⇓ 1. We can utilize uj(oi) ↘
maxk⇐p⇐j↗1 uj(op) under the case that uj(gij) ⇐ maxk⇐p⇐j↗1 uj(op) and apply

uj(oi) ↘ uj(gij) under the case that uj(gij) < maxk⇐p⇐j↗1 uj(op) to show this.
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By rearranging the terms, this is equivalent to:

n⇓ j + 1

n
+ (ωj(k ⇓ 1) + (ωj ⇓ 1)(j ⇓ k)) max

k⇐p⇐j↗1

uj(op)

⇐n⇓ j + 1

n
+

(
(n⇓ k)(k ⇓ 1)⇓ k(j ⇓ k)

n

)
max

k⇐p⇐j↗1

uj(op)

=
n⇓ j + 1

n
+

(
⇓(n⇓ k) + k(n⇓ j)

n

)
max

k⇐p⇐j↗1

uj(op)

⇐n⇓ j + 1

n
⇓

(
(n⇓ j + 1)(n⇓ k)

n

)
max

k⇐p⇐j↗1

uj(op)

⇐(n⇓ j + 1)

(
1

n
⇓ ωj · max

k⇐p⇐j↗1

uj(op)

)

⇐(n⇓ j + 1)

(
1

n
⇓ ωj ·uj(gjj)

)
.

The first and third inequalities are from Proposition 4.1, while the fourth inequal-

ity is from the assumption of Part (b). From the assumptions of Part (b), we

can conclude that argmaxk⇐p⇐j↗1 uj(op) is not in the bundle Aj so uj(gjj) ⇐
maxk⇐p⇐j↗1 uj(op).

We next consider Part (a). We first define a term r which is the largest value

between k and j⇓1 such that or ⇒= oj↗1. Since ok → Ak which cannot be oj↗1, such

r must exist. We observe that each agent i from r + 1 to j ⇓ 1 gets her bundle

with mixed goods in Lines 9 to 14 since oi = oj↗1 → Aj. The analysis of Part (a)

is similar to the one of Part (b) with some mild modifications.

uj(M ↑ C)

= 1⇓
∑

1⇐i⇐j↗1

uj(Ai)

⇐ 1⇓
∑

1⇐i⇐k↗1

(
1

n
⇓ ωjuj(gij)

)
⇓

∑

k⇐i⇐r

(
1

n
⇓ ωjuj(gij) + uj(oi)

)
⇓

∑

r+1⇐i⇐j↗1

(
1

n
⇓ ωjuj(gij)

)

⇐ n⇓ j + 1

n
+

∑

1↗i↗k↑1
or r+1↗i↗k↑1

(ωj ·uj(gij)) +
∑

k⇐i⇐r

(ωj ·uj(gij)⇓ uj(oi))

⇐ n⇓ j + 1

n
+ ωj

∑

1↗i↗k↑1
or r+1↗i↗k↑1

max
k⇐p⇐r

uj(op) + (ωj ⇓ 1)
∑

k⇐i⇐r

max
k⇐p⇐r

uj(op)

⇐ (n⇓ j + 1)

(
1

n
⇓ ωj ·uj(gjj)

)
,
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where the inequalities can be derived based on the same reason as in Part (b). The

proof of Lemma 4.5 is thus complete.

We now turn our attention to the proof of Theorem 4.4.

Proof of Theorem 4.4. It is clear that all the goods are allocated after Line 17 of

Algorithm 2. We next consider the correctness of the algorithm. By Lemma 4.5,

we know that each iteration of the while-loop of Algorithm 2 is well-defined, which

means that each agent in {1, . . . , n⇓1} achieves her PROPω, either in Lines 5 to 8

or in Lines 9 to 14. For the last agent, Lemma 4.5 also implies that the PROPω

of agent n can be satisfied.

Since each step in this algorithm can be executed in polynomial time and the total

number of the while loop at Line 2 is exactly n⇓1, we can conclude the polynomial

running time of the algorithm, which completes the proof. Specifically, during each

execution of the while loop at Line 2, since we need to check the PROPω condition

for each agent after adding each remaining indivisible good, the running time in

this round is O(m2
n). All the remaining steps in each execution of the while

loop at Line 2 can also be done in O(mn) time. Thus, the total running time is

O(n2
m

2).

4.4.3 Impossibility Result

From Theorem 4.4, we know that a PROPω allocation always exists. In the fol-

lowing, we give a lower bound on f(ω) such that PROPf(ω) allocation is not

guaranteed to exist.

Theorem 4.6. For any ϱ > 0, a PROP(n↗1

n ⇓ϱ)ω allocation does not always exist.

Proof. Without loss of generality, we assume ϱ ↘ 2

5
, otherwise we can choose the

corresponding instance for ϱ = 2

5
to prove this. Let x = ϖ

n↗1
. We consider the

following instance with n identical agents, n⇓ 1 indivisible goods, and one cake.

|M | = n⇓ 1 C ω

ui( · ), ≃i → [n] 1↗x
n↗1

, ≃g → M x 1⇓ x
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There exists an agent i who obtains no indivisible goods. Thus ui(Ai) ↘ ui(C) = x.

For this agent and any good g → M , we have

ui(Ai) + (
n⇓ 1

n
⇓ ϱ)ωi ·ui(g)

↘ x+ (
1

n
⇓ x) · (1⇓ x)2

=
1

n
⇓ x(

2

n
⇓ 2n+ 1

n
x+ x

2)

=
1

n
⇓ x(

2

n
⇓ 2

n

n+ 1/2

n⇓ 1
ϱ+ x

2)

<
1

n
.

The last inequality is because
(n+ 1

2 )ϖ

n↗1
↘ 1 from n ⇐ 2 and ϱ ↘ 2

5
. Therefore, agent

i fails to achieve PROP(n↗1

n ⇓ ϱ)ω.

This impossibility result with Theorem 4.4 also implies that we obtain an asymp-

totically tight characterization for the existence of PROPf(ω).

Remark. We can observe that there exists a constant gap between Theorem 4.4

and Theorem 4.6. However, we cannot easily prove that our algorithm (Algorithm

2) can further ensure PROPn↗1

n ω, since the proof of our algorithm heavily depends

on the use of Proposition 4.1, which is not true if we enhance it to the statement

that ωi ⇐ n↗k
n · n

n↗1
= n↗k

n↗1
for each agent i > k.

4.5 Relation with Other Fairness Notions

We explore the relation among EFf(ω), PROPf(ω) and other notions (EFM and

MMS) in the mixed goods setting. A summary of the results in this section is

provided in Figure 4.1.

EFM 1-MMSPROPEF

Figure 4.1: Relations among di!erent fairness notions, where X ↖ Y means
that an allocation satisfying X must also satisfy Y .
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4.5.1 Connections to EFM

We first discuss the relations of our “up to a fraction” fairness notions with EFM,

proposed in [27], which is a natural combination of EF and EF1 in the mixed goods

setting.

It is easy to verify that EFM does not imply EFω; recall the example in Section 4.1.

However, EFM can imply a generalized version of EFω, as shown in the theorem

below.

Theorem 4.7. Any EFM allocation is EFnω.

Proof. Fix an agent 1 arbitrarily. If ω1 ⇐ 1

n , EFnω holds since EF1 is guaranteed

by EFM. Otherwise, we have u1(C) > n↗1

n and u1(M) < 1

n .

If u1(A1) ⇐ 1

n , suppose u1(A1) < u1(Ai), EFM tells Ci = ↗ and thus u1(Mi) =

u1(Ai) > u1(A1) ⇐ 1

n , which contradicts with u1(M) < 1

n . Therefore, EF holds in

this case.

We then consider the case when u1(A1) <
1

n . Since u1(C) > n↗1

n and any agent i

containing some pieces of cake must have u1(Ci) ↘ u1(Ai) < u1(A1) <
1

n by the

definition of EFM, u1(Ci) > 0 must hold for all i → N otherwise there must exist

some divisible goods which cannot be allocated. Thus, agent 1 must not envy any

other agent.

On the other side, we show that EFnω is the best guarantee under EFf(ω) that

an EFM allocation ensures.

Theorem 4.8. For any ϱ > 0, an EFM allocation may not be EF(n⇓ ϱ)ω.

Proof. Let x = ϖ
n . Consider the following instance with n agents, 1

x indivisible

goods and one cake. Here, without loss of generality, we assume 1

x is an integer,

otherwise we can choose another ϱ↔ = 1

⇒ 1
ε ⇑

and use the corresponding instance under

this ϱ↔. we do not normalize the total utility for better illustration here either.

|M | = 1

x C ω

ui( · ), ≃i → [n] x, ≃g → M (n⇓ 1)(1⇓ x) 1

(1↗x)n+x
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By allocating M to agent 1 and dividing C equally among the rest of the agents,

we have ui(A1) = 1 and ui(Aj) = 1 ⇓ x for any i → [n] and j → [n]\{1}. It’s easy

to check that this is an EFM allocation. However, for any good g → A1,

u2(A1)⇓ (n⇓ ϱ)ω2 ·u2(g)

= 1⇓ (n⇓ ϱ) ·
1

(1⇓ x)n+ x
·x

> 1⇓ n⇓ ϱ

(1⇓ x)n
·x = u2(A2).

This implies that the condition of EF(n ⇓ ϱ)ω from agent 2 to agent 1 is not

satisfied.

We then consider the relation between PROPω and EFM.

Theorem 4.9. An EFM allocation is PROPω.

Proof. Fix an agent 1 arbitrarily. If u1(A1) ⇐ 1

n , agent 1 achieves PROP (and thus

PROPω). Otherwise, we assume u1(A1) <
1

n and pick the good w /→ M1 such that

u1(w) = maxg/↓M1 u1(g).

We assume an integer k such that u1(A1) ⇐ u1(Aj) for all j → [k] and u1(A1) <

u1(Aj) for all j > k. By EFM, we have: u1(A1) + u1(w) ⇐ u1(Aj) for all j > k.

Adding all these inequalities for all j → [n], we have: u1(A1) +
n↗k
n u1(w) ⇐ 1

n .

If u1(M) ⇐ n↗k
n , the above inequality ensures PROPω. If not, we have u1(C) > k

n .

Since 1

n > u1(A1) ⇐ u1(Aj) for all j → [k], there exists some cake allocated to agent

j > k, a contradiction with the definition of EFM.

This relation is also tight due to the following result.

Theorem 4.10. For any ϱ > 0, an EFM allocation may not be PROP(1⇓ ϱ)ω.

Proof. Let x = (n ⇓ 1)ϱ. Consider the following instance with n agents, n↗1

x

indivisible goods, and one cake. Here, without loss of generality, we assume 1

x is

an integer and x ↘ 1, otherwise we can choose another ϱ↔ = 1

⇒ 1
min{1/(n↑1),ε} ⇑

and use

the corresponding instance under this ϱ↔. we do not normalize the total utility for

better illustration here either.
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|M | = n↗1

x C ω

ui( · ), ≃i → [n] x, ≃g → M 1⇓ x
n↗1

n↗x

By allocating C to agent 1 and dividing M equally among the rest of the agents,

we have ui(A1) = 1⇓ x and ui(Aj) = 1 for any i → [n] and j → [n]\{1}. It is easy
to check that this is an EFM allocation. However, for any good g → A\A1,

u1(A1) + (1⇓ ϱ)ω1 ·u1(g)

= 1⇓ x+ (1⇓ ϱ) ·
n⇓ 1

n⇓ x
·x

= 1⇓ (
1⇓ x

n⇓ x
+

n⇓ 1

n⇓ x
ϱ) ·x

= 1⇓ x

n⇓ x

< 1⇓ x

n
=

n⇓ x

n
.

This implies that the condition of PROP(1⇓ ϱ)ω for agent 1 is not satisfied.

It is worth noting that Bei et al. [27] designed an algorithm for computing an EFM

allocation. However, their algorithm utilizes the perfect allocation oracle, which is

not in polynomial time when we have a heterogeneous cake, and consists of the

intricate envy-graph maintenance and envy-cycle elimination subroutine. On the

contrary, Chapter 2 runs in polynomial time and is simple to implement.

4.5.2 Connections to MMS

We also consider the relation of our “up to a fraction” fairness notions with MMS

as defined in the following. Such fairness concept is first proposed by Budish [46],

which is a natural extension of the proportionality from the divisible goods setting

to the indivisible goods setting.

Definition 4.4 (ς-MMS). Let $n(A) be the set of all n-partitions of A. The

maximin share (MMS) of any agent i → N is defined as

MMSi = max
P=(P1,P2,··· ,Pk)↓!n(A)

min
j↓N

ui(Pj).
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An allocation that reaches MMSi is called an MMS-allocation of agent i. Given any

ς → [0, 1], allocation A is ς-approximate MMS fair (ς-MMS) if ui(Ai) ⇐ ς ·MMSi

for every agent i → N . When ς = 1, we simply write MMS.

It is easy to see that when the goods are all divisible, MMS coincides with PROP.

When the goods are all indivisible, MMS is strictly weaker than PROP but im-

plies PROP1 [51]. Our next result is a generalization that encompasses these two

extreme cases.

Theorem 4.11. Any MMS allocation is PROPω.

Proof. For an arbitrary MMS allocation X = {X1, . . . , Xn}, we assume this allo-

cation X does not satisfy PROPω, i.e., there exists some i → [n] s.t. ui(Xi) <

1

n ⇓ ωiui(g) for every indivisible good g /→ Xi. Let Y = {Y1, . . . , Yn} as the MMS-

allocation of agent i which minimizes the number of the bundles with the utility

MMSi from i’s perspective. Without loss of generality, we assume Y1 is the bundle

with the largest fraction of the cake C among all bundles with the utility MMSi

and assume Yn is the bundle with the largest utility under ui.

Since X is an MMS allocation, 1

n > ui(Xi) ⇐ MMSi = ui(Y1), we then have

ui(Yn) >
1

n . If there exists a bundle Yi with ui(Yi) > MMSi which contains some

pieces of cake, we can move some of them to the bundle Y1 which can make the

allocation Y is no longer the required MMS-allocation as said above. Thus, the

whole cake is shared by the bundles with utility MMSi, which means that ui(Y1) ⇐
ui(C1) ⇐ ui(C)

n and Yn contains only indivisible goods. Here, C1 represents the cake

in Y1.

Because ui(Yn) >
1

n > ui(Xi) and Yn consists of no cake, there exists a good g → Yn

such that g /→ Xi. If ui(g) ⇐ 1

n , we have ui(Xi) + ωiui(g) ⇐ ui(Y1) +
ui(M)

n ⇐
ui(C)

n + ui(M)

n = 1

n , which leads to a contradiction. If ui(g) ↘ ui(C1) (so it is less

than ui(Yn)), we can exchange the good g and an equivalent fraction of C1 and

then Yn becomes a bundle with ui(Yn) > MMSi which contains some pieces of cake,

which also leads to a contradiction with the definition of the allocation Y .

For the last case where 1

n > ui(g) > ui(C1), we have ui(Y1) + ui(g) ⇓ ui(C1) ↘
ui(Xi) + ui(g) ⇓ ui(C)

n < ui(Xi) + ui(g) ⇓ ui(g)ui(C) = ui(Xi) + ui(g)ui(M) < 1

n .

The last inequality is from the fact that Xi violates the PROPω condition. With

the fact that ui(Yn) >
1

n , we can exchange the good g and C1 to reach an MMS
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allocation with a smaller number of the bundles with utility MMSi, which violates

the definition of Y . This completes our proof.

Recall that MMS allocations may not exist, however, an approximately MMS al-

location may not be PROPω.

Theorem 4.12. For any ς → (0, 1), a ς-MMS allocation may not be PROPω.

Proof. One example is to allocate the cake to n agents. Now an MMS allocation

is also PROP (and PROPω since ωi = 0 for all i → [n]). Any approximately MMS

allocation fails to satisfy MMS and thus PROPω.

Another example is allocating many small goods to n agents. For instance, n
x

goods with utility x for all agents. Here for any agent i, MMSi = 1 and ωi = 1.

By giving the first agent 1

x ⇓ 2 goods and allocating the rest of the goods evenly to

the rest of the agents (so that each agent obtains at least 1

x goods), this allocation

is (1⇓ 2x)-MMS. However, it’s obvious that this is not a PROP1 allocation.

4.6 Conclusion

We study the fair allocation of a mixture of divisible and indivisible goods. We

introduce the indivisibility ratio and fairness notions of envy-free and proportional

up to a fractional good, which serves as a smooth connection between EF/PROP

and EF1/PROP1. Our results exhibit the limit of the amount of the fractional

item that we need to relax so that a fair allocation is guaranteed, which a!rm

the intuition that the more divisible items we have, the fairer allocations we can

achieve.

There are some problems left open. For example, there is a constant gap between

the upper and lower bounds of the fractional relaxation of EF. Our work also unveils

intriguing possibilities for future research. One such avenue is proposing alternative

relaxations of the ideal fairness principles to better capture the characteristics of

mixed scenarios, such as the customized indivisibility ratio in our model.



Chapter 5

Fairness under Ordinal Uncertain

Preferences

In this chapter, we turn our attention to the indivisible goods setting and investi-

gate the fairness guarantee when the agents’ preferences over items are ordinal and

uncertain rather than cardinal. This chapter has been published in Li et al. [102].

5.1 Introduction

The problem of fairly allocating a set of scarce resources among multiple agents

has been a central research topic in multi-agent systems and AI. One of the most

prominent fairness notions in fair division is proportionality, which is also one of

the first studied fairness concepts in the literature. The existence of a proportional

allocation can always be guaranteed when the resources are divisible. However,

with indivisible items, proportional allocations may fail to exist in some cases; a

simple example is when there are only two agents and one item which both agents

value positively.

A classic notion of proportionality is defined under the setting that each agent has

a cardinal and deterministic valuation function over the items. In contrast, this

chapter studies ordinal and uncertain preferences over items. Considering only

ordinal preferences is a natural and appealing assumption due to several reasons.

To name a few, first, it is often much easier to elicit ordinal preferences from the

61
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agents since it requires significantly less information. Second, some weaker fairness

notions defined for ordinal preferences may permit more positive computational

results for many problems. Finally, in certain applications, it’s not available to get

the cardinal preferences due to agents’ limited knowledge on their valuations. In

fact, the ordinal preferences have been widely studied in the resource allocation

problems [18, 37, 47, 59, 60, 72, 97].

The assumption of uncertain preferences is also practical. In some settings the

ordinal preferences may not be completely known due to a lack of information or a

high cost to elicit a full preference list. Specifically, it may require a large number

of pairwise comparisons among possible options to get the full preference order.

It can also be di!cult to even rank two close options without additional costly

information [62]. In addition, according to the study of uncertain preferences in

[17], an agent’s preference may be a composition of several preference lists from

other agents she represents, or a combination of preferences from di”erent criteria,

where their weights are not determined.

In summary, the problem studied in this chapter is to find a fair allocation for

agents that have ordinal and uncertain preferences over items. In particular, the

notion to define fairness under ordinal preferences is based on stochastic dominance

(SD), a standard way of comparing fractional allocations. We model the uncertain

preferences following a similar way as in Aziz et al. [17] and Aziz et al. [14].

Specifically, we use tied sets to represent the items that the agents are not sure

of their preferences towards and assume equal probabilities over each linear order

extension of the preference order in the tied sets. This model of uncertainty is

common for ordinal preferences. It has also been widely used in the matching

literature [62, 119, 120]. To the best of our knowledge, our work presented in this

chapter is the first one to consider fair allocations under such preference settings

and provide algorithmic and complexity analysis for it.

5.1.1 Our results

In this chapter, we study how to find proportionally fair allocations when the

agents have ordinal and uncertain preferences. Inspired by Aziz et al. [16] which

studies Pareto optimal allocations under similar preference models, we study the

computational complexity of the following four problems:
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Table 5.1: Theorectical results

Weak SD Proportionality
FairProb in P (Thm 5.1)
ExistsPossiblyFair in P (Thm 5.2)

ExistsCertainlyFair
NP-Hard (Thm 5.3)
in P for constant n (Thm 5.5)
in P for identical agents (Thm 5.4)

HighestProb
NP-hard (Thm 5.3)
in P for constant n (Thm 5.5)

• FairProb: What is the probability that a given allocation is fair under the

specific fairness definition?

• ExistsPossiblyFair: Does there exist an allocation that is fair with non-

zero probability?

• ExistsCertainlyFair: Does there exist an allocation that is fair with prob-

ability one?

• HighestProb: How to find an allocation with the highest probability of

being fair under the specific fairness definition?

We focus on one fairness notion introduced in Aziz et al. [13]: weak SD propor-

tionality and SD proportionality. Other proportional notions are also discussed

in Aziz et al. [13]. But they are shown to be equivalent to either of these two

fairness notions. For each fairness notion, we present hardness results and e!-

cient algorithms for the above four questions. Specifically, we show that for both

fairness notions, FairProb and ExistsPossiblyFair can be solved in polyno-

mial time via dynamic programming and matching. ExistsCertainlyFair and

HighestProb are NP-hard. But we can provide polynomial-time algorithms for

some special cases. For instance, if the number of agents is constant or the agents

are all identical, we can e!ciently find an allocation satisfying the corresponding

condition. Due to the high similarities in the techniques used, we omit the results

for SD proportionality in this thesis. Interested readers can refer to our conference

version for more details. We summarize all the theoretical findings in Table 5.1.

Finally, noted the importance of HighestProb in many real-world scenarios, we

propose several heuristic algorithms to find an allocation that is fair with a high
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probability. Experiments in both synthetic and real datasets are conducted to

evaluate their performance and computation e!ciency.

5.1.2 Related Work

In most existing literature, agents are assumed to have cardinal and deterministic

valuations over items [35, 40, 43, 106].

Several papers have considered ordinal preferences and weaker fairness notions [13,

37, 41, 47, 59, 60, 72, 97, 125]. Aziz et al. [13] is the most related one. They used

the stochastic dominance relation between fractional allocations to define various

generalized notions of proportionality and envy-freeness and investigated the com-

putational complexity of finding a fair assignment. They assume preferences are

completely known and consider possibly indi”erent preferences over items. In con-

trast, we assume that agents have strictly di”erent preferences for di”erent items

but their preferences may not be completely known. We name the set of items with

unknown preferences a tie. We model the preferences for items in a tie using uni-

formly distributed linear order extensions. It is worthwhile to note that assuming

indi”erence for items with unknown preference can be regarded as an alternative

way to model the uncertain preference. But we show that the fair allocation from

such a modeling perspective can only be mapped to the certainly and possibly fair

allocation in weak SD proportionality and SD proportionality, respectively in our

work, after some small modifications.

Another stream of related literature considers uncertainties in agents’ knowledge

about their valuations [14–17, 108, 111]. The most related ones are Aziz et al. [17]

and Aziz et al. [16], in which they study a Pareto optimal assignment problem.

In their problem, agents also express ordinal and uncertain preferences. We adopt

the way how they model the uncertain preferences but study a proportionally fair

allocation problem. Lumet et al. [108] considered a di”erent fair division uncer-

tainty model in which each item could be in either good or bad state with certain

probabilities. They developed algorithms to find ex-post fair allocations assum-

ing independent states over items and correlated valuations over agents. Di”erent

from their paper, we assume the states of the items are correlated but the agent

valuations are independent.
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5.2 Preliminaries

We follow the indivisible goods setting described in Chapter 2. Given that we

consider ordinal and uncertain preferences in this chapter, we provide the corre-

sponding variants of the notations here.

Given the agents set N = [n] and the indivisible goods set M = {g1, g2, . . . , gm},
each agent i has a complete and transitive strict preference order △i over M . The

ranking of an item for an agent is defined as the sequence of the item in the agent’s

preference list. Specifically, an item’s ranking in an agent’s preference equals the

number of items preferred by the agent plus one.

Uncertainty in Preferences. In this chapter, we allow agents to express uncer-

tainty in their preferences in terms of “ties”. Specifically, we adopt an uncertainty

model considered in Aziz et al. [14] and Aziz et al. [17] (termed as a compact indif-

ference model in their paper). In this model, each agent i is allowed to report a weak

preference list. For instance, consider such a preference list (Si,1) △i . . . △i (Si,ki).

Each Si,j is a tied set in the weak preference list that we call the jth equivalent

class of agent i. The actual strict preference △i of agent i is then chosen uniformly

at random from all linear order extensions of this weak order. The choices of the

linear order extensions of di”erent agents are independent. We denote by ki the

number of equivalent classes of agent i.

Example 5.1. Consider the following allocation problem with 2 agents and 4

items: agent 1 has preference (a, b) △1 (c, d), agent 2 has preference (a) △2 (b, c, d).

In this instance, the strict preference of agent 1 may be a △1 b △1 c △1 d or

a △1 b △1 d △1 c or b △1 a △1 c △1 d or b △1 a △1 d △1 c, each with probability

1/4, while the strict preference of agent 2 may be a △2 b △2 c △2 d or a △2 b △2

d △2 c, or the rest 4 preferences generated by the permutation of b, c, d, each with

probability 1/6.

Proportional Fairness. When only ordinal preferences are available, Aziz et al.

[13] defined several fairness notions that generalize proportionality to the ordinal

setting. In this work we consider the Weak Stochastic Dominance (SD) propor-

tionality.
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Weak Stochastic Dominance (SD) proportionality: an allocation satisfies

weak SD proportionality if for each agent i, there exists 1 ↘ k ↘ m such that agent

i is allocated at least ′ k
n + 1∞ of her top k items.

The above definition of weak SD proportionality is a simplification of that in Aziz

et al. [13] when only considering strict preferences. This is when comparing a

uniform allocation with another allocation of an agent using the original SD pref-

erence definition in Aziz et al. [13], it reduces to the comparison between k
n and the

number of items allocated to this agent in her top k favorites for every 1 ↘ k ↘ m

under strict preferences.

Example 5.1(continued). For our example above, when considering weak SD

proportionality, one certainly fair allocation is to assign items b, c, d to agent 1 and

item a to agent 2.

5.3 Weak SD Proportionality

In this section, we consider the weak SD proportionality. First we show that given

an allocation, one can e!ciently compute the probability that this allocation is

weak SD proportional.

Theorem 5.1. FairProb with regard to weak SD proportionality can be solved in

polynomial time. Specifically, this can be solved in O(m3
K) time.

Proof. Because the uncertainty in each agent’s preference is independent, it su!ces

to show that the probability that the fairness condition is met for each agent

i → N can be computed in polynomial time. In the following, we use dynamic

programming to calculate this probability.

For one specific agent i → N , there are K := ki equivalent classes and the j-th

equivalent class has sj := |Si,j| items. First, we calculate the number of items

owned by i in the j-th equivalent class of i and we denote it by rj ↘ sj.

The key to this dynamic programming algorithm is to identify the subproblem

structure. We use Pnum,tot,dis to represent the probability that there are tot items

owned by agent i arranged in the top num items with a fair verification parameter
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Algorithm 3 FairProb Algorithm
Require:
m: number of items
n: number of agents
K: number of equivalent classes of agent i
s1,...,K : number of items in each equivalent classes
r1,...,K : number of items owned by agent i in each equivalent classes

1: Pnum,tot,dis ∋ 0 ≃0 ↘ num, tot ↘ m, 0 ↘ dis ↘ ′m
n + 1∞

2: P0,0,1 ∋ 1
3: for num ∋ 0 to m⇓ 1 do
4: for tot ∋ 0 to num do
5: for dis ∋ 0 to ′m

n + 1∞ do
6: if Pnum,tot,dis ⇒= 0 then
7: Let sta be the minimum integer such that

∑
j↓[sta] sj ⇐ num+1.

8: PrevP ∋ Pnum,tot,dis

9: p ∋
∑

j↓[sta] rj↗tot
∑

j↓[sta] sj↗num

10: if dis = 0 then
11: Pnum+1,tot+1,dis += PrevP · p
12: Pnum+1,tot,dis += PrevP · (1⇓ p)
13: else
14: Let id be 1 if num+ 1 is a multiple of n and 0 otherwise.
15: Pnum+1,tot+1,max{0,dis+id↗1} += PrevP · p
16: Pnum+1,tot,dis+id += PrevP · (1⇓ p)
17: end if
18: end if
19: end for
20: end for
21: end for
22: return Pm,

∑
j↓[K] rj ,0

dis defined as follows:

dis =





0, if it’s tranferred from the state with dis

↔ = 0

max

0,

num

n
+ 1


⇓ tot


, otherwise

Intuitively, dis shows the distance to weak SD proportionality and once it reaches

0, it will keep at 0.

The complete algorithm is shown in Algorithm 3. The key steps in this algorithm

are the state transfers in Lines 3-21. We let sta represent the equivalent class that
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the (num + 1)-ranked item belongs to, and let p represent the probability of the

item with ranking (num+ 1) owned by i under the present state in Lines 7-9.

We consider the specific transfers in two cases. Lines 11-12 solve the first case with

dis = 0 where we have already reached fairness and the remaining is to arrange the

order of the rest items. Lines 14-16 solve the second case with dis > 0 where dis

has never met 0 before and we need to update it based on the definition. In both

these two cases, we need to update the state based on the situation of whether the

next item is owned by agent i. Specifically, when dis = 0, if the next item is owned

by agent i, there are tot+ 1 items owned by i arranged in the top num+ 1 items,

so we transfer the state to Pnum+1,tot+1,dis in Line 11, otherwise only tot items in

i’s bundle are arranged in the top num + 1 items, which corresponds to the state

Pnum+1,tot,dis in Line 12. For the case of dis > 0, on top of the change of tot, we also

use id to record the change of the term ′num

n + 1∞ in the above definition of dis in

Line 14. Then, we transfer the state to Pnum+1,tot+1,max{0,dis+id↗1} in Line 15 if the

next item is owned by i, or Pnum+1,tot,dis+id in Line 16 otherwise.

Finally, Line 22 returns the probability that the fairness condition is met for agent

i with her all owned items.

For the time complexity, since each execution of the for loop can be done in O(K)

time and there are totally O(m3) rounds of the for loop, the total time complexity

is O(m3
K).

We further show that ExistsPossiblyFair can also be solved in polynomial time

based on Theorem 7 in Aziz et al. [13].

Theorem 5.2. ExistsPossiblyFair with regard to weak SD proportionality can

be solved in polynomial time. Specifically, this can be solved in O(n3 +mn) time.

Proof. Theorem 7 in Aziz et al. [13] showed that when agents have strict and

deterministic preferences, a weak SD proportional allocation exists if and only if

(1) m = n and no item is least preferred by all agents, or (2) m > n. Furthermore,

when such allocation exists, it can also be found in polynomial time.

This result allows us to derive a simple algorithm for ExistsPossiblyFair. First,

when m > n, we can simply find an arbitrary set of linear extensions and compute

a corresponding weak SD proportional allocation. Since an arbitrary set of linear
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extensions can be found in O(mn) time and the corresponding weak SD propor-

tional allocation can be found in O(n2) time. Thus, the time complexity in this

case is O(mn+ n
2).

When m = n, we need to find a set of linear extensions in which no item is

least preferred by all agents, then compute a weak SD proportional allocation

with regard to this preference profile. To find such a preference profile, we can

construct a bipartite graph between the agents and the items, such that an edge

exists if and only if the item is not least preferred by the agent in some preference

profiles. If there exists a perfect matching in this bipartite graph, this perfect

matching corresponds to an allocation that is weak SD proportional with non-zero

probability. If the graph does not have a perfect matching, because each agent has

at least n ⇓ 1 edges, by Hall’s marriage theorem [80], there must exist one item

which is least preferred by all agents in all preference profiles. Thus, there is no

allocation with non-zero fair probability. Since a perfect matching can be found in

O(n3) time by applying the Hungarian algorithm [64], the time complexity in this

case is O(n3).

Next we turn to ExistsCertainlyFair problem. Unlike ExistsPossiblyFair,

we show that it is NP-hard to determine whether there exists an allocation that

is weak SD proportional with probability one. To prove this hardness result, we

reduce from a known NP-hard problem denote as (2,2)-E3-SAT [33].

(2,2)-E3-SAT: Given a boolean formula in conjunctive normal form in which each

clause has three literals and each variable occurs exactly twice positive and twice

negative, decide whether this boolean formula is satisfiable.

Theorem 5.3. ExistsCertainlyFair and HighestProb with regard to weak

SD proportionality are NP-hard.

Proof. We reduce from (2,2)-E3-SAT to ExistsCertainlyFair, which can also

imply NP-hardness for HighestProb. Considering a (2,2)-E3-SAT instance F

with s variables X = {x1, . . . , xs} and t clauses which satisfies 4s = 3t. Based on

F we construct a problem instance of ExistsCertainlyFair with 6s agents and

12s items.

The agents are divided into two sets. The first is a set of 2s agentsA = {A1, . . . , A2s}
where A2k↗1 corresponds to the true valuation of xk and A2k corresponds to the
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false valuation of xk for each k → [s]. The second set is the set of the remaining 4s

dummy agents A↔ = {A↔
1
, . . . , A

↔
4s}.

The 12s items are divided into five sets as follows:

• A set of t items C = {C1, . . . , Ct}, where Ci corresponds to the i-th clause in

(2,2)-E3-SAT;

• A set of t/2 items T = {T1, . . . , Tt/2}, given to the agents corresponding to

the correct value of variables together with the items in C;

• A set of s items S = {S1, . . . , Ss}, compensated for the agents representing

the wrong value of variables;

• A set of 6s dummy items B = {B1, . . . , B6s}, where each 2 items are bound

to 3s agents in A
↔;

• A set of 3s dummy items Q = {Q1, . . . , Q3s}, where each 3 items are bound

to the remaining s agents in A
↔.

Next, we construct the preference lists for agents. For each agent Ai → A, we denote

Ri as a set of items such that: for each k → [s], R2k↗1 and R2k consist of the two

items in C corresponding to the clauses containing the positive xk and the negative

xk respectively. The preference of each agent Ai in A is: S⇒i/2⇑ △ (Ri, T, B) △
(others). The preference of each dummy agent A↔

i in A
↔ is: (B) △ (others).

If the (2,2)-E3-SAT instance has a satisfying assignment, we can construct an

allocation as follows:

• If variable xi is TRUE, we assign Si to A2i, otherwise we assign Si to A2i↗1;

• For the j-th clause, suppose the first true term in it is about xi. Then, if this

term is positive xi, we assign Cj to A2i↗1, otherwise we assign Cj to A2i.

• For agents in A who do not receive any Si, we assign items in T to them so

that these agents can each receive exactly two items. We know this can be

satisfied because 2s = t+ t/2.

• Finally, we assign two items in B to each of the first 3s agents in A
↔ and

assign three items in Q to each of the remaining s agents in A
↔ arbitrarily.
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For the agents in A who get an item in S, their fairness conditions are met because

they get their unique most preferred item respectively. Each of the remaining

agents in A gets exactly two items that are not least preferred by them, so their

fair conditions are also met. Finally, agents in A
↔ also meet the fair conditions

because either they receive two items that they do not prefer the least, or they

receive three items. Thus, this allocation must satisfy weak SD proportionality.

On the other hand, assume there is an allocation that is weak SD proportional with

probability one, we can construct a satisfying assignment for the (2,2)-E3-SAT

instance. First, the agents in A who do not receive their most preferred item must

get at least two items to meet the fair condition. Because there are at most s

agents that can receive items in S, at least s agents in A need at least two items.

Next, for the agents in A
↔, they can meet the fairness condition if and only if they

receive either two items in B or three items. Because of the limit of the number

of items in B, at most 3s agents in B can meet the fair condition with only two

items.

We can consider the most optimistic situation: s agents in A each get their most

preferred item in S and the remaining s agents in A get exactly two items in their

respective second equivalent class but not in B; 3s agents in A
↔ each get exactly two

items in B while the remaining s agents in A
↔ each get three items. The number

of items needed in total is 12s, which means that this situation is necessary.

Therefore, for any k → [s], exactly one agent between A2k↗1 and A2k gets the

corresponding Sk while the other one needs to get two items from C ↑ T , whose

size is t/2 + t = 2s. This means each item in C must be chosen by the agents in

A, and this will lead to a satisfying assignment for (2,2)-E3-SAT with such value

scheme: for each pair A2k↗1 and A2k with k → [s], we set xk = FALSE if A2k↗1 gets

Sk otherwise we set xk = TRUE.

Next we present several positive results and short discussions on solving Ex-

istsCertainlyFair and HighestProb for special cases.

Theorem 5.4. ExistsCertainlyFair with regard to weak SD proportionality can

be solved in polynomial time when all agents have identical preferences. Specifically,

this can be solved in O(m2) time.
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When all agents have identical preferences, we can derive an optimal greedy algo-

rithm that assigns items to agents such that each agent receives consecutive items in

a preference order from the most to the least preferred items. This demonstrates

the polynomial-time solvability of the ExistsCertainlyFair. In this analysis,

the assumption of identical preferences is critical since it allows us to sort all items

before the allocation, which is a crucial step in the follow-up analysis.

Proof. Firstly, we simplify some notions when agents have identical preferences:

we use K to represent the number of equivalent classes and use Sj to represent the

j-th equivalent class. Then we re-number all items with indices 1 to n such that

S1 = {1, . . . , |S1|} and Sj = {
∑j↗1

k=1
|Sk| + 1, . . . ,

∑j
k=1

|Sk|} for each 1 < j ↘ K.

This means for all agents, smaller-indexed items are always more preferred.

We consider the following greedy algorithm. For each agent from 1 to n, we consider

the remaining items in increasing order of indices, and allocate them to this agent

one by one, until the current allocation met the fairness condition for this agent

with probability 1. We repeat this process until all items are fully allocated or all

agents have received their desired bundles of items. In this algorithm, since we

only need to enumerate the items and check the fairness condition after adding

each item, the total time complexity is O(m2).

In the following, we show that if a certainly fair allocation M exists in a prob-

lem instance, the above greedy algorithm can always return such a certainly fair

allocation.

Next, we perform a three-step transformation on the given certainly fair allocation

M :

• For each agent i, if removing the item with largest index in her bundle can

still keep her fairness condition met, we will remove that item from i’s bundle.

Repeat this process until no items can be removed anymore. After this step,

we denote stai as the equivalent class the worst item in i’s bundle belongs

to. Then, for any agent i, she could not have her fairness condition met

after throwing the present worst item and all owned items are always least

preferred in their respective equivalent classes in the worst case, so there

must exist
∑

stai↗1

j=1
|Sj| < ki ↘

∑
stai

j=1
|Sj| such that agent i is allocated at

least ′ki
n + 1∞ of her top ki items in the worst case mentioned above.
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• Next, we find any agent who has item o that has a larger index than some

thrown away item o
↔, and we replace o with o

↔. Again repeat this process

until no such changes can be made. We know M is still certainly fair. After

this step, the present allocation must contain exactly all the items in [m↔] for

some m
↔ ↘ m.

• Finally, if there exists agent i and j such that the worst item in i’s bundle

has a larger index than the worst items in j’s bundle, and agent i also has

an item oi with a smaller index than some item oj belonging to agent j, we

will be able to swap oi and oj while still keeping the fairness conditions for

both agents. This obviously holds for agent j. For agent i, this claim is true

because oj is still not worse than the worst item in i’s bundle and it still

holds that agent i is allocated at least ′ki
n + 1∞ of her top ki items in the

worst case for that ki. Repeat this until no more exchanges can be made.

After this step, we know the allocation must still be certainly fair and it is a

consecutive partition of [m↔] for some m
↔ ↘ m.

Finally, it is easy to see if there exists a consecutive partition that is certainly fair,

the allocation computed by our greedy algorithm must be also certainly fair.

Theorem 5.5. ExistsCertainlyFair and HighestProb with regard to weak

SD proportionality can be solved in polynomial time when the number of agents is

constant. Specifically, this can be solved in O(n4n2
+n+1 ·m3) time.

When the number of agents n is a constant, we can derive the following exact

algorithm. First, we enumerate the number of items assigned to each agent from

each equivalent class. Next, we use a perfect matching algorithm to find a corre-

sponding allocation scheme and apply FairProb to calculate the fair probability.

The total number of enumerations is in the order of O(n4n2
+n+1) which is a con-

stant. However, this is no longer true if n is a super-constant. Therefore, the

constant assumption is an important assumption to get a polynomial-time solvable

algorithm.

Proof. Let m = qn+ r, where q, r are integers and 0 ↘ r < n.

First, we observe that any agent who gets q+1 items is always weak SD proportional

with probability one. Thus we can assume that no agent gets more than q+1 items
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in the allocation with the highest fair probability. This also implies that every agent

gets at least qm = q ⇓ (n ⇓ 1 ⇓ r) items, because otherwise the total number of

allocated items will be less than q ⇓ (n⇓ 1⇓ r) + (n⇓ 1)(q + 1) = qn+ r = m.

If there exists some agent i such that |Si,1| < n · qm, we can choose min{|Si,1|, qm}
items from Si,1 to be allocated to agent i, which guarantees the fair condition for

agent i to be met with probability one. Next, we assign all other agents q + 1

arbitrary items each and give the remaining items back to i. It is easy to check

that this allocation is weak SD proportional with probability one.

Now we consider the case where |Si,1| ⇐ n · qm holds for every agent i → N . This

means that the total number of items not in the first equivalent class for any agent

is no more than n(n⇓ 1⇓ r) + r.

For each agent i, if there exists an integer 1 ↘ j < |ki|, such that 1 +
∑j↗1

t=1
|Si,t| ⇐

(q↔⇓1)n and
∑j+1

t=1
|Si,t| < q

↔
n for some q↔ ↘ q+1, then the items in the j-th and (j+

1)-th equivalent classes can be merged into one equivalent class without a”ecting

the fair probability of any allocation, because all items in these two equivalent

classes will always have the ranking in the range between (q↔⇓1)n and q
↔
n⇓1. We

don’t really care about the specific ranking in this range because we can simplify

the definition of weak SD proportionality to only consider whether there exists

k → {n⇓ 1, 2n⇓ 1, . . . , qn⇓ 1,m} such that agent i is allocated at least ′ k
n + 1∞ of

her top k items. We repeatedly merge such adjacent equivalent classes until none

can be found. By the end of this procedure, the total number of equivalent classes

in each agent’s preference list is no more than 1+2 · (n⇓ 1⇓ r+1) = 2(n⇓ r)+ 1.

Next, we enumerate the number of items assigned to each agent i from each equiv-

alent class. More specifically, for each agent i, we first enumerate the total number

of items in her bundle and then the number Ci,j of items in each Si,j assigned to

agent i. For each set of numbers {Ci,j}, we use the following perfect matching

algorithm to find candidate allocations.

• We construct the bipartite graph G = (A↑B,E) where A has Ci,j duplicate

vertices representing the positions for items in Si,j for each agent i → [n]

and each equivalent class j → [ki], and B contains m vertices each represent-

ing an item. For each duplicate vertex for Si,j in A and each vertex in B

corresponding to the item in Si,j, there is an edge between them in E;
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• If there exists a perfect matching between A and B (which also implies |A| =
|B|), we pick the allocation where each item whose corresponding vertex is

matched with one duplicate vertex for one Si,j is assigned to agent i and it

meets our requirements.

If such allocation exists, its fair probability can be computed using the algorithm

designed for FairProb. Finally, we return the allocation with the highest fair

probability.

Finally we analyze the time complexity of the above algorithm. The first step

takes O(nm) to enumerate each agent and each item. Merging equivalent classes

also takes O(nm) time. Next, for the enumeration step, because each number

Ci,j ↘ n(n ⇓ 1 ⇓ r) + r when j > 1 and the total number of items in any bundle

is between q ⇓ (n⇓ 1⇓ r) and q + 1, the total number of possibilities is O((n(n⇓
1 ⇓ r) + r + 1)2(n↗r) ·n · (n ⇓ 1 ⇓ r + 1 + 1)n) = O(n4n2

+n+1). Finally, deciding

the existence of an allocation and calculating its fair probability takes O(m3) time.

Thus, the overall time complexity of this algorithm is O(n4n2
+n+1 ·m3).

5.4 Experiments

In this section, we focus onHighestProb with respect to weak SD proportionality

given the importance of finding allocations with a high fair probability. Since

we have shown this problem is NP-hard, we will only present several heuristic

algorithms for it. The performance and computational e!ciency are evaluated on

both synthetic and real datasets.

5.4.1 Algorithms

We design and evaluate four algorithms for HighestProb.

• Baseline (B): We assign each item to a random agent to get a random

allocation. We repeat this process B times to get B random allocations and

choose the one with the largest fair probability. We set B = 4m in the

experiment. We also tested our algorithm with B increased to 8m, and did

not observe any noticeable improvement on the algorithm’s performance.
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• LocalSearch (LS): Two allocations are called neighbors if one allocation can

be derived from the other by moving one item from some agent to another

agent. In this Local Search algorithm, we start from a random allocation and

iteratively move to a neighbor allocation that has a higher fair probability,

until a locally optimal allocation is reached. We repeat the above process L

times, each time with a new random initial allocation, and choose the final

allocation with the highest fair probability. We set L = n in the experiment.

We also tested our algorithm with L increased to 2n, and did not observe

any noticeable improvement on the performance.

• Matching (M): Since in a weak SD proportional allocation, every agent

needs to receive ′ r
n∞+1 items with ranking not worse than r for some r. We

set the value of an agent getting an item with ranking r as 1

⇓ r
n ⇔+1

. For each

agent i and item o, let avg(i, o) be the average value of i getting o.

This algorithm runs for m
n + 1 rounds and assigns at most one item to each

agent each round. In round k, let Ri be the total value that agent i has

received in previous rounds, then for each item o, we set the value of agent

i getting item o in this round as (1 ⇓ Ri) · avg(i, o). In addition, we remove

all edges whose values are less than a certain threshold L. Then we find a

maximum weight matching between agents and items and assign the item

to the matched agent. Finally, we update Ri for each agent and remove

all agents who receive a total value larger than another threshold U from

consideration in future rounds. After finishing m
n +1 rounds, we allocate the

remaining items to the agents with less than m
n + 1 items arbitrarily.

In our experiment, we enumerate 5 di”erent lower bound L from 1

⇓m
n ⇔+1

to
1

⇓m
n ⇔+1

+ 0.1 equidistant and 11 di”erent upper bound U from 1 down to 0.7

equidistant. We run the algorithm for each pair of L and U , and choose the

allocation with the largest fair probability among all solutions. We also test

the algorithm with L higher than 1

⇓m
n ⇔+1

+ 0.1 or with U lower than 0.7 and

do not observe significant performance improvement.

• Greedy (G): For each agent i and item o, we adopt notion avg(i, o) from the

previous Matching algorithm to be the average value of i getting o. Then

for each agent i and a set S of items, when calculating the Ri in the above

Matching algorithm, we can find that it’s always equal to 1 ⇓


o↓S(1 ⇓
avg(i, o)) no matter in what order the items in S are adding to agent i’s
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bundle. Thus, we let fi(S) = min(U, 1 ⇓


o↓S(1 ⇓ avg(i, o))) denote the

value of this agent receiving S, where U is a threshold parameter. One can

check that fi is a submodular function, and our question becomes a general

submodular welfare maximization problem. We then use a greedy algorithm

from Lehmann et al. [98] which always outputs a 2-approximation solution

for the submodular welfare maximization problem.

In the experiment, we run this algorithm with 11 di”erent values of U from 1

down to 0.7, and choose the allocation with the largest fair probability. We

also tested our algorithm with the value of U less than 0.7, and found it did

not improve the algorithm’s performance.

5.4.2 Datasets

We test the above four algorithms on both synthetic and real datasets.

• Synthetic dataset: We enumerate n from 2 to 20 and m from n to 5n. For

each p → {0.02, 0.03, 0.04, 0.05, 0.06}, we create 30 datasets in the following

way: For each agent we create a random permutation of all items. For each

pair of adjacent items in the permutation, we separate them into two equiva-

lent classes with probability p. We choose p to be in this range because when

p becomes larger, all the four algorithms can easily find an almost certainly

fair assignment and there is no significant di”erence in their performance.

• Real dataset: We use the Preflib database from Mattei and Walsh [110],

which is an online database of real-world preference profiles to test our algo-

rithms. We select 11 datasets from two categories in this database:

– Matching Data (MD-00002): This category contains bidding preferences

of reviewers over a subset of papers at Computer Science conferences.

Each preference is an incomplete list with ties. We convert each pref-

erence into a complete list with ties by adding the remaining items as

the last equivalent class. This category has 3 datasets corresponding to

3 di”erent conferences.

– Matching Data (MD-00003): This category contains bids of students

over a set of projects for student/project allocations at a university. It
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has 8 datasets in total, all with complete preferences with ties, with

31-51 students and 56-155 projects.

5.4.3 Results and Discussions

Synthetic dataset. Wemeasure the performance of each algorithm by the average

fair probability across various tested datasets. Figure 5.1 shows the average fair

probability generated by each algorithm for each n from 2 to 20. Each average

fair probability is taken over multiple datasets with di”erent m and p. Figure 5.2

presents the average running time of each algorithm.
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Figure 5.1: Algorithm performance over synthetic data
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Figure 5.2: Algorithm running time over synthetic data

From the figures, one can see that LocalSearch, Matching andGreedy gener-

ate allocations with a much higher average fair probability thanBaseline when the

number of agents is at least 5. Besides, when the number of agents n increases, the
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running time of LocalSearch increases significantly, while Baseline, Match-

ing, and Greedy keep low running time. In summary, Greedy and Matching

require the least running time and perform the best consistently for di”erent values

of n.

Real dataset. Table 5.2 presents the fair probabilities of the suggested alloca-

tions by each algorithm on 11 real datasets. Table 5.3 further provides their running

times. In the real datasets, Baseline still performs the worst. The other three

algorithms can generate allocations that are fair with probability 1 for most cases,

with two exceptions for LocalSearch and one exception for Greedy. Match-

ing is the only algorithm that performs consistently well. In terms of the running

time, LocalSearch takes much longer than the other three. The Baseline and

Matching take a little more time than Greedy. But it is still acceptable.

Table 5.2: Fair probability of all algorithms over real data (sorted by the
number of agents n)

no. n m B LS M G
1 24 52 0.03 1.00 1.00 1.00
2 31 54 0.11 1.00 1.00 1.00
3 31 103 0.02 1.00 1.00 1.00
4 32 102 0.06 1.00 1.00 1.00
5 34 63 0.23 1.00 1.00 1.00
6 35 61 0.01 1.00 1.00 1.00
7 37 56 0.00 0.01 1.00 1.00
8 38 133 0.03 1.00 1.00 1.00
9 51 147 0.28 1.00 1.00 1.00
10 51 155 0.00 1.00 1.00 1.00
11 146 176 0.00 0.00 1.00 0.37

Table 5.3: Running time(s) of all algorithms over real data (sorted by the
number of agents n)

no. n m B LS M G
1 24 52 0.074 0.908 0.058 0.003
2 31 54 0.078 1.017 0.075 0.005
3 31 103 1.008 29.54 0.212 0.024
4 32 102 1.127 40.02 0.264 0.025
5 34 63 0.143 0.738 0.120 0.006
6 35 61 0.172 1.798 0.140 0.006
7 37 56 0.126 2.531 0.131 0.006
8 38 133 2.148 63.73 0.388 0.039
9 51 147 2.410 9.612 0.618 0.039
10 51 155 3.250 480.7 0.687 0.055
11 146 176 3.559 9255 5.533 0.064

In conclusion, according to the results from both synthetic and real data, Lo-

calSearch has a good performance at a high computation cost. Greedy has
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decent performance with the best computation e!ciency. Matching is a balanced

algorithm with consistently good performance and high computation e!ciency.

5.5 Conclusions

In this chapter, we present algorithmic and complexity results in computing fair

allocations assuming agents’ preferences over items are ordinal and have uncer-

tainties. Under the proposed fair notions, we provide polynomial-time solvable

algorithms to find the probability that a given allocation is fair and determine

whether there exists an allocation with non-zero fair probability. We show that it

is NP-hard to see whether there exists an allocation that is fair with probability

one. Finally, we show that to find an allocation with the highest fair probability is

NP-hard. We further provide several heuristics for this problem. The performance

of the heuristics is examined thoroughly on both synthetic and real datasets.

One possible direction for future work is to consider other fairness concepts in the

context of ordinal and uncertain preferences and study approximation algorithms

to find fair allocations. It is also interesting to combine the fairness notions with

other properties such as stability in the uncertain ordinal preference setting.
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Chapter 6

Price of Fairness

We have already investigated e!ciency and fairness separately in the previous

two parts. This raises the question: can we achieve good e!ciency and fairness

guarantees simultaneously? In this part, we explore topics related to balancing

e!ciency and fairness in o#ine resource allocation settings.

In this chapter, we examine the price of fairness in both indivisible goods and mixed

goods settings, measuring the e!ciency loss incurred when considering fairness.

This chapter has been published in Li et al. [105].

6.1 Introduction

Fair division is a fundamental topic in algorithmic game theory and has attracted

wide attention. In this problem, we need to allocate some resources among agents in

a fair manner. The most classic notion of fairness is envy-freeness (EF). When the

goods are divisible, meaning that they can be divided into arbitrarily small pieces

and allocated to di”erent agents (the cake-cutting problem), an envy-free allocation

always exists [3]. However, when considering indivisible goods, meaning that each

of them should be allocated to an agent in its entirety, an envy-free allocation

may not exist. Thus, a relaxation of envy-freeness, called envy-freeness up to one

good (EF1), has been proposed to circumvent this issue. Such an allocation always

exists when allocating indivisible goods [106]. Besides EF1, another relaxation of

envy-freeness called envy-freeness up to any good (EFX) has also received wide

83
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attention in recent years [e.g., 2, 4, 52, 53, 55, 73, 118]. Moreover, there have

been a number of papers on partial EFX allocations with good properties [e.g.,

32, 49, 54]. Beyond the setting concerning either divisible or indivisible goods,

some recent studies have focused on fairly dividing a mixture of both divisible and

indivisible resources [27, 28, 31, 36, 95, 103, 116]. Among these, Bei et al. [27] first

considered the mixed-goods setting and proposed the fairness notion called envy-

freeness for mixed goods (EFM), which naturally combines envy-freeness and EF1

together. An EFM allocation is guaranteed to exist [27]. By strengthening EF1 to

EFX when assessing the envy from others to an agent who receives only indivisible

goods, we have a stronger notion than EFM, which is called envy-freeness up to

any good for mixed goods (EFXM) [27, 116].

In addition to fairness, e!ciency, or social welfare, which refers to the total utility

of all the agents towards their bundles, also plays an important role in evaluating an

allocation [44, 45]. The price of fairness, introduced independently by Bertsimas

et al. [34] and Caragiannis et al. [48], is a quantitative measure indicating the loss

of social welfare when a given fairness constraint is imposed. More specifically, the

price of fairness is defined as the supremum ratio of the maximum social welfare

among all allocations to the maximum social welfare among all fair allocations

under a particular fairness property, where the supremum is taken over all possible

instances. For divisible goods, the price of envy-freeness is %(
▽
n), where n is the

number of agents [34]. For indivisible goods, the price of EF1 is %(
▽
n) [24, 29].

For the special case where n = 2, Bei et al. [29] provided a lower bound of 8/7 and

an upper bound of 2↘
3
for the price of EF1 for scaled utilities, and Bu et al. [44] gave

a tight ratio of 2 for unscaled utilities. Regarding the price of EFX for indivisible

goods, with n = 2 agents, Bei et al. [29] provided a tight bound of 3/2 under scaled

utilities, and Bu et al. [44] presented a lower bound of 2 under unscaled utilities.

Bu et al. also showed tight bounds for the price of EFX for n agents for both scaled

and unscaled utilities, which are %(
▽
n) and %(n), respectively.

In this chapter, we close gaps on the price of EF1 and EFX for indivisible-goods

allocation when there are two agents [29, 44]. Moreover, for the first time, we

provide tight or asymptotically tight bounds on the price of EFM and EFXM

when allocating mixed divisible and indivisible goods, resolving questions left open

in the literature [107]. Our results are shown in Tables 6.1 and 6.2, where agents’
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Table 6.1: Price of Envy-Freeness for Two Agents with (Un)Scaled Utilities

Price of . . . EF1 EFM / EFXM EFX

Scaled 8

7
(Thm. 6.1) 3

2
(Thm. 6.4) 3

2
[29]

Unscaled 2 [44] 2 (Thm. 6.3) 2 (Thm. 6.3)

Table 6.2: Price of Envy-Freeness for n Agents with (Un)Scaled Utilities

Price of . . . EF1 EFM / EFXM EFX

Scaled %(
▽
n) [24, 29] %(

▽
n) (Thm. 6.5) %(

▽
n) [44]

Unscaled %(n) [44] %(n) (Thm. 6.6) %(n) [44]

utilities are scaled if for all i → N , ui(M ↑D) = 1, and unscaled otherwise. Below,

we highlight some interesting features/observations according to our results:

• In all of the settings, tight bounds (or asymptotically tight bounds for an

arbitrary number of agents) on the price of envy-freeness are now known.

• For two agents, we show that the price of EF1 is exactly 8/7, which closes

the gap between 8/7 and 2/
▽
3 left open in the previous paper by Bei et al.

[29].

• The price of EFM is (asymptotically) the same as the price of EFX in all the

settings. This is a potential evidence that EFM, although defined in relation

to EF1, is more similar to EFX in nature.

6.1.1 Additional Related Work

While the price of fairness concept captures the e!ciency loss in the best fair

allocation, Bei et al. [29] introduced the concept of strong price of fairness, which

captures the e!ciency loss in the worst allocation. The strong price of fairness

has proven to provide meaningful guarantees for fairness notions defined in the

form of welfare maximizers, e.g., maximum Nash welfare, maximum Egalitarian

welfare, and leximin. The strong price of fairness is, however, too demanding to

yield any non-trivial guarantee for fairness notions of interest in this work. To be

more specific, the strong price of EF1 and the strong price of EFX are ↙ [29]. We

thus only focus on the price of fairness in our work.
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The interplay between fairness and e!ciency has been extensively studied in the

literature of fair division for both divisible and indivisible goods settings [9, 10,

22, 74]. An immediate question is whether a fairness criterion is compatible with

Pareto optimality (PO) which is a rather weak economic e!ciency measurement.

In particular, both envy-freeness and EF1 can be combined with PO by finding

the allocation that satisfies maximum Nash welfare in the divisible and indivisible

settings respectively [50, 124].

Another related direction considers the problem of maximizing social welfare sub-

ject to fairness constraints. For divisible goods, this optimization problem with

the envy-freeness constraints for piecewise-constant valuations can be solved opti-

mally [56]. However, this problem has an inapproximability hardness with a poly-

nomial factor if an additional requirement of connectivity on the received piece of

cake is imposed [26]. For indivisible goods, the problem with EF1 / EFX criteria is

well understood recently [20, 23, 44]. With scaled utilities, Barman et al. [23] gave

inapproximability results for general numbers of agents and items while Aziz et al.

[20] showed that the problem subject to the EF1 / EFX constraints is NP-hard

for some special cases. Bu et al. [44] gave a complete landscape on the computa-

tional complexity and approximability of maximizing the social welfare within EF1

/ EFX allocations of indivisible goods for both scaled and unscaled utilities.

6.2 Preliminaries

In this chapter, we consider the indivisible goods setting and the mixed goods

setting under the multiple homogeneous goods assumption presented in Chapter

2. In this section, we introduce some additional notations related to the price of

fairness, which is required for this chapter.

As we mentioned before, agents’ utilities are scaled if for all i → N , ui(M ↑D) = 1,

and unscaled otherwise. In this work, we consider both scaled and unscaled utilities.

We are now ready to define the central concept of this work—the price of fair-

ness [24, 29, 34, 48].
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Definition 6.1 (Price of Fairness P ). For any given fairness criteria P and any

instance I, we define

price of P for instance I =
OPT(I)

SW(A→)
,

where A→ is a (partial) allocation that satisfies P and has the maximum social

welfare and OPT(I) is the maximum social welfare over all allocations for instance

I. The overall price of P is then defined as the supremum price of P across all

instances.

Note that when we define the price of EF1 and EFX, we consider instance I with

D = ↗.

Here, when defining the price of fairness, we disregard computational complexity,

focusing solely on quantifying the gap between the optimal fair allocation and the

optimal allocation.

Partial Allocation and Resource Monotonicity. As a remark, when defining

the price of EFM, EFXM and EFX, we include partial allocations into our consid-

eration. To illustrate the idea here, let us first introduce the concept of resource

monotonicity with respect to social welfare1 [see, e.g., 44]. Given a fairness prop-

erty P , we say resource monotonicity holds for property P if for any instance, there

always exists a complete allocation satisfying P that has a weakly higher social wel-

fare than any other partial allocation satisfying P . Note that when the existence

of property P is not guaranteed, resource monotonicity fails for the property.2

Regarding EFX, Bu et al. [44] showed that for two agents, resource monotonicity

holds for EFX. In general, however, resource monotonicity fails for EFX [44]. Put

di”erently, Bu et al. [44] provided an instance in which a partial EFX allocation

has a higher social welfare than any complete EFX allocation. Note also that it is

a major open problem whether a complete EFX allocation always exists [5]. We

have the following two scenarios:

1Prior research has also explored the concept of resource monotonicity subject to Pareto
optimality. [see, e.g., 123].

2For instance, resource monotonicity fails for envy-freeness when allocating indivisible goods.
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• if an EFX allocation of indivisible goods always exists, its failure of resource

monotonicity suggests that some partial EFX allocation may have higher

social welfare than any complete EFX allocation; and

• otherwise we may not even have a complete EFX allocation.

In either case, independent of the existence of EFX, it is more natural to include

partial allocations when defining the price of EFX. Since EFXM is a generalization

of EFX, it is also natural to consider partial allocations in its price of fairness

definition.

In terms of EFM, its existence is guaranteed [27]; however, we do not know whether

resource monotonicity holds for EFM (in the mixed-goods setting) or not. If any

partial EFM allocation can be extended to a complete EFM allocation with a

weakly higher social welfare, it makes no di”erence whether or not partial alloca-

tions are included when defining the price of EFM. Otherwise, it would be more

natural to use the “better” partial allocation for characterizing the price of EFM,

as opposed to forcing the allocation being complete. Thus, it is again more natural

to include partial allocations into our consideration.

For EF1, as noted in [44], it is easy to see that any partial EF1 allocation can

be extended to a complete EF1 allocation with a weakly higher social welfare by

carrying on the envy-graph procedure. Therefore, we do not need to consider partial

allocations for the price of EF1.

6.3 Two Agents

In this section, we establish tight bounds on the price of EF1 / EFX / EFM /

EFXM for two agents with scaled or unscaled utilities.

6.3.1 Price of EF1 (for Indivisible Goods)

For unscaled utilities, the price of EF1 is exactly 2 due to Bu et al. [44]. For

scaled utilities, the price of EF1 is between 8

7
and 2↘

3
due to Bei et al. [29]. In the

following, we close the gap by showing that the price of EF1 is 8

7
.
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Theorem 6.1. For n = 2 and scaled utilities (over indivisible goods), the price of

EF1 is 8

7
.

Some additional notations are introduced here for the sake of clarity during this

proof. Denote by T1 the subset of goods that agent 1 values no less than agent 2,

and by T2 the remaining goods:

T1 = {g → M | u1(g) ⇐ u2(g)} and T2 = M \ T1.

Let the surplus of a bundle M
↔, denoted by SP(M ↔), be how much agent 1 values

bundle M
↔ more than agent 2; formally stated as

SP(M ↔) =
∑

g↓M →

(u1(g)⇓ u2(g)).

We first state and prove a useful proposition, and then provide the proof of Theorem

6.1. Given an allocation (M1,M2, . . . ,Mn) of indivisible goods M , we say that an

agent i → N strongly envies an agent j if and only if for any g → Mj, ui(Mi) <

ui(Mj \ {g}). It can be seen that given an allocation, if some agent strongly envies

some other agent, then the allocation is not EF1. Moreover, if every agent does

not strongly envy any other agent, then the allocation is EF1.

Proposition 6.1. Suppose agent 2 strongly envies agent 1 in the allocation (T1, T2).

If T1 can be partitioned into T
↔
A and T

↔
B such that agent 2 does not strongly envy

agent 1 in the allocation A = (T ↔
A, T

↔
B ↑ T2), then there exists an EF1 allocation A↔

with SW(A↔) ⇐ SW(A).

Proof. If agent 1 does not strongly envy agent 2 in A, then let A↔ = A and we

are done. Otherwise, we apply the following iterative “one-by-one reassignment”

process:

• Suppose, at the beginning of the iteration, agent 1 has bundle T ↔
1
and agent 2

has bundle T
↔
2
. Select an arbitrary good g → T

↔
2
↔ T1. Since agent 1 strongly

envies T ↔
2
, she would still envy the bundle if g is excluded, that is, u1(T ↔

1
) <

u1(T ↔
2
\ {g}).

• If u2(T ↔
2
\ {g}) ⇐ u2(T ↔

1
), assign good g to agent 1. Otherwise we have

u2(T ↔
2
\ {g}) < u2(T ↔

1
). We now swap the two agents’ bundles, i.e., let agent 1
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get bundle T
↔
2
and agent 2 get bundle T

↔
1
. Note that given the updated

allocation, agent 2 is still EF1 towards agent 1.

• If agent 1 still strongly envies agent 2’s bundle, go back to step 1 and start

another iteration of this process.

Then we prove that the following two invariants hold at the end of each iteration:

(a) the social welfare does not decrease throughout the process; (b) agent 2 does

not strongly envy agent 1’s bundle.

• If agent 2 does not envy agent 1 even when g is excluded from her bundle,

moving g to agent 1’s bundle would increase social welfare, because g → T1,

indicating that agent 1 values it more than agent 2; if otherwise, the two

agents envy each other’s bundle, swapping their bundle would also increase

social welfare, and item g, too, is reassigned to the agent that values it more.

• If agent 2 does not envy agent 1 even when g is excluded from her bundle,

adding g to agent 1’s bundle would not lead to agent 2 strongly envying the

bundle; if otherwise, both agents would not envy each other’s bundle after

swapping, and agent 2 certainly does not strongly envy agent 1’s bundle after

g is reassigned.

The two invariants being established, it can be seen that EF1 is guaranteed after

the whole one-by-one reassignment process, and the social welfare of the resulting

allocation A↔ is no less than SW(A).

We are now ready to establish Theorem 6.1.

Proof of Theorem 6.1. For brevity, let y be SP(T1). Since scaled utilities are con-

sidered here, we should have that SP(T2) = ⇓SP(T1) = ⇓y. Note that assigning

each item to the agent that values it more, i.e., assigning T1 to agent 1 and T2 to

agent 2, achieves the optimal social welfare, so for any instance I with two agents,

scaled utilities, and only indivisible goods,

OPT(I) = u1(T1) + u2(T2) = SP(T1) + u2(T1) + u2(T2) = 1 + y.

We divide our proof into three cases.
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Case 1: y ⇐ 1

2
This case is trivial, since the optimal allocation (allocating each

item to the agent who values it more) would have already achieved envy-freeness.

More formally speaking, in the optimal allocation, the bundle assigned to agent 1

is T1, while agent 2 receives T2. Hence, the utility of agent 1’s bundle

u1(T1) = u2(T1) + SP(T1) ⇐ y ⇐ 1

2
.

Since agent 1 has received more than half of the total value of all items from her

perspective, there is no chance that she would envy agent 2’s bundle. Similarly,

for agent 2,

u2(T2) = u1(T2)⇓ SP(T2) = u1(T2) + y ⇐ 1

2
.

Therefore, neither would agent 2 envy agent 1’s bundle, and envy-freeness is proved.

Because EF1 can be achieved via an allocation optimizing social welfare, the price

of EF1 for such instances is 1.

Case 2: y ↘ 1

3
If the optimal allocation already satisfies EF1, we are done. For

this reason, we only consider instances where the optimal allocation violates EF1,

and suppose without loss of generality that agent 2 strongly envies agent 1. Note

that agent 1 does not strongly envy agent 2’s bundle in the optimal allocation,

for otherwise exchanging their bundle would lead to an allocation with higher

social welfare, contradicting to optimality. Then we let agent 2 partition T1 into

two subsets “as evenly as possible”, maximizing the utility of the subset with

lower utility from her perspective. Call the two subsets TA and TB. Suppose

SP(TA) ⇐ SP(TB). We temporarily assign TA to agent 1, and TB ↑ T2 to agent 2,

and it can be proved that, at this time, (a) agent 2 does not strongly envy agent 1;

(b) the social welfare is no less than y
2
+ 1.

• If u2(TB) ⇐ u2(TA), then agent 2 values her bundle more than agent 1’s, and

envy-freeness is guaranteed. If u2(TB) ↘ u2(TA), there should exist a certain

item g → TA such that u2(TB) ⇐ u2(TA \ {g}), for otherwise, moving this

item to TB would result in a “more even” partition. Therefore, u2(TB↑T2) ⇐
u2(TB) ⇐ u2(TA \ {g}).
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• The lower bound of social welfare can be established as follows:

SW(TA, TB ↑ T2) = SP(TA) + u2(TA ↑ TB ↑ T2)

⇐ 1

2
SP(T1) + u2(M)

=
y

2
+ 1.

The inequality can be derived by the fact that SP(TA) ⇐ SP(TB).

At this time, agent 1 can still strongly envy agent 2, and we apply Proposition 6.1 to

derive a EF1 allocation A↔ with social welfare no less than y
2
+1. Consequently, for

instances with y ↘ 1

3
, there exists an allocation A↔ with SW(A) ⇐ y

2
+ 1 satisfying

EF1, ergo the price of EF1

OPT(I)

SW(A↔)
↘ 1 + y

1 + y
2

↘ 8

7
.

Case 3: 1

3
↘ y ↘ 1

2
Again, suppose without loss of generality that agent 2

strongly envies agent 1 under optimal allocation. Let agent 2 partition T1 into

three subsets “as evenly as possible”, maximizing the subset with minimum utility

from her perspective. Let the three subsets be TA, TB and TC , and u2(TA) ⇐
u2(TB) ⇐ u2(TC). Three subcases are studied here.

Subcase 3.1: u2(TC) ⇐ 1

6
. Since u2(T2) = u1(T2) ⇓ SP(T2) ⇐ y ⇐ 1

3
, assigning any

one of TA, TB, and TC to agent 2 would result in she claiming more than half of

all items’ total utility, eliminating the possibility of agent 2 envying agent 1. We

assign the subset with smallest surplus, dubbed T13, to agent 2, and the other two,

dubbed T11 and T12, to agent 1. Thus, SP(T11↑T12) ⇐ 2

3
SP(T1). The social welfare

of such allocation A can be lower bounded via the following calculation

SW(A) = SP(T11 ↑ T12) + u2(M) ⇐ 1 +
2

3
y.

Since it is still possible that agent 1 strongly envies agent 2 at this moment, we

apply the “one-by-one assignment” process in Proposition 6.1, and derive an allo-

cation A↔ satisfying EF1, with social welfare no less than 1 + 2

3
y.

Subcase 3.2: u2(TA) ↘ 1

3
. If any one of TA, TB, and TC is assigned to agent 2,

she would not strongly envy agent 1. Assume she gets TC . For any item g → TB,
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u2(TC) ⇐ u2(TB \{g}) should hold, because moving g to TC would give a more even

partition otherwise. Furthermore, u2(T2) ⇐ y ⇐ 1

3
⇐ u2(TA). Thus, u2(TC ↑ T2) ⇐

u2(TA ↑TB \ {g}) for any g → TB, proving the claim that agent 2 does not strongly

envy agent 1. If TA or TB is assigned to agent 2 instead, the proof is similar. Again,

assigning the subset with smallest surplus to agent 2 would result in an allocation

with social welfare no less than 1 + 2

3
y. Since it is possible that agent 1 strongly

envies agent 2 at this moment, we apply the “one-by-one assignment” process in

Proposition 6.1, and derive an allocation A↔ satisfying EF1, with social welfare no

less than 1 + 2

3
y.

Subcase 3.3: u2(TA) ⇐ 1

3
and u2(TC) ↘ 1

6
. In this case, all items in TA must have

values no less than 1

6
, for otherwise moving this item to TC would bring about

a more even allocation. Furthermore, observe that if there are two items in TA,

moving one of them to TC would also result in a more even allocation. Thus, there

can only be one item in TA. Call it gA. The optimal allocation here already satisfies

EF1, because u2(T2) ⇐ y = 1

3
, and u2(T1 \ {gA}) = u2(T1)⇓ u2(gA) ↘ 2

3
⇓ 1

3
= 1

3
.

Concluding the three subcases discussed above, for any instance I with 1

3
↘ y ↘ 1

2
,

there exists an EF1 allocation A with SW(A) ⇐ 1 + 2

3
y. Therefore, the price of

EF1 for instance I is
OPT(I)

SW(A)
↘ 1 + y

1 + 2

3
y
↘ 9

8
.

Combining all three cases, the price of EF1 is at most 8

7
. Together with the lower

bound provided in Bei et al. [29], we concluded that for two agents, the price of

EF1 is exactly 8

7
.

6.3.2 Price of EFX / EFM / EFXM

Regarding EFX, it is known that for scaled utilities, the price of EFX is 3

2
due to

Bei et al. [29] as well as for unscaled utilities, the price of EFX is at least 2 due

to Bu et al. [44]. We provide here a matching upper bound and thus conclude

that for unscaled utilities, the price of EFX is exactly 2. In addition, we provide a

complete picture of tight bounds on the price of EFM and EFXM for two agents

with scaled or unscaled utilities.
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Algorithm 4 Cut-and-Choose Algorithm
Input: Fair division instance ̸[2],M,D,u〉.
Output: An EFM (or EFX if D = ↗) allocation with social welfare at least
u1(M≃D)+u2(M≃D)

2
.

1: Let agent 1 (resp., agent 2) partition the mixed goods into two bundles, denoted
by X1, X2 (resp., Y1, Y2), in the sense that her values for the two bundles are
as equal as possible. Assume without loss of generality that u1(X1) ⇐ u1(X2),
|u1(X1) ⇓ u1(X2)| ↘ |u2(Y1) ⇓ u2(Y2)| and that between bundles X1 and X2,
all goods of value zero for agent 1, if any, are in bundle X2.;

2: Let agent 2 choose her preferred bundle between X1 and X2, and agent 1 get
the other bundle. Denote by A = (A1, A2) the resulting allocation.

3: return Allocation A

We start by showing that a variant of the well-known Cut-and-Choose Algorithm

outputs an EFXM (and thus EFM) allocation with social welfare at least one half

of u1(M ↑D) + u2(M ↑D). The same idea has also been used to show the price

of EFX for two agents when allocating indivisible goods; see Theorem 3.4 of Bei

et al. [29]. We slightly tailor the algorithm description to allocating mixed goods.

Lemma 6.2. Given any fair division instance ̸[2],M,D,u〉, Algorithm 4 computes

an EFXM allocation A = (A1, A2) with social welfare SW(A) ⇐ u1(M≃D)+u2(M≃D)

2
.

If D = ↗, A is EFX.

Proof. For ease of exposition, we assume without loss of generality that u1(X1) ⇐
u1(X2) and u2(Y1) ⇐ u2(Y2). Then, according to Algorithm 4, we have

u1(X1)⇓ u1(X2) ↘ u2(Y1)⇓ u2(Y2). (6.1)

Put di”erently, agent 1’s partition of the mixed goods is more equal.

We now show that SW(A) ⇐ u1(M≃D)+u2(M≃D)

2
. First, we have u1(A1) ⇐ u1(X2).

Second, we have u2(A2) ⇐ u2(Y1); otherwise, agent 2 could have a more equal

partition of the mixed goods, a contradiction to our assumption. The social welfare

of allocation A is lower bounded by

SW(A) = u1(A1) + u2(A2) ⇐ u1(X2) + u2(Y1) ⇐ u1(X1) + u2(Y2),
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where the last transition is due to Equation (6.1). It implies that

SW(A) ⇐ u1(X2) + u2(Y1) + u1(X1) + u2(Y2)

2

=
u1(M ↑D) + u2(M ↑D)

2
,

as desired.

Finally, we show that allocation A is EFXM. Agent 2 gets her preferred bundle, so

she is envy-free and hence EFXM. Regarding agent 1, she is envy-free (and hence

EFM) if she receives bundle X1. In the case that agent 1 gets bundle X2, if agent 1

still has envy after removing some indivisible good or some amount of divisible

goods from bundle X1, then, by moving the good to bundle X2, agent 1 could have

created a more equal partition, a contradiction. As a result, allocation A is EFXM.

When D = ↗, this implies that allocation A is EFX.

We are now ready to show the tight bounds on price of EFX / EFM / EFXM for

two agents, and start with the case of agents having unscaled utilities.

Theorem 6.3. For n = 2 and unscaled utilities, the price of EFX / EFM / EFXM

is 2.

Proof. The lower bound of 2 for both the price of EFX (and thus EFXM) and the

price of EFM (note that EFM generalizes EF1) follows from Theorem F.4 of Bu

et al. [44].

We now show the matching upper bound. Consider an arbitrary instance I =

̸[2],M,D,u〉. It is easy to see that OPT(I) ↘ u1(M ↑D) + u2(M ↑D). Together

with Lemma 6.2, we conclude that the price of these three fairness notions is at

most 2.

Our next result is the price of EFM and the price of EFXM for two agents with

scaled utilities.

Theorem 6.4. For n = 2 and scaled utilities, the price of EFM and the price of

EFXM is 3

2
.
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Proof. Lower bound: Consider the following instance with one indivisible good g1

and two homogeneous divisible goods d1, d2, and assume that the utilities are as

follows:

g1 d1 d2

Agent 1’s value 1/2 1/2⇓ ϱ ϱ

Agent 2’s value 1/2 ϱ 1/2⇓ ϱ

The optimal social welfare is 3/2 ⇓ 2ϱ, achieved by assigning goods g1 and d1 to

agent 1, and good d2 to agent 2. On the other hand, in any EFM allocation, no

agent can get both the indivisible good g1 and any positive amount of the divisible

goods. Hence, the social welfare of an EFM allocation is at most 1. Taking ϱ ↖ 0,

we find that the price of EFM is at least 3/2. Since EFXM is stronger than EFM,

this also implies that the price of EFXM is at least 3/2.

Upper bound: Consider an arbitrary instance. If in an optimal allocation both

agents get utility at least 1/2, this allocation is envy-free (due to the assumptions

of additive and scaled utilities) and hence EFM and EFXM; therefore, in this

case, the price of EFM is 1. Otherwise, the maximum social welfare is at most

1+1/2 = 3/2. According to Lemma 6.2, Algorithm 4 returns an EFXM (and thus

EFM) allocation A with SW(A) ⇐ u1(M≃D)+u2(M≃D)

2
. Since utilities are scaled, we

have SW(A) ⇐ 1, implying that the price of EFXM and the price of EFM is at

most 3/2.

6.4 Arbitrary Number of Agents

In this section, we establish asymptotically tight bounds on the price of EFM and

the price of EFXM for n agents, and begin with the case that agents’ valuations

are scaled.

Theorem 6.5. For scaled utilities, the price of EFM and the price of EFXM

are %(
▽
n).

Proof. Since EFM generalizes EF1 and EFXM implies EFM, the lower bound

&(
▽
n) follows from Bei et al. [29].
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To show the upper bound O(
▽
n), we make use of the result that the price of

EFX is %(
▽
n) shown by Bu et al. [44]. The high-level idea is as follows. We first

split each divisible good dk into φ smaller goods d
1

k
, d

2

k
, . . . , d

ϱ
k
of equal size, and

we treat each of the φ smaller goods as an indivisible good. In other words, we

are considering an instance I
ϱ with a total of m +mφ indivisible goods. For each

φ, we find an EFX allocation that achieves an O(
▽
n)-approximation to OPT(Iϱ).

When φ ↖ ↙, we have a sequence of EFX allocations which converges to a “limit

allocation’’ that is EFXM (and thus EFM), and the limit allocation exists due to

the compactness of the allocation space. This limit allocation characterizes the

upper bound O(
▽
n) for the price of EFXM, as the social welfare is a continuous

function on the allocation space.

To prove the upper bound formally, we start from defining the instance I
ϱ and

the allocation Aϱ. In the instance I
ϱ, we have the same set of agents N , and a

set of m+mφ indivisible goods which consist of the m goods in M and mφ goods

{d1
k
, d

2

k
, . . . , d

ϱ
k
}k=1,...,m as described earlier. The result of Bu et al. [44] indicates that

there exists a (partial) EFX allocationA for instance Iϱ such that OPT(Iϑ)
SW(A)

↘ c
▽
n for

some constant c and su!ciently large n. Let Aϱ be such an allocation. Notice that

A
ϱ is also a valid allocation for the original instance I (where each dk is divisible),

and we will use Aϱ for the same allocation in both I
ϱ and I.

Next, we will define an allocation A for the original instance I which is a “limit

allocation’’ for the allocation sequence {Aϱ}↖ϱ=1
. To make the notion of limit valid,

we need to define a metric space for the set of all allocations, and this is defined in

the following natural way. First note that there are (n+ 1)m ways to allocate the

indivisible goods (each good can be allocated to one of the n agents, or unallocated),

which is finite. For each fixed allocation of the indivisible goods, an allocation of

the divisible goods {d1, d2, . . . , dm} can be naturally described by a point in the

following subset of Rnm:

↼ =


(xik)i=1,...,n;k=1,...,m → Rnm :

n∑

i=1

xik ↘ 1 for each k → [m],

and xik ⇐ 0 for each i → [n] and k → [m]


.

Given two allocations, the distance between them in the metric space is defined as

follows:
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• if their corresponding allocations for M are di”erent, the distance is ↙;

• if their corresponding allocations for M are the same, the distance is defined

by the Euclidean distance of the two points in ↼ describing their allocations

for D.

Since ↼ is closed and bounded and the space of all allocations is a union of

finitely many ((n+ 1)m to be precise) such closed and bounded sets, the Bolzano-

Weierstrauss Theorem [25] implies that the allocation space contains at least one

allocation that is a limit point for the sequence {Aϱ}↖ϱ=1
. Let A be one such limit

point. In the remaining part of the proof, we will conclude the theorem by showing

that 1) A is an EFXM allocation and 2) it satisfies the approximation guarantee
OPT(I)
SW(A)

= O(
▽
n).

A is EFXM Suppose this is not the case. There exist two agents i and j

such that ui(Ai) < ui(Aj) and Aj contains some divisible good (i.e., xjk > 0 for

some k). We choose a su!ciently small value ↽k such that 3↽k → (0, xjk) and

ui(Aj) ⇓ ui(Ai) > 3↽k ·ui(dk). In other words, removing an amount 3↽k of good

dk from Aj will not stop agent i from envying agent j. Since ui is a continuous

function (which can be proved by a straightforward application of the definition of

continuity given our definition of the metric space) and A is a limit point of the

sequence {Aϱ}↖ϱ=1
, by considering a su!ciently small neighbourhood of A, there

exists φ with allocation Aϱ = (Aϱ
1
, . . . , A

ϱ
n) such that

• |ui(Ai)⇓ ui(Aϱ
i)| < ↽k ·ui(dk),

• |ui(Aj)⇓ ui(Aϱ
j)| < ↽k ·ui(dk), and

• ↽k >
1

ϱ .

Points 1 and 2 above imply ui(Aϱ
j)⇓ ui(Aϱ

i) > ↽k ·ui(dk) under the condition that

ui(Aj)⇓ui(Ai) > 3↽k ·ui(dk). Point 3 further implies that, in the instance Iϱ, there

exists an indivisible item corresponding to a small portion that is smaller than ↽k

of dk whose removal will not stop agent i from envying agent j. This contradicts

to our construction that Aϱ is EFX.

Approximation guarantee By our construction of the sequence with the result

of Bu et al. [44], for su!ciently large n and a fixed constant c, we have OPT(Iϑ)
SW(Aϑ)

↘
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c
▽
n for every φ. It su!ces to show that

OPT(I) = lim
ϱ↙↖

OPT(Iϱ) and SW(A) = lim
ϱ↙↖

SW(Aϱ).

The second limit follows from the continuity of the function SW( · ), where the

continuity can be proved by a straightforward application of the definition of con-

tinuity. The first limit follows from the fact that OPT(I) = OPT(Iϱ) for each φ.

To see this, in the optimal allocation, we allocate each divisible good dk as a whole

to a single agent who values it the highest (with tie broken arbitrarily), so it does

not matter how each divisible good is sub-divided to multiple indivisible smaller

goods.

We now proceed to show the price of EFM and the price of EFXM for unscaled

utilities.

Theorem 6.6. For unscaled utilities, the price of EFM and the price of EFXM

are %(n).

Theorem 6.6 can be proved by using the result that the price of EFX for unscaled

valuations is %(n) from Bu et al. [44] and applying the discretization-with-limit

technique used in the proof of Theorem 6.5. Here, we give an alternative construc-

tive proof of Theorem 6.6.

When allocating indivisible goods, Lemma 1 of Barman et al. [24] proved that there

always exists an EF1 allocation with an absolute welfare guarantee. We show a

similar result holds when allocating mixed goods. To be more specific, by slightly

tweaking Algorithm 1 (Alg-EF1-Abs) of Barman et al. [24], we can compute a

partial EFXM allocation with a similar absolute welfare guarantee:

Lemma 6.7. Given any fair division instance ̸N,M,D,u〉, Algorithm 5 computes

a partial EFXM allocation A with social welfare SW(A) ⇐ 1

2n+1
·
∑

i↓N ui(M ↑D).

We first give some intuition behind the proof. At a high level, Barman et al.’s

algorithm starts from a maximum weight matching where each agent receives ex-

actly one indivisible good, and then performs the envy-cycle elimination procedure

of Lipton et al. [106]. At the end, an EF1 allocation (A1, A2, . . . , An) of indivis-

ible goods is obtained. In many “natural scenarios”, we have ui(Ai) ⇐ 1

2
ui(Aj)
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Algorithm 5 A partial EFXM allocation with an absolute welfare guar-
antee

Input: Fair division instance ̸N,M,D,u〉.
Output: A partial EFXM allocation A = (A1, A2, . . . , An) with social welfare
SW(A) ⇐ 1

2n+1
·
∑

i↓N ui(M ↑D).

1: if |M | ⇐ n then

2: M ∋ M

3: else
4: Let M be the union of indivisible goods M and some dummy indivisible

goods, for which each agent has value zero, such that |M | = n.
5: end if
6: Consider the weighted bipartite graph G = (N↑M,N∈M) with weight of each

edge (i, g) → N ∈ M setting as ui(g). Let ⇀ be a maximum-weight matching
in G that matches all nodes in N .

7: Construct the partial allocation A↔ = (A↔
1
, A

↔
2
, . . . , A

↔
n) such that A

↔
i = {⇀(i)}

for each i → N .
8: Use Algorithm 2.1 of Chaudhury et al. [54] to extend allocation A↔ by allocating

the remaining indivisible goods and obtain a partial EFX allocation.
9: Use Algorithm 1 of Bei et al. [27] to allocate the divisible goods and obtain a

partial EFXM allocation A = (A1, A2, . . . , An), where Ai = (Mi,xi).
10: return Allocation A

as removing one indivisible good from Aj eliminates the envy from i to j. This

gives us the 2n approximation ratio to the optimal social welfare. The inequality

ui(Ai) ⇐ 1

2
ui(Aj) can only fail in the case when the removed indivisible good g

from Aj is “large” so that ui({g}) > ui(Aj \ {g}). However, the initial allocation

with the maximum weight matching ensures that the “large indivisible goods” are

“reasonably allocated” so that the inequality holds in some average sense. Barman

et al. worked out the calculations to make the approximation guarantee 2n hold,

and we find out that this set of arguments can be extended to the setting with

mixed divisible and indivisible goods.

Proof. We first add some dummy indivisible goods for which each agent has value

zero, if needed, so that there are at least n indivisible goods; denote by M the

(possibly extended) set of indivisible goods. Let M i be a set of n most valuable

indivisible goods from M to each agent i → N . Note that those dummy indivisible

goods do not a”ect the social welfare of any allocation.

Consider a subgraph G
↔ = (N ↑ M,E) of the weighted bipartite graph G, where

E = {(i, g) : i → N, g → M i}. In other words, subgraph G
↔ only considers edges
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from each agent i → N to her n most valuable indivisible goods. Due to the same

argument in the proof of Barman et al. [24, Lemma 1], we have

SW(A↔) =
∑

i↓N

ui(⇀(i)) ⇐
1

n
·
∑

i↓N

∑

g↓M̃ i

ui(g).

Since each agent receives a single indivisible good, the (partial) allocation A↔ is

EFXM. According to Lemmas 2.5 and 2.7 of Chaudhury et al. [54] and the analysis

of Algorithm 1 of Bei et al. [27], we have ui(Ai) ⇐ ui(A↔
i) after executing Lines 8-9.

As a result,

SW(A) =
∑

i↓N

ui(Ai) ⇐
∑

i↓N

ui(A
↔
i) = SW(A↔) ⇐ 1

n
·
∑

i↓N

∑

g↓M̃ i

ui(g),

or, alternatively,

n · SW(A) ⇐
∑

i↓N

∑

g↓M̃ i

ui(g). (6.2)

Together with the property that no one envies the unallocated indivisible goods P ,

stated in Chaudhury et al. [54, Theorem 2.8], we have:

SW(A) =
∑

i↓N

ui(Ai) ⇐
∑

i↓N

ui(A
↔
i) = SW(A↔) ⇐

∑

i↓N

ui(P ). (6.3)

Because allocation A is EFXM, for each pair of agents i, j → N , there exists

Sj ↓ Mj with |Sj| ↘ 1 such that

ui(Ai) ⇐ ui(Mj \ Sj,xj) = ui(Aj)⇓ ui(Sj). (6.4)

Recall that we may have unallocated indivisible goods P . Summing the above

inequality over j → [n], we have

n ·ui(Ai) ⇐
∑

j↓[n]

ui(Aj)⇓
∑

j↓[n]

ui(Sj)

= ui(M ↑D \ P )⇓
∑

j↓[n]

ui(Sj)

⇐ ui(M ↑D \ P )⇓
∑

g↓M̃ i

ui(g),
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where the last inequality holds because the n sets Sj’s are disjoint and have cardi-

nality at most 1 each, and M i is the set of the n most valuable goods to agent i.

Next, summing the above inequality over i → N , we have

n ·
∑

i↓N

ui(Ai) = n · SW(A) ⇐
∑

i↓N

ui(M ↑D \ P )⇓
∑

i↓N

∑

g↓M̃ i

ui(g).

Finally, plugging Equations (6.2) and (6.3) into the above inequality, we have

n · SW(A) + n · SW(A) + SW(A)

⇐
∑

i↓N

ui(M ↑D \ P )⇓
∑

i↓N

∑

g↓M̃ i

ui(g) +
∑

i↓N

∑

g↓M̃ i

ui(g) +
∑

i↓N

ui(P )

=
∑

i↓N

ui(M ↑D),

which implies

SW(A) ⇐ 1

2n+ 1
·
∑

i↓N

ui(M ↑D),

as desired.

Proof of Theorem 6.6. Since EFM generalizes EF1, the desired lower bound of &(n)

follows from Theorem 1 of Barman et al. [24]. Since EFXM implies EFM, we obtain

the same lower bound of &(n) for the price of EFXM.

We now show the asymptotic matching upper bound for the price of EFXM. Con-

sider an arbitrary instance. Since
∑

i↓N ui(M ↑D) is a trivial upper bound on the

optimal social welfare of the instance, Lemma 6.7 implies the desired upper bound

of O(n) for the price of EFXM.

Next, we establish the asymptotic matching upper bound for the price of EFM.

Given that EFXM implies EFM, we can readily deduce an upper bound of O(n)

for the price of EFM. Moreover, if we want to find a complete EFM allocation, we

can adapt Line 9 of Algorithm 5 in the following way:

• Use Algorithm 1 of Bei et al. [27] to extend the partial EFM allocation A↔

by allocating both the remaining indivisible goods and divisible goods into a

complete EFM allocation.
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Following a similar argument, we can conclude that SW(A) ⇐ 1

2n ·
∑

i↓N ui(M ↑
D).3 Thus, the price of EFM is also %(n).

6.5 Conclusions

In this chapter, we have given a complete characterization for the price of envy-

freeness in various settings. The bounds we provide are tight for two agents and

asymptotically tight for any number of agents. In particular, we close a gap left

open in [29] by showing a tight bound for the price of EF1 for two agents. Fur-

thermore, the price of fairness has been studied for the setting with divisible goods

and the setting with indivisible goods, but it is much less understood for allocating

mixed divisible and indivisible goods. The work in this chapter fills in this missing

piece.

3To compute the social welfare lower bound for the complete EFM allocation, we do not need
Equation (6.3) in the proof of Lemma 6.7.





Chapter 7

E!ciency and Fairness in Cloud

Computing

In this chapter, we focus on a specific resource allocation problem for cloud comput-

ing systems, where the preferences of agents towards items are Leontief preferences

instead of additive functions. In this setting, we introduce and investigate a novel

approximation ratio measure called fair-ratio, which quantifies the e!ciency gap

between a fair mechanism and an “ideal” fair allocation. This chapter has been

published in Bei et al. [30].

7.1 Introduction

In order to o”er flexible resources and economies of scale, in cloud computing sys-

tems, a fundamental problem is to e!ciently allocate heterogeneous computing

resources, such as CPU time and memory, to agents with di”erent demands. This

resource allocation problem presents several significant challenges from a technical

perspective. For example, how to balance the e!ciency of the system and fair-

ness among users? How to incentivize agents to participate and truthfully reveal

their private information? These are all delicate issues that need to be carefully

considered when designing a resource allocation algorithm.

105
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One of the most widely used mechanisms for multi-type resource allocation is the

Dominant Resource Fairness (DRF) mechanism proposed by [75]. This work as-

sumes that agents in the system have Leontief preferences, which means they de-

mand to receive resources of each type in fixed proportions. Under such preferences,

the proposed DRF mechanism generalizes the max-min allocation by equalizing the

share of the most demanded resource, called dominant share, for all agents. Gh-

odsi et al. [75] show that DRF satisfies a set of desirable properties. These include

fairness properties which we describe before: (i) share incentive (SI), and (ii) envy-

freeness (EF); e!ciency properties: (iii) Pareto optimality (PO), it is impossible

to increase the allocation of one agent without decreasing the allocation of another

agent; as well as incentive properties: (iv) strategy-proofness (SP), no agent can

benefit from reporting a false demand. Consequently, DRF has received significant

attention with many variants proposed to tackle di”erent restrictions occurred in

practice.

Despite the above attractive properties, however, DRF is known to have poor

performance in terms of utilitarian social welfare, which is defined as the sum of

utilities of all agents. Many alternative mechanisms have then been proposed to

tackle this issue and balance the trade-o” between fairness and e!ciency [38, 39,

77, 89, 90, 92, 129, 130]. Most of these mechanisms still satisfy SI, EF, and PO.

However, none of them satisfy SP. Recently, Jiang and Wu [89] propose the so called

2-dominant resource fairness (2-DF) to balance fairness and e!ciency. Di”erent

from other mechanisms, 2-DF satisfies SP and PO, but does not satisfy SI and EF

generally. On the other hand, Parkes et al. [117] justify this worst-case performance

of DRF by showing that any mechanism satisfying any of the three properties SI,

EF, and SP cannot guarantee more than 1

m of the optimal social welfare, which is

also what DRF can achieve. Here m denotes the number of resource types. This

characterization seems to suggest that from a worst-case viewpoint, DRF has the

best possible social welfare guarantee among all fair or truthful mechanisms.

In this work, we aim to design new mechanisms that satisfy the same set of prop-

erties with DRF but with better e!ciency guarantees. In order to get around

the theoretical barrier set by [117], we first propose and justify a new benchmark

to measure the social welfare guarantee of a mechanism. Note that Parkes et al.

[117] and many other works use the approximation ratio, which is defined as the

worst-case ratio between the optimal social welfare among all allocations and the
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mechanism’s social welfare, as the performance measure of a mechanism. How-

ever, since SI and EF are both fairness properties that place significant constraints

on feasible allocations, it is not surprising that any allocation satisfying SI or EF

would incur a large approximation ratio of m. On the other hand, one can show

that any mechanism satisfying SI has approximation ratio at most m. This means

all mechanisms satisfying SI and EF will have the same worst-case approximation

ratio, which renders the approximation ratio notion meaningless in systems where

these fairness conditions are hard constraints that must be satisfied. Since fairness

is a hard constraint in many practical applications, we argue that it is more reason-

able to compare the mechanism’s social welfare to the optimal social welfare among

all allocations that satisfy SI and EF. To this end, we modify the approximation

ratio definition and propose this according variant. The new definition allows us

to get pass the lower bound barrier from [117] and design mechanisms with better

social welfare approximation ratio guarantees.

7.1.1 Our results

We design new resource allocation mechanisms that satisfy properties such as SI,

EF, PO, and SP, and at the same time achieve high e!ciency. The e!ciency is

measured by two objectives: social welfare, defined as the sum of utilities of all

agents, and utilization, defined as the minimum utilization rate among all resources.

Social welfare is an indicator commonly used to measure e!ciency, while improving

utilization rate is also an important goal for cloud providers for cost-saving (see,

e.g., Amazon1, IBM2). In academia, utilization has been studied by [91, 92, 101].

For the performance measure, we define fair-ratio for social welfare (resp. uti-

lization) of a mechanism as the worst-case ratio between the social welfare (resp.

utilization) achieved by the optimal mechanism satisfying SI and EF and that by

the mechanism. See formal definitions in Section 7.2.

We first focus on the setting where all agents’ dominant resources fall into two

types. This is the most basic and arguably also the most important setting in

cloud computing and other application domains such as high performance com-

puting. For example, most existing commercial cloud computing services, such as

Azure, Amazon EC2, and Google Cloud, work with only two (dominant) resources:

1https://aws.amazon.com/blogs/aws/cloud-computing-server-utilization-the-environment/
2https://www.ibm.com/cloud/learn/cloud-computing
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Table 7.1: Fair-ratio results for m = 2 resources overview.

Social Welfare Utilization

DRF (Lemma 7.1) 2 (2⇓ ω) ↙ ( 1ϑ)

UNB (Theorem 7.2) 3

2
(1 + ω) 2 ( 1

1↗ϑ)

BAL (Theorem 7.3) 4

3
(4↗2ϑ
3↗ϑ ) 2 ( 2

1+ϑ)

BAL→ (Theorem 7.4)

4↗2ϑ
3↗ϑ ,

4↗2ϑ
3↗ϑ↗ 1

n

 
2

1+ϑ ,
2

1+ϑ↗ 1
n



CPU and memory. Two-resource setting can also be used to model the coupled

CPU-GPU architectures where CPU and GPU are integrated into a single chip

to achieve high performance computing [129]. In this setting, we present three

new mechanisms UNB, BAL, and BAL→, all with better fair-ratio guarantees than

DRF. Di”erent from DRF which equalizes the dominant share of all agents, the

idea behind our new mechanisms is to partition all agents into two groups accord-

ing to their dominant resources and carefully increase the share of agents with the

smallest fraction of their non-dominant resource in each group. Mechanism UNB

satisfies all four properties (SI, EF, PO, and SP) and has a fair-ratio of 3

2
for social

welfare and 2 for utilization. Mechanism BAL further improves the fair-ratio for

social welfare to 4

3
. However, BAL satisfies SI, EF, and PO, but not SP. Finally, we

generalize BAL to a new mechanism BAL→ which satisfies all the four properties

and has the same asymptotic fair-ratio as BAL when the number of agents n goes

to infinity. We further provide a more fine-grained analysis of the fair-ratio param-

eterized by a minority population ratio parameter ω → (0, 1
2
], which is defined as

the fraction of agents in the smaller group classified by their dominant resources.

Table 7.1 lists a summary of the fair-ratios of di”erent mechanisms in the worst

case and in terms of ω. We also compare our mechanisms with DRF by conducting

experiments on both synthetic and real-world data. Our results match well with

the theoretical bounds of fair-ratios and show that both UNB and BAL→ achieve

better social welfare and utilization than DRF.

Next we move to the general situation with m ⇐ 2 resources. We first give a

family F of mechanisms, containing DRF as a special case, that satisfy all the

four properties. This answers the question posed by [75] that “whether DRF is the

only possible strategy-proof policy for multi-resource fairness, given other desirable
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properties such as Pareto e!ciency”. Unfortunately, as we will see in the next

part, for general m all mechanisms that satisfy the four properties will have the

same fair-ratio as DRF. Nevertheless, we show that a generalization of UNB still

satisfies the four properties and its fair-ratio is always weakly better than DRF.

7.1.2 Related work

Since its introduction by [75], DRF has been extended in multiple directions, in-

cluding the setting with weighted agents or indivisible tasks [117], the setting when

resources are distributed over multiple servers with placement constraints [128, 134]

or without placement constraints [70, 133], a dynamic setting when agents arrive

at di”erent times [94] and the case when agents’ demands are limited [101, 114].

In contrast to these works, we consider the original setting and aim to design

mechanisms with better e!ciency guarantees than DRF. Notably, Li et al. [101]

generalize DRF to the limited demand setting, and study the approximation ratio

of the generalized mechanism by comparing it with the optimal allocation satis-

fying PO, SI and EF. Essentially, their results implies that for two resources, the

fair-ratio of DRF is 2 for social welfare and ↙ for utilization, which can be seen

as a special case of our more fine-grained result in Lemma 7.1 parameterized by ω.

Dolev et al. [61] advocate a di”erent fairness notion called Bottleneck Based Fair-

ness (BBF) for multi-resource allocation with Leontief preferences and show that

a BBF allocation always exists. Gutman and Nisarr [79] extend DRF and BBF for

a larger family of utilities and give a polynomial time algorithm to compute a BBF

solution. Characterization of mechanisms satisfying a set of desirable properties

under Leontief preferences has been studied in economics literature [71, 100, 115].

However, they consider di”erent properties than what we consider.

7.2 Preliminaries

In this chapter, we consider the cloud computing model presented in Chapter 2.

In this section, we introduce some additional notations needed for this chapter.
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7.2.1 Dominant Resource Fairness (DRF)

The DRF mechanism [75] works by maximizing and equalizing the dominant shares

of all agents, subject to the feasible constraint. Let x be the dominant share of

each agent, DRF solves the following linear program:

maximize x

subject to
∑

i↓N

x · dir ↘ 1, ≃r → R

This linear program can be rewritten as x→ = 1

maxr↓R
∑

i↓N dir
. Then, for agent i the

allocation Ai = x
→ ·di.

7.2.2 Properties of mechanisms

Beyond the two fairness notions SI and EF presented in Chapter 2, we are also

interested in the following properties of a resource allocation mechanism.

Before stating the properties, we first formally define the mechanism. Denote the

set of all instances by I, and the set of all feasible allocations by A. A mechanism

is a function f : I ↖ A that maps every instance to a feasible allocation. We use

fi(I) to denote the allocation vector to agent i under instance I. A mechanism is

non-wasteful if the allocation A of the mechanism on any instance satisfies that for

each agent i → N there exists y → R+ such that Air = y · dir, ≃r → R. In words, for

each agent, the amount of allocated resources are proportional to its normalized

demand vector. In this chapter, we only consider non-wasteful mechanisms.

Definition 7.1 (Pareto Optimality (PO)). An allocation A is PO if it is not

dominated by another allocation A↔, i.e., there is no A↔ such that ∀i0 → N :

ui0(A
↔
i0) > ui0(fi0(I)) and ≃i → N : ui(A↔

i0) ⇐ ui(fi(I)). A mechanism f is PO if

for any instance I → I the allocation f(I) is PO.

It is easy to verify that a non-wasteful mechanism satisfies PO if and only if at

least one resource is used up in the allocation returned by the mechanism.

Definition 7.2 (Strategyproofness (SP)). A mechanism f is SP if no agent can

benefit by reporting a false demand vector, i.e., ≃I → I, ≃i → N, ≃d↔
i, ui(fi(I)) ⇐
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ui(fi(I↔)), where I↔ is the resulting instance by replacing agent i’s demand vector

by d↔
i.

7.2.3 Approximation ratio

Since we have already defined social welfare (SW) in Chapter 2, it su!ces to define

the utilization. As in [101], we define utilization of an allocation A as the minimum

utilization rate of m resources,

U(A) = min
r↓R

∑

i↓N

Air.

As discussed in the introduction, we use a revised notion of approximation ratio

to measure the e!ciency performance of a mechanism, where we use the optimal

fair allocation as the benchmark instead of the original benchmark which is based

on the optimal allocation.

Definition 7.3. The fair-ratio for social welfare (resp. utilization) of a mechanism

f is defined as, among all instances I → I, the maximum ratio of the optimal social

welfare (resp. utilization) among all allocations that satisfy SI and EF over the

social welfare (resp. utilization) of f(I), i.e.,

FRSW = max
I↓I

max
Ais SI,EF

SW(A)

SW(f(I))
and FRUtil = max

I↓I

max
Ais SI,EF

U(A)

U(f(I))
.

7.3 Two Types of Resources

In this section we focus on the case where there are only two competing resources.

More specifically, we assume that among the m types of resources, there exists

r1, r2 → R, such that for any agent i and any other resource r ⇒= r1, r2, we have

dir1 ⇐ dir and dir2 ⇐ dir. This means in any allocation, other resources will not

run out before r1 or r2 runs out. Thus it is equivalent to assume that R contains

only two resources r1 and r2.

We partition all agents into two groups G1 and G2, where Gi(i = 1, 2) consists

of all agents whose dominant resource is ri. Agents with demand vector (1, 1)
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are considered to be in G1. Denote n1 = |G1| and n2 = |G2|. Without loss of

generality, we assume that n1 ⇐ n
2
(otherwise we can rename the two resources).

We now let

ω :=
n2

n
→ (0,

1

2
]

be the fraction of agents in the smaller group and we call ω the minority population

ratio. We assume that ω > 0, because when ω = 0 the only allocation satisfying

SI is to give every agent 1

n of the first resource (and the corresponding amount of

the second resource). As we will see in the following, ω is crucial in analyzing the

fair-ratio of a mechanism.

We start by analyzing the fair-ratio of DRF.

Lemma 7.1. With 2 resources, for instances with minority population ratio ω, we

have

FRSW(DRF) = 2⇓ ω and FRUtil(DRF) =
1

ω
.

For a better illustration of the results in this chapter, we defer all the proofs to the

end of this chapter.

When ω approaches 0, we have FRSW(DRF) ↖ 2 and FRUtil(DRF) ↖ ↙. Notice

that with 2 resources FRSW(f) for any mechanism f satisfying SI is at most 2 as

the mechanism can always achieve at least 1 in SW.

In the following, we present two new mechanisms with the same set of properties

as DRF but with better fair-ratios.

7.3.1 Mechanism UNB

The more detailed analysis of Lemma 7.1 shows that when the population of two

groups are unbalanced, i.e., when ω is close to 0, it is better to allocate more

resources to agents in the minor group G2 with smaller di,1. This idea leads to

mechanism UNB, described in Algorithm 6. The mechanism has two steps. In

step 1, the mechanism allocates every agent 1

ndi of resources such that each agent

has a dominant share of 1

n , which ensures SI. In step 2, the mechanism repeats

the following process till one resource is used up: Select a set of agents from G2

who have the smallest fraction t1 of resource r1, denoted by P , and increase their
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Algorithm 6 UNB(d1,d2, . . . ,dn)

1: C ∋ (c1, c2) = (1, 1) // remaining resources
2: G1 ∋ {i | di,1 = 1}; G2 ∋ {i | di,1 < 1}
3: for all i → N do
4: Ai ∋ 1

ndi // every agent receives 1

n dominant share
5: C ∋ C ⇓Ai

6: end for
7: while c1 > 0 and c2 > 0 do
8: P ∋ argmini↓G2 Ai,1 // agents with the smallest fraction of resource r1

9: ↽0 ∋ min
i↓N\P

Ai,1 ⇓min
i↓P

Ai,1 // increasing step when 2nd smallest fraction of

resource r1 is reached
10: ↽1 ∋ C1

|P | , ↽2 ∋
C2∑

i↓P
1

di,1

// increasing step when resource r1 (or r2) is used

up
11: ↽

→ ∋ min{↽0, ↽1, ↽2}
12: for all i → P do
13: Ai ∋ Ai + (↽→, ς↔

di,1
) // increase resource r1 by the same ↽

→

14: C ∋ C ⇓ (↽→, ς↔

di,1
)

15: end for
16: end while
17: return A

fractions of resource r1 at the same speed (↽→) till the fraction reaches the second

smallest fraction t2 in G2 (↽→ = ↽0) or one resource is used up (↽→ = ↽1 for resource

r1 and ↽
→ = ↽2 for resource r2).

Example 7.1. Consider an instance with 3 agents who have demand vectors

d1 = (1, 2
5
), d2 = (1, 1

5
) and d3 = (1

5
, 1). We compare the allocation under UNB

and DRF. Notice that DRF can also be viewed as a two-step mechanism, where

in step 1 every agent gets 1

n dominant share (the same as UNB) and in step 2 we

increase the dominant share of every agent at the same speed till one resource is

used up. For the above instance, in step 1 all 3 agents get 1

3
dominant share, and

the remaining resource is C = ( 4

15
,

7

15
), corresponding to Figure 7.1a. In step 2,

under DRF, all agents have the same dominant share x
→ = 1

max{ 11
5 , 85}

= 5

11
and

the final allocation vectors are A1 = ( 5

11
,

2

11
), A2 = ( 5

11
,

1

11
) and A3 = ( 1

11
,

5

11
),

corresponding to Figure 7.1b. Under UNB, we increase the allocation of agent 3,

who currently has the smallest fraction 1

15
of resource r1, till the second resource r2

is used up and we have A3 = ( 4

25
,
4

5
), corresponding to Figure 7.1c. The SW under

DRF is 5

11
∈ 3 ⇑ 1.36, while the SW under UNB is 1

3
+ 1

3
+ 4

5
⇑ 1.47.
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Figure 7.1: Allocations under DRF, UNB, BAL and BAL→ in Example 1. The
shaded area represents the added parts in respective Step 2.

We show that UNB satisfies all four properties and has a better fair-ratio than

DRF.

Theorem 7.2. With 2 resources, mechanism UNB can be implemented in polyno-

mial time, satisfies SI, EF, PO, and SP, and has

FRSW(UNB) = 1 + ω and FRUtil(UNB) =
1

1⇓ ω
.

Specifically, mechanism UNB can be implemented in O(n2) time and O(n) space.

Because ω → (0, 1/2], we have FRSW(UNB) ↘ 3/2 and FRUtil(UNB) ↘ 2, both of

which are significantly better than DRF.

The intuition behind FRSW(UNB) ↘ 1 + ω is that under UNB agents in G1 get at

most ω less utility than the optimal allocation and agents in G2 get no less utility

than the optimal allocation. For the lower bound FRSW(UNB) ⇐ 1 + ω, consider

instances where after step 1 the remaining resource is C = (ω⇓ ⇁, ⇁) with ⇁ ↖ 0. In

step 2 UNB can only increase the allocations of agents in G2 and get SW at most

1 + ⇁, while the optimal allocation can increase the allocation of agents in G1 with

the smallest di,2 and get SW of 1 + ω⇓ ⇁.

7.3.2 Mechanism BAL

According to Theorem 7.2, UNB has the worst performance when the population

of two groups are balanced, i.e., when ω is close to 1

2
, because in step 2 it only
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Algorithm 7 BAL(d1,d2, . . . ,dn)

1: C ∋ (c1, c2) = (1, 1) // remaining resources
2: G1 ∋ {i | di,1 = 1}; G2 ∋ {i | di,1 < 1}
3: for all i → N do
4: Ai ∋ 1

ndi // every agent receives 1

n dominant share
5: C ∋ C ⇓Ai

6: end for
7: (R1, R2) ∋ C // remaining resources after step 1
8: while c1 > 0 and c2 > 0 do
9: P1 ∋ argmini↓G1 Ai,2

10: P2 ∋ argmini↓G2 Ai,1

11: (↽→
1
, ↽

→
2
) ∋ CalcStep () // calculate increasing steps

12: for k = 1, 2 do
13: for all i → Pk do
14: Ai ∋ Ai +

ς↔k
di,3↑k

di // increase the non-dominant resource by the

same ↽
→
k

15: C ∋ C ⇓ ς↔k
di,3↑k

di

16: end for
17: end for
18: end while
19: return A

increases allocations of agents in one group (G2). In this case, a better strategy in

step 2 is to increase allocations of agents from both groups.

Following this intuition, we propose mechanism BAL, described in Algorithm 7.

Mechanism BAL also has two steps. Step 1 is the same as UNB, where every agent

gets 1

n dominant share. In step 2, the mechanism increases allocations of agents

from both groups, and within each group the method is the same as in UNB,

that is, within each group, only agents who have the smallest amount of the non-

dominant resource will be allocated more resources, and they will be allocated the

same fraction (↽→
1
or ↽→

2
) of the non-dominant resource. In addition, BAL controls

the relative allocation rates (↽→
1
, ↽

→
2
) of two groups such that the ratio between the

increased dominant shares of two groups is proportional to the ratio between the

remaining amounts of two resources after step 1. Formally, let ’S1 and ’S2 be

the sum of increased dominant share of agents in G1 and G2 in step 2 respectively.

Let R1 = 1 ⇓ n1
n ⇓ 1

n

∑
i↓G2

di,1 and R2 = 1 ⇓ n2
n ⇓ 1

n

∑
i↓G1

di,2 be the amount of

remaining resources after step 1, then BAL ensures that

’S1

’S2

=
R1

R2

. (7.1)
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Algorithm 8 CalcStep ()

1: for k = 1, 2 do
2: ↽k ∋ min

i↓N\Pk

Ai,3↗k⇓min
i↓Pk

Ai,3↗k // increasing step when 2nd smallest fraction

of resource r3↗k is reached
3: Dk ∋

∑
i↓Pk

1

di,3↑k

4: ↽k ∋ c3↑k

|Pk|+Dk
R3↑k
Rk

// increasing step when resource r3↗k is used up

5: ↽
→
k ∋ min{↽k, ↽k}

6: end for
7: if ς↔1D1

ς↔2D2
↘ R1

R2
then

8: ↽
→
2
∋ ↽

→
1
· D1
D2

· R2
R1

// decrease ↽
→
2
according to ↽

→
1

9: else
10: ↽

→
1
∋ ↽

→
2
· D2
D1

· R1
R2

// decrease ↽
→
1
according to ↽

→
2

11: end if
12: return (↽→

1
, ↽

→
2
)

This condition is crucial to guarantee the good performance of BAL.

To compute the increasing steps (↽→
1
, ↽

→
2
) (CalcStep () in Line 10 of Algorithm 7), we

calculate the largest increasing steps (↽→
1
, ↽

→
2
) such that condition (7.1) is satisfied

and one of the following conditions is satisfied: (a) one resource has been used up;

(b) one agent has to be added into P1 or P2. The concrete algorithm is given in

Algorithm 8.

We now show that BAL satisfies SI, EF, and PO, and its fair-ratio for SW is at

most 4

3
.

Theorem 7.3. With 2 resources, mechanism BAL can be implemented in polyno-

mial time, satisfies SI, EF, and PO, and has

FRSW(BAL) =
4⇓ 2ω

3⇓ ω
and FRUtil(BAL) =

2

1 + ω
.

Specifically, mechanism BAL can be implemented in O(n2) time and O(n) space.

The intuition behind FRSW(BAL) ↘ 4↗2ϑ
3↗ϑ is that compared with the optimal al-

location, where in step 2 the sum of increased dominant share of agents in G1

and G2 are ’S
→
1
and ’S

→
2
respectively, we can show that either ’S1 ⇐ ’S

→
1
or

’S2 ⇐ ’S
→
2
, and ’Si ⇐ 1

2
’S

→
i for any i → {1, 2}. Combining them with the fact
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that max{’S
→
1
,’S

→
2
} ↘ 1⇓ ω, we get

FRSW(BAL) =
1 +’S

→
1
+’S

→
2

1 +’S1 +’S2

↘ max
i↓{1,2}

1 +’S
→
i

1 + 1

2
’S→

i

↘ 2⇓ ω

1 + 1↗ϑ
2

=
4⇓ 2ω

3⇓ ω
.

For the lower bound FRSW(BAL) ⇐ 4↗2ϑ
3↗ϑ , consider instances where after step 1 the

remaining resource is C = (⇁, 1⇓ω⇓⇁) with ⇁ ↖ 0. In step 2 the optimal allocation

can allocate all the remaining resource to agent i→ in G2 who has demand vector

( φ
1↗ϑ↗φ , 1) and get SW of 2⇓ ω⇓ ⇁, while for BAL, because of the condition (7.1),

we can only give about half of the remaining resource r1 to i
→ and the other half to

agents in G1 such that ”S1
R1

= ”S2
R2

⇑ 1

2
, where the SW is about 1+ 1↗ϑ

2
= 1

2
(3⇓ω).

However, BAL does not satisfy SP as the agent with the minimum di,1 (or minimum

di,2) could influence the ratio R1
R2

by modifying its demand vector to get more

resources in step 2, as shown in the following example.

Example 7.2. Consider an instance with two agents who have demand vectors

d1 = (1, 1
2
) and d2 = (1

4
, 1). According to BAL, in step 1 agent 1 gets (1

2
,
1

4
) and

agent 2 gets (1
8
,
1

2
). Then the remaining resources is (3

8
,
1

4
) and the increasing speed

ratio is 3

2
. In step 2, agent 1 gets ( 3

14
,

3

28
) and agent 2 gets ( 1

28
,
1

7
), and resource 2 is

used up. Overall agent 2 gets ( 9

56
,

9

14
). However, if agent 2 reports another demand

vector d↔
2
= (1

2
, 1), then both agents will get the same dominant share 2

3
under

BAL. In particular, agent 2 will get (1
3
,
2

3
), which is strictly better than ( 9

56
,

9

14
).

Therefore, BAL is not SP.

7.3.3 Mechanism BAL∃

Though BAL is not SP, we can make BAL satisfy SP with a small modification.

In the following we propose a slightly di”erent mechanism BAL→ that replaces the

condition (7.1) by the following condition:

’S1

’S2

=
R

→
1

R→
2

=
R1 +

1

ndi
↔,1

R2 +
1

ndj
↔,2

, (7.2)

where i
→ is an agent in G2 with the minimum di,1 and j

→ is an agent in G1 with

the minimum di,2. That is, the ratio between ’S1 and ’S2 is proportional to the

ratio between the remaining amounts of two resources when all agents except i
→

and j
→ get 1

n dominant share. Intuitively, for agent i→, this modification prevents
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it from increasing di↔,1 to influence R↔
1

R↔
2
, unless di↔,1 becomes larger than the second

smallest di,1, for which case we can show that i→ cannot benefit.

We show that BAL→ satisfies all four properties including SP, and its fair-ratio is

very close to that of BAL.

Theorem 7.4. With 2 resources, mechanism BAL→ can be implemented in poly-

nomial time, satisfies SI, EF, PO, and SP, and has

FRSW(BAL→) →

4⇓ 2ω

3⇓ ω
,

4⇓ 2ω

3⇓ ω⇓ 1

n


; FRUtil(BAL

→) →


2

1 + ω
,

2

1 + ω⇓ 1

n


.

Specifically, mechanism BAL→ can be implemented in O(n2) time and O(n) space.

Example 7.1 (continued). We compare BAL and BAL→ for the instance in

Example 7.1. Step 1 is the same as before and we have R1
R2

=
4
15
7
15

= 4

7
and R↔

1
R↔

2
=

4
15+

1
15

7
15+

1
15

= 5

8
. In step 2, under BAL, we increase the allocation of agent 2 by (16

81
,

16

405
),

and that of agent 3 by ( 28

405
,
28

81
) such that resource r1 is used up. Notice that

’S1 =
16

81
and ’S2 =

28

81
satisfy ”S1

”S1
= R1

R2
. Under BAL→, we increase the allocation

of agent 2 by (20
99
,

4

99
), and that of agent 3 by ( 32

495
,
32

99
). Notice that ’S1 =

20

99
and

’S2 = 32

99
satisfy ”S1

”S1
= R↔

1
R↔

2
. These two corresponds to Figure 7.1d and 7.1e. The

SW under BAL and BAL→ is ⇑ 1.54 and ⇑ 1.53 respectively, which is larger than

1.36 under DRF and 1.47 under UNB.

Figure 7.2 shows fair-ratios of DRF, UNB, BAL, and BAL→ (when n ↖ ↙) as a

function of ω. Notice that all three new mechanisms have better fair-ratio than

DRF for any ω → (0, 1
2
). Among new mechanisms, UNB has better fair-ratio than

BAL (BAL→) when ω is close to 0 while BAL (BAL→) has better fair-ratio than

UNB when ω is close to 0.5.

7.3.4 Experimental evaluation

The above analysis of fair-ratio shows that our mechanism UNB and BAL→ have

better performance than DRF from the worst-case perspective. In this section, we

compare the performance of DRF, UNB and BAL→ when m = 2 using both syn-

thetic instances and real-world instances based on Google cluster-usage traces [121].

Our results are shown in Figure 7.3, where we plot the ratio between the optimal
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Figure 7.2: Fair-ratio of mechanisms as a function of ω. As FRUtil(DRF ) ↖ ↙
when ω ↖ 0, for better visualization, we only show FRUtil for ω → [0.2, 0.5].

allocation (satisfying SI and EF) and the allocation under compared mechanisms.

Our results match well with the above fair-ratios and show that both UNB and

BAL→ achieve better social welfare and utilization than DRF.

Random instances with di#erent ω. First we compare mechanisms on random

instances with fixed n = 100 and di”erent ω → {0.05, 0.10, . . . , 0.50}. For each ω,

we average over 1000 instances to get the data point. To control the value of ω, we

choose n(1⇓ ω) agents and set di,1 = 1 for them, and for the remaining agents we

set di,2 = 1. The other entries of the demand vectors are sampled uniformly from

{0.01, 0.02, . . . , 1.00}.

The result is shown in the first row of Figure 7.3. For SW, BAL→ is very close to

the optimal solution (the ratio is close to 1) and BAL→ is always better than DRF

for di”erent values of ω. UNB also outperforms DRF for most values of ω except

when ω → [0.45, 0.5]. Comparing UNB and BAL→, similarly to the crossing point of

their theoretical fair-ratios in Figure 7.2, their performance on random instances

also cross when ω ⇑ 0.25 in Figure 7.3, confirming that when ω ↖ 0, UNB is

better than BAL→, and when ω ↖ 0.5, BAL→ is better than UNB. When ω ⇐ 0.2,

the performance trend of three mechanisms matches well with the fair-ratio. More

precisely, when ω increases, BAL→ and DRF perform better while UNB performs

worse. The comparison of three mechanisms in utilization is almost the same as in

SW.

Instances generated from Google trace. Next we test mechanisms on in-

stances that are generated according to the real demands of tasks from the Google
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Figure 7.3: Performance ratio between the optimal allocation and allocations
under DRF, UNB, BAL→ on synthetic instances with di!erent ω (1st row) and
real-world instances with di!erent n (2nd row).

traces. The Google traces record the demands for CPU and memory of each submit-

ted task. We normalize these demands to get a pool of normalized demand vectors.

Then we generate instances by randomly sampling demand vectors from this pool.

We compare mechanisms on instances with di”erent number n → {10, 20, . . . , 100}
of agents. For each n, we average over 1000 instances to get the data point.

The result is shown in the second row of Figure 7.3. For both SW and utilization,

UNB and BAL→ outperform DRF and the improvements are more than 10%. The

performance of UNB and BAL→ are very close, because in the demand vector pool

more agents (about 67%) have CPU as the dominant resource and hence the gen-

erated instances have ω close to 0.33. Notice that the fair-ratios of UNB and BAL→

are indeed very close when ω = 0.33 (see Figure 7.2).

7.4 Multiple Types of Resources

We move to the general case with m ⇐ 2 types of resources.
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7.4.1 A family of mechanisms

We start by presenting a large family of mechanisms that satisfy the four desired

properties SI, EF, PO, and SP, which includes DRF as a special case. This is

in response to the question asked in [75] that “whether DRF is the only possi-

ble strategy-proof policy for multi-resource fairness, given other desirable properties

such as Pareto e!ciency”. Although many mechanisms based on DRF have been

proposed for di”erent settings and there are characterizations of mechanisms sat-

isfying desirable properties under Leontief preferences [71, 100, 115], to the best of

our knowledge, there is no work that directly answers this question.

We call a function g that maps vectors v → [0, 1]m to R monotone, if it satisfies

that for any two vectors v1,v2 with v1 > v2, g(v1) > g(v2). Here v1 > v2

means v1 is element-wise strictly larger than v2. Denote G the set of all monotone

functions. Now we define a family of mechanisms F based on monotone functions.

For each monotone function g → G, we define a mechanism fg → F as follows. The

mechanism contains two steps that have the same flavor as UNB. In step 1, every

agent receives 1

n dominant share. In step 2, we increase the allocation for agents

that have the minimum value of g(Ai) till some resource is used up. We show that

all mechanisms in F satisfy the four desired properties.

Theorem 7.5. For any m, every mechanism Fg → F satisfies SI, EF, PO, and

SP.

With the large family of mechanisms at hand, the next question is to check if

there exists any mechanism from F that can achieve better e!ciency than DRF.

Unfortunately, as we will see in the next part, all mechanisms from F will have

the same approximation guarantee for general m. This means from a worst-case

analysis point of view, no mechanism has a provable better SW or utilization than

DRF. Thus a more fine-grained analysis is needed to find better mechanisms. In

the next section, we analyze a special mechanism from F , which can be seen as a

generalization of UNB, by considering two parameters.

7.4.2 Generalization of UNB

Similar to the case with 2 resources, we first partition all agents into m groups

Gi(i → [m]) according to their dominant resources and choose an arbitrary group
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(say G1) as a special group. Then, we let ω := 1 ⇓ |G1|
n be the fraction of agents

not in G1, and let ς :=
∑

i↓N\G1

di,1
nϑ be the average demand of agents not in G1 for

resource r1.

UNB can be generalized as follows. In step 1, each agent gets 1

n dominant share.

In step 2, we increase the allocation of agents who have the smallest fraction of

resource r1 in the same speed for resource r1, till some resource is used up. With

slight abuse of notation, we still call this generalized mechanism UNB. Note that

this mechanism is equivalent to the mechanism from the family F with monotone

function g(v) = v1. We prove the fair-ratio of UNB and DRF parameterized by ω

and ς in the following theorem.

Theorem 7.6. With m ⇐ 3 resources, mechanism UNB can be implemented in

polynomial time, satisfies SI, EF, PO, and SP, has FRUtil(UNB) = FRUtil(DRF)

= ↙, and

FRSW(UNB) = max


m⇓ ως ⇓ (1⇓ ω),

m⇓ ως

1 + 1↗↼
↼ ω


,

compared to

FRSW(DRF) = max {m⇓ ως ⇓ (1⇓ ω), (m⇓ ως)(1⇓ ω(1⇓ ς))} .

Specifically, mechanism UNB can be implemented in O(n2
m) time and O(nm)

space.

In particular, one can show that for any ω, ς → (0, 1), 1⇓ω(1⇓ ς) > 1

1+
1↑ϖ
ϖ ϑ

. This

means FRSW(UNB) is always weakly better than FRSW(DRF).

7.5 Conclusions

In this chapter, we investigate the multi-type resource allocation problem. Gen-

eralizing the classic DRF mechanism, we propose several new mechanisms in the

two-resource setting and in the general m-resource setting. The new mechanisms

satisfy the same set of desirable properties as DRF but with better e!ciency guar-

antees.
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For future works, we hope to extend these mechanisms to handle more realistic

assumptions, such that when agents have limited demands or indivisible tasks, and

when agents arrive at di”erent times.

7.6 Appendix

We list some proofs for theorems in this chapter here.

7.6.1 Proof of Lemma 7.1

We first show that fair-ratio for SW is 2 ⇓ ω. For the lower bound, we build an

instance with minority population ratio ω and n agents as follows. The first group

G1 consists of n(1 ⇓ ω) agents who have the same demand vector (1, ϱ), where

ϱ = 1

n . The second group G2 consists of nω agents, where except for one special

agent i
→ whose demand vector is ( ϖ

2
, 1), all other agents have the same demand

vector (1 ⇓ ϱ, 1). We choose n large enough such that nω ⇐ 2. The idea is that

under DRF since all agents must have the same dominant share, their dominant

share is close to 1

n because of the limit of the first resource and hence SW will be

close to 1, while there exists an allocation that satisfies SI, EF, and PO, and has

SW close to 2⇓ ω by giving roughly 1⇓ ω dominant share to the special agent i→.

Formally, under DRF, the first resource will be used up and the dominant share of

every agent is
1

n(1⇓ ω) + (nω⇓ 1)(1⇓ ϱ) + ϖ
2

↘ 1

n⇓ 2
,

so SW of DRF is at most n
n↗2

. However, if we give 1

n dominant share to every agent

except for agent i→ and give i
→ the bundle (x ϖ

2
, x), where x = (1⇓ ω)(1⇓ 1

n), such

that the second resource is used up, then the SW is

1⇓ 1

n
+ x ⇐ 2⇓ ω⇓ 2

n
.

It is easy to verify that the above allocation, denoted by A→ satisfies SI, EF, and

PO. For EF, notice that the special agent i→ receives x ϖ
2
+ 1

n2 ↘ 1

2n + 1

n2 of the first

resource while all other agents in G2 receive
1↗ 1

n
n of the first resource. So fair-ratio
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for SW of DRF is at least

2⇓ ω⇓ 2

n
n

n↗2

n↙↖⇓↖ 2⇓ ω.

For the upper bound, for any instance I with SW s ⇐ 1 under DRF, we show that

SW of any allocation satisfying SI is upper bounded by (2⇓ ω)s. Thus, fair-ratio

for SW is upper bounded by 2⇓ω. Let A be an arbitrary allocation on I satisfying

SI. If the first resource is used up under DRF, then agents in G1 get (1 ⇓ ω)s of

the first resource and agents in G2 get 1 ⇓ (1 ⇓ ω)s of the first resource. Notice

that under DRF every agents has s
n dominant share while in A every agent gets

at least 1

n dominant share. Thus, in A agents in G2 get at least 1

s(1⇓ (1⇓ ω)s) of

the first resource. Then SW of A is upper bounded by

1⇓ 1

s
(1⇓ (1⇓ ω)s) + 1 = 3⇓ ω⇓ 1

s
↘ (2⇓ ω)s,

where the last inequality follows by s ⇐ 1. Analogously, if the second resource is

used up under DRF, we have that SW of A is upper bounded by 3⇓ (1⇓ω)⇓ 1

s ↘
(2⇓ ω)s.

We then show that fair-ratio for utilization is 1

ϑ . For the upper bound, since DRF

satisfies SI, each resource is used at least ω, so fair-ratio for utilization is upper

bounded by 1

ϑ . For the lower bound, using the same instance used above for SW,

we have that in the allocation under DRF the second resource is not used up and

at most n
n↗2

ω ↘ ω + 2

n↗2
of the second resource is used. However, in A→ the first

resource is not used up and at least 1⇓ω+(nω⇓1)
1↗ 1

n
n ⇐ 1⇓ 2

n of the first resource

is used. So fair-ratio for utilization of DRF is lower bounded by

1⇓ 2

n

ω + 2

n↗2

n↙↖⇓↖ 1

ω
.

7.6.2 Proof of Theorem 7.2

To formally prove this theorem, we solve this by proving the following four lemmas.

Lemma 7.7. For the situation with 2 resources, mechanism UNB satisfies SI, EF,

PO, and SP.
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Proof. We first show UNB satisfies SI, EF and PO. SI and PO are clearly satisfied

since all agents have dominant share at least 1

n and the mechanism stops only when

one resource is used up. EF is satisfied in the first step when all agents get the

same dominant share 1

n . After that, the mechanism allocates more resources to

agents in G2, so there is no envy from G2 to G1. Note that the mechanism stops

before any agent in G2 receiving more than 1

n of resource 1. Since all agents in G1

have 1

n of resource 1, there is no envy from G1 to G2. Within G2, the mechanism

only allocate resources to agents who have the smallest fraction of resource 1, so

no envy will occur.

It remains to show SP is satisfied. It is easy to see that no agent has an incentive

to change the group they belong to as in the final allocation the fraction of the

non-dominant resource is at most 1

n for all agents in both G1 and G2. In addition,

agents in G1 always get
1

n of the first resource, so agents in G1 have no incentive to

lie. Finally, we consider agents in G2. Suppose that there exists an agent i0 → G2

who can benefit by reporting a false demand vector. Let xi be the fraction of the

first resource of agent i → G2 in the truthful outcome and denote x
→ = mini↓G2 xi.

Let xi be the fraction of the first resource of agent i → G2 in the manipulated

outcome and denote x→ = mini↓G2 xi. We have that agent i0 receives more of both

resources in the manipulated outcome, so xi0 < xi0 . Since agent i0 receives more

dominant resource in the manipulated outcome, i0 must be one of agents who have

the smallest fraction of the first resource in the manipulated outcome. Thereby,

xi0 = x→ and then x
→ ↘ xi0 < xi0 = x→. However, this means that agent i0 receives

more of both resources in the manipulated outcome while all other agents receive at

least the same amount of resources, which contradicts that the truthful allocation

is PO. This finished the proof for SP.

Lemma 7.8. For the situation with 2 resources, the fair-ratio of UNB is upper

bounded by 1 + ω ↘ 3

2
for SW and upper bounded by 1

1↗ϑ for utilization.

Proof. We first study the fair-ratio for SW. We distinguish the case where the first

resource is used up and where the second resource is used up under UNB. For

the first case, we show the allocation A of UNB actually maximizes SW subject

to SI, EF, and PO. For any allocation A↔ satisfying SI, EF, and PO, let S ↔
1
be the

sum of the first resource received by agents in G1. Since A↔ satisfying SI, we have

S
↔
1
⇐ n1

n . If S
↔
1
>

n1
n , then the sum of dominant shares of agents in G1 is increased

by S
↔
1
⇓ n1

n compared with A, while the sum of dominant shares of agents in G2 is
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decreased by more than S
↔
1
⇓ n1

n since the demand vectors of agents in G2 satisfy

that di,1 < di,2. Then SW(A↔) ↘ SW(A). If S ↔
1
= n1

n , then all agents in G2 must

receive 1

n of the first resource, i.e., A = A↔, since otherwise at least one agent in

G2 receives more than 1

n of the first resource and the second resource (due to the

demand vector) and then this agent will be envied by all agents in G1. Therefore,

allocation A maximizes SW subject to SI, EF, and PO.

For the second case where the second resource is used up, let S2 be the sum of

dominant shares of agents in G2 in A. Then SW(A) = n1
n + S2 and S2 ⇐ 1 ⇓ n1

n .

For any allocation satisfying SI, all agents in G1 receive at least the same amount

of receives as in A, so the sum of dominant shares of agents in G2 is at most S2 and

the maximum SW of allocations satisfying SI of this instance is upper bounded by

1 + S2. Then the fair-ratio for SW of UNB is upper bounded by

1 + S2

n1
n + S2

↘
1 + 1⇓ n1

n
n1
n + 1⇓ n1

n

= 1 + ω ↘ 3

2
,

where the first inequality follows from S2 ⇐ 1⇓ n1
n and the second ω ↘ 1

2
.

We then study the fair-ratio for utilization. We also distinguish the two cases as

above. For the first case where resource 1 is used up under UNB, we show that

the allocation A of UNB actually maximizes utilization subject to SI, EF, and

PO. For any allocation A↔ satisfying SI, EF, and PO, let S
↔
1
⇐ n1

n be the sum

of the first resource received by agents in G1. Notice that the most e!cient way

(maximizing the use of the second resource 2) of using a fixed amount of resource

1 for agents in G2 subject to EF is to evenly distribute resource 1 among agents in

G2. If S ↔
1
>

n1
n , since the dominant resource of agents in G1 is resource 1 and the

dominant resource of agents in G2 is resource 2, the utilization of resource 2 must

be decreased. If S ↔
1
= n1

n , then all agents in G2 must receive 1

n of resource 1 due to

EF, i.e., A = A↔. Therefore, allocation A maximizes utilization subject to SI, EF,

and PO. For the second case, since resource 2 is used up and UNB satisfies SI, at

least 1 ⇓ ω of resource 1 is used, so the fair-ratio for utilization of UNB is upper

bounded by 1

1↗ϑ .

Lemma 7.9. For the situation with 2 resources, the fair-ratio of UNB is lower

bounded by 1 + ω for SW and lower bounded by 1

1↗ϑ for utilization.
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Proof. We first study the fair-ratio for SW. We build an instance with minority

population ratio ω and n agents as follows. The first group G1 consists of n(1⇓ω)

agents, where except for the first agent whose demand vector is (1, ϱ), all other

agents have the same demand vector (1, 1 ⇓ ϱ), where ϱ = 1

n . The second group

G2 consists of nω agents who have the same demand vector (ϱ, 1). Under UNB,

in step 2 we will increase the allocations of agents in G2. However, the remaining

amount of resource 2 after step 1 is only 1⇓ω⇓ n(1↗ϑ)↗1

n (1⇓ϱ)⇓ ϖ
n ↘ 2

n . So the SW

under UNB is upper bounded by n+2

n . On the other hand, if we give 1

n dominant

share to every agent except for the first agent and give the first agent the bundle

(n↗1

n ω,
n↗1

n2 ω) such that the first resource is used up, then the SW is 1+ n↗1

n ω. It is

easy to verify that the above allocation, denoted by A→, satisfies SI, EF, and PO.

For EF, notice that the first agent receives n↗1

n2 ω <
1

2n of the second resource while

all other agents receive at least 1

2n of the second resource. So the fair-ratio for SW

of DRF is at least
1 + n↗1

n ω

n+2

n

n↙↖⇓↖ 1 + ω.

For the fair-ratio for utilization, we use the same instance as above. Under UNB,

at most 1⇓ ω+ ϑ
n + 2

n ↘ 1⇓ ω+ 3

n of resource 1 is used as the SW under UNB is

upper bounded by n+2

n . In A→, resource 1 is used up and at least 1⇓ 2

n of resource

2 is used, so the fair-ratio for SW of DRF is at least

1⇓ 2

n

1⇓ ω + 3

n

n↙↖⇓↖ 1

1⇓ ω
.

Lemma 7.10. For the situation with 2 resources, UNB can be implemented in

polynomial time. Specifically, mechanism UNB can be implemented in O(n2) time

and O(n) space.

Proof. Notice that |P | is increasing in each round of step 2, so the number of

rounds of step 2 is at most n. Since each round of step 2 can be implemented in

O(n) time, UNB can be implemented in O(n2) time. Since only the amount of

each resource allocated to each agent needs to be stored, the space complexity is

O(n).
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7.6.3 Proof of Theorem 7.3

For the formal proof of this theorem, we will only prove the upper bound for the

fair-ratio here, and the proof of the complexity, the lower bound and that BAL

satisfies SI, EF and PO will be deferred to the proof of Theorem 7.4, where we

show these two results for both BAL and BAL→.

Note that R1 ↘ ω ↘ 1⇓ω and R2 ↘ 1⇓ω. If R1 = 0 or R2 = 0, then all agents have

the same dominant share 1

n and the allocation of BAL is already optimal. So in the

following analysis we assume R1 > 0 and R2 > 0, which also implies that ’S1 > 0

and ’S2 > 0. Denote the allocation under BAL by A and the SW-maximizing

allocation satisfying SI, EF, and PO by A→. Denote the sum of dominant shares

of agents in G1 and G2 in A→ by (1⇓ ω) +’S
→
1
and ω +’S

→
2
, respectively. Here,

we suppose SW(A→) > SW(A) without loss of generality.

Lemma 7.11. For any k → {1, 2}, if resource k is used up in A, then ’S
→
k ↘ ’Sk.

Consequently, we have that either ’S
→
1
↘ ’S1, or ’S

→
2
↘ ’S2.

Proof. Due to symmetry, it su!ces to show the result for k = 1. Suppose that

resource 1 is used up in A. Denote the sum of resource 1 received by agents in G2

in A and A→ by x and x
→ respectively. Notice that at step 2 of BAL we always

increase allocations of agents in G2 with the smallest Ai,1 subject to EF, which is

the most e!cient way of using x of resource 1 to maximize the received amount of

resource 2. Therefore, for any other allocation satisfying SI and EF within G2, if

agents in G2 receive at most x of resource 1, then they can receive at most ω+’S2

of resource 2. We use this property to show that ’S
→
1
↘ ’S1. The intuition is

that if ’S
→
1
> ’S1, then for A→ compared with A, the decreased dominant share

of agents in G2 will exceed the increased dominant share of agents in G1.

Suppose towards a contradiction that ’S
→
1
> ’S1 and let ↽ = ’S

→
1
⇓’S1 > 0. We

prepare some inequalities. First, since resource 1 is used up in A, we have that

x
→ ↘ x⇓ ↽. (7.3)

Next, since di,1 < 1 for i → G2, in A→ the amount of resource 1 received by agents

in G2 is less than the amount of resource 2, that is,

x
→
< ω +’S

→
2
. (7.4)
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Finally, since SW(A→) = 1 + ’S
→
1
+ ’S

→
2
> SW(A) = 1 + ’S1 + ’S2, we have

’S2 ⇓’S
→
2
< ’S

→
1
⇓’S1 = ↽, that is,

’S
→
2
+ ↽ > ’S2. (7.5)

Now, based on A→, we construct a partial allocation A↔ for G2 by multiplying

each A→
i by ε for all i → G2, where ε = x

x↔ . In A↔ every agent in G2 has at

least 1

n dominant share since A→ satisfies SI and the allocations of agents in G2

are increased from A→ to A↔. EF is also satisfied within G2 since A→ satisfies EF

and the allocations of agents in G2 are multiplied by the same factor ε to get A↔.

However, in A↔ the sum of resource 2 received by agents in G2 is

ε(ω+’S
→
2
) =

x

x→ (ω+’S
→
2
)
(7.3)

⇐ ω+’S
→
2
+

↽

x→ (ω+’S
→
2
)
(7.4)
> ω+’S

→
2
+↽

(7.5)
> ω+’S2.

Then, in A↔ agents in G2 have x of resource 1 but more than ω +’S2 of resource

2, which is a contradiction. Therefore, ’S
→
1
↘ ’S1.

Since A is PO, at least one resource is used up, then we have that either ’S
→
1
↘

’S1, or ’S
→
2
↘ ’S2.

Lemma 7.12. For the situation with 2 resources, fair-ratio for SW of BAL is

upper bounded by 2↗ϑ
1+

1↑ϱ
2

↘ 4

3
.

Proof. Let ς = ”S1
R1

= ”S2
R2

. We distinguish two cases when ς ⇐ 1

2
and when ς <

1

2
.

For the first case, we have that ’Si ⇐ 1

2
Ri ⇐ 1

2
’S

→
i for i = 1, 2. Therefore,

1 +’S
→
1
+’S

→
2

1 +’S1 +’S2

↘ 1 +’S
→
1
+’S

→
2

1 + 1

2
(’S→

1
+’S→

2
)
↘ 1 + 1

1 + 1

2

↘ 4

3
,

where the second to last inequality is due to ’S
→
1
+’S

→
2
↘ R1 + R2 ↘ 1. To get

a more refined upper bound as a function of ω, notice that according to Lemma

7.11, either ’S
→
1
↘ ’S1, or ’S

→
2
↘ ’S2. Then,

1 +’S
→
1
+’S

→
2

1 +’S1 +’S2

↘ max
i↓{1,2}

1 +’S
→
i

1 +’Si
↘ max

i↓{1,2}

1 +’S
→
i

1 + 1

2
’S→

i

↘ 2⇓ ω

1 + 1↗ϑ
2

,

where the last inequality is due to max{’S
→
1
,’S

→
2
} ↘ max{R1, R2} ↘ 1⇓ ω.

For the second case when ς <
1

2
, let i1 → {1, 2} be the resource that is used up in A

and let i2 = 3⇓ i1 represents another resource. We show that ’S
→
i2 ↘ 2’Si2 . Since



130 7.6. Appendix

resource i1 is used up and ’Si1 <
Ri1
2
, agents in Gi2 use more than

Ri1
2

of resource

i1 in step 2 of BAL. Since the average di,i1 of agents in Gi2 with the smallest Ai,i1 is

increasing in step 2 of BAL, or equivalently Dk in Algorithm 7 is decreasing, even

if we allocate all Ri1 of resource i1 to agents in G2, they can use at most 2’Si2 of

resource i2. So ’S
→
i2 ↘ 2’Si2 . Combining ’S

→
i1 ↘ ’Si1 from Lemma 7.11 we have

that
1 +’S

→
i1 +’S

→
i2

1 +’Si1 +’Si2

↘
1 +’S

→
i2

1 +’Si2

↘
1 +’S

→
i2

1 +
”S↔

i2
2

↘ 2⇓ ω

1 + 1↗ϑ
2

↘ 4

3
,

where the second to the last inequality is due to ’S
→
i2 ↘ max{R1, R2} ↘ 1 ⇓ ω.

Therefore, the fair-ratio for SW of BAL is upper bounded by 2↗ϑ
1+

1↑ϱ
2

, which reaches

its maximum value 4

3
when ω = 0.

Lemma 7.13. For the situation with 2 resources, the fair-ratio for utilization of

BAL is upper bounded by 1

1↗ 1↑ϱ
2

↘ 2.

Proof. Let ς = ”S1
R1

= ”S2
R2

. We distinguish two cases when ς ⇐ 1

2
and when

ς <
1

2
. For the first case, we have that ’Si ⇐ 1

2
Ri for i = 1, 2. Then at least

1 ⇓ R1
2

⇐ 1 ⇓ ϑ
2
⇐ 1 ⇓ 1↗ϑ

2
of resource 1 is used and at least 1 ⇓ R2

2
⇐ 1 ⇓ 1↗ϑ

2
of

resource 2 is used. Therefore, the fair-ratio for utilization of BAL is upper bounded

by 1

1↗ 1↑ϱ
2

.

For the second case when ς <
1

2
, we further distinguish two cases when resource 1

is used up and when resource 2 is used up in A. We now use A→ to represent the

utilization-maximizing allocation satisfying SI, EF, and PO. Following the same

use of notations, in A→ agents in G1 receive 1⇓ω+’S
→
1
of resource 1 and ω+’S

→
2

of resource 2. Let y1 =
∑

i↓G1

di,2
n be the amount of resource 2 received by agents

in G1 and y2 =
∑

i↓G2

di,1
n be the amount of resource 1 received by agents in G2

when every agent receives 1

n dominant share.

If resource 1 is used up, as shown in the proof for SW (Lemma 7.12), we have that

’S
→
2
↘ 2’S2. Let y

→
1
be the mount of resource 2 received by G1 in A→. Notice

that the most e!cient way of using resource 1 to maximize the received amount of

resource 2 for G1 subject to EF is to evenly distribute resource 1. Since agents in

G1 use 1⇓ω of resource 1 when every agent gets 1

n dominant share and 1⇓ω ⇐ 1

2
,

we have y
→
1
↘ 2y1. Therefore, the fair-ratio for utilization (determined by resource
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2) is upper bounded by

ω + 2’S2 + y
→
1

ω +’S2 + y1
↘ 1

ω + 1↗ϑ
2

=
1

1⇓ 1↗ϑ
2

,

where the inequality is due to 2’S2 + y
→
1
↘ 1⇓ ω and ’S2 + y1 ⇐ 1

2
(2’S2 + y

→
1
).

If resource 2 is used up, as shown in the proof for SW, we have that ’S
→
1
↘ 2’S1.

Let y→
2
be the mount of resource 1 received by G2 in A→. Next we need to upper

bound y
→
2
. Since ”S2

R2
= ς <

1

2
and resource 2 is used up, in A agents in G1 receive

more than R2
2

of resource 2 while they receive less than R1
2

of their dominant

resource 1 as ς <
1

2
. Then from R1

2
⇐ R2

2
we have R2 ↘ R1 ↘ ω. It follows

that ’S
→
2
↘ R2

2
↘ ϑ

2
. Since agents in G2 use ω of resource 2 when every agent

gets 1

n dominant share, we have y
→
2
↘ 3y2

2
. Therefore, the fair-ratio for utilization

(determined by resource 1) is upper bounded by

1⇓ ω + 2’S2 + y
→
2

1⇓ ω +’S2 + y2
↘ 1

1⇓ ϑ
2

↘ 1

1⇓ 1↗ϑ
2

,

where the first inequality is due to 2’S2+y
→
2
↘ ω and ’S2+y2 ⇐ 1

2
(2’S2+y

→
2
).

We can finish the proof by summarizing the two lemmas above.

7.6.4 Proof of Theorem 7.4

Lemma 7.14. BAL and BAL→ satisfy SI, EF, and PO.

Proof. The proof is very similar to the proof for UNB. SI and PO are clearly

satisfied since all agents have dominant share at least 1

n and the mechanism stops

only when one resource is used up. EF is satisfied in step 1 as all agents have the

same dominant share 1

n . Note that the mechanism stops before any agent receiving

more than 1

n of the non-dominant resource while all agents have at least 1

n of the

dominant resource, so there is no envy between G1 and G2. Within each group,

in step 2 the mechanism only allocates resources to agents who have the smallest

fraction of the non-dominant resource, so no envy will occur.

Lemma 7.15. BAL→ satisfies SP.
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Proof. Same as UNB, no agent has an incentive to change the group they belong to

as the fraction of the non-dominant resource cannot exceed 1

n . Then, we show that

agents in G1 can never benefit by reporting a false demand vector. The proof for

agents in G2 is analogous due to symmetry. Suppose some agent i → G1, whose true

demand vector is (1, di,2), reports a false demand vector (1, d↔i,2). Let ’S
↔
1
and ’S

↔
2

be the sum of increased dominant shares of agents in G1 and G2, respectively, at

step 2 of BAL→ when i reports (1, d↔i,2). We distinguish two cases when ”S→
1

”S→
2
↘ ”S1

”S2

and ”S→
1

”S→
2
>

”S1
”S2

.

For the first case, suppose, for a contradiction, that agent i’s utility is increased

by reporting (1, d↔i,2). Then the allocation of both resources to agent i is strictly

increased. Specifically, agent i receives more amount of resource 2. According to

step 2 of BAL→, all other agents in G1 should receive at least the same of resource 2

and resource 1. To sum up, agents in G1 receive more of resource 1 and resource 2,

then’S
↔
1
> ’S1 and consequently, ’S

↔
2
< ’S2, which contradicts with ”S→

1
”S→

2
↘ ”S1

”S2
.

We proceed by considering the second case when ”S→
1

”S→
2
>

”S1
”S2

. According to condi-

tion (7.2), ”S→
1

”S→
2
>

”S1
”S2

implies d
↔
i,2 > di,2 and agent i is not the agent in G1 with

the minimum di,2 when it reports (1, d↔i,2), as otherwise R
→
2
does not change and we

should have ”S→
1

”S→
2
= ”S1

”S2
. Let ↽ = 1

n(d
↔
i,2⇓max{di,2,minj↓G1↗i dj,2}) be the influence

on R
→
2
when agent i reports (1, d↔i,2). For the manipulated instance, we have

’S
↔
1

’S ↔
2

=
R

→→
1

R→→
2

=
R

→
1

R→
2
⇓ ↽

, (7.6)

On the other hand, we have

’S1

R→
1

=
’S2

R→
2

>
’S2 ⇓ ↽

R→
2
⇓ ↽

¬ R
→
2
⇓ ↽

R→
1

>
’S2 ⇓ ↽

’S1

. (7.7)

Combining Equations 7.6 and 7.7, we have

’S
↔
2

’S ↔
1

>
’S2 ⇓ ↽

’S1

. (7.8)

Now suppose that agent i’s utility is increased by reporting (1, d↔i,2). We show in the

following that ’S
↔
1
⇐ ’S1 and ’S

↔
2
↘ ’S2 ⇓ ↽, which contradicts with Equation

7.8.
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Let A be the truthful allocation and let A↔ be the manipulated allocation. Since

agent i’s utility is increased by reporting (1, d↔i,2) with d
↔
i,2 = max{di,2,minj↓G1↗i dj,2}+

n↽, we have A
↔
i,1 > Ai,1 ⇐ 1

n and

A
↔
i,2 = A

↔
i,1 · d↔i,2 > Ai,1 · (di,2 + n↽) ⇐ Ai,2 + ↽.

Let x be the amount of resource 2 received by agents in G1 who have the minimum

amount of resource 2 in the truthful allocation, and let x↔ be that in the manipulated

allocation. Since agent i receives more amount of resource 2 in A↔, it must be one of

the agents in G1 who have the minimum amount of resource 2 in A↔. So x
↔ = A

↔
i,2.

For A we have x ↘ Ai,2. Therefore, x↔ ⇐ x+ ↽, which implies that A↔
j,1 ⇐ Aj,1 and

A
↔
j,2 ⇐ Aj,2 for all j → G1 ⇓ i.

Let j
→ → G1 be one of the agents in G1 with the minimum dj,2 when i reports

(1, d↔i,2). Recall that j
→ ⇒= i. We can prove A

↔
j↔,2 ⇓ Aj↔,2 ⇐ ↽, and then

A
↔
j↔,1 ⇓ Aj↔,1 ⇐ ↽

as dj↔,1 = 1 ⇐ dj↔,2. First, we have j→ must be one of the agents in G1 who have the

minimum amount of resource 2 in A↔. Then, we consider two case when Aj↔,2 = x

and Aj↔,2 > x. In the first case Aj↔,2 = x, it can be proved by A
↔
j↔,2 = x

↔ ⇐ x+ ↽ =

Aj↔,2 + ↽. In the second case, j→ still receives 1

n of resource 1 in A, so

A
↔
j↔,2 = x

↔ = A
↔
i,2 = A

↔
i,1d

↔
i,2 ⇐ A

↔
i,1(dj↔,2 + n↽) ⇐ 1

n
(dj↔,2 + n↽) = Aj↔,2 + ↽.

To sum up, all agents in G1 receive more resources in A↔ and specifically we have

A
↔
i,2 ⇐ Ai,2 + ↽ and A

↔
j↔,1 ⇓ Aj↔,1 ⇐ ↽, so

∑

j↓G1

(A↔
j,1 ⇓ Aj,1) ⇐ ↽ and

∑

j↓G1

(A↔
j,2 ⇓ Aj,2) ⇐ ↽.

From
∑

j↓G1
(A↔

j,1 ⇓Aj,1) ⇐ ↽ we get ’S
↔
1
⇐ ’S1 + ↽ ⇐ ’S1, as required. Next we

show ’S
↔
2
↘ ’S2 ⇓ ↽ for G2. If in A resource 2 is used up, then ’S

↔
2
↘ ’S2 ⇓ ↽

because
∑

j↓G1
(A↔

j,2 ⇓ Aj,2) ⇐ ↽. If in A resource 1 is used up, then according to
∑

j↓G1
(A↔

j,1 ⇓ Aj,1) ⇐ ↽, we have
∑

j↓G2
A

↔
j,1 ↘

∑
j↓G2

Aj,1 ⇓ ↽, and hence ’S
↔
2
↘

’S2 ⇓ ↽ as dj,1 ↘ dj,2 = 1 for j → G2. Therefore, we have ’S
↔
2
↘ ’S2 ⇓ ↽, no

matter which resource is used up in A.
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As for the fair-ratio, we show that SW of BAL→ is very close to BAL.

Lemma 7.16. For any instance I with n agents and m = 2 resources, we have

SW(BAL(I))

SW(BAL→(I))
↘ 1 +

1

n
and U(BAL(I)) ↘ U(BAL→(I)) +

1

n
.

Proof. We first study SW. Denote the sum of increased dominant shares of agents

in G1 and G2 in step 2 of BAL→ by ’S
→
1
and ’S

→
2
, respectively. Let R→

1
= R1+

1

ndi
↔,1

and R
→
2
= R2 +

1

ndj
↔,2, where i

→ → G2 and j
→ → G1 are defined in the same way as

in condition (7.2), then

’S1

’S2

=
R1

R2

and
’S

→
1

’S→
2

=
R

→
1

R→
2

.

Assume without loss of generality that ’S1 ⇐ ’S
→
1
. Then ’S2 ↘ ’S

→
2
since the

only di”erence between BAL and BAL→ is the di”erent increasing speeds for two

groups at step 2. Since

SW(BAL(I))

SW(BAL→(I))
=

1 +’S1 +’S2

1 +’S→
1
+’S→

2

↘ 1 +’S1

1 +’S→
1

,

it su!ces to show that
1 +’S1

1 +’S→
1

↘ 1 +
1

n
.

Let

ς =
’S1

R1

=
’S2

R2

and ς
→ =

’S
→
1

R→
1

=
’S

→
2

R→
2

.

Since ’S1 ⇐ ’S
→
1
and R1 < R

→
1
= R1 +

1

ndi
↔,1, we have ς > ς

→. Since

’S
→
2
⇓ 1

ndj
↔,2

R2

=
’S

→
2
⇓ 1

ndj
↔,2

R→
2
⇓ 1

ndj
↔,2

< ς
→
< ς =

’S2

R2

,

we have ’S2 > ’S
→
2
⇓ 1

ndj
↔,2. Therefore, compared with BAL→, the sum of resource

2 received by agents in G2 is decreased by at most 1

ndj
↔,2 under BAL, i.e.,

∑

i↓G2

Ai,2 >

∑

i↓G2

A
→
i,2 ⇓

1

n
dj↔,2. (7.9)
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Since the dominant resource for agents in G2 is resource 2, the sum of resource 1

received by agents in G2 is also decreased by at most 1

ndj
↔,2 under BAL, i.e.,

∑

i↓G2

Ai,1 >

∑

i↓G2

A
→
i,1 ⇓

1

n
dj↔,2. (7.10)

If resource 1 is used up in BAL, by (7.10) we have ’S1 ↘ ’S
→
1
+ 1

ndj
↔,2 ↘ ’S

→
1
+ 1

n .

If resource 2 is used up in BAL, by (7.9) we have

∑

i↓G1

Ai,2 <

∑

i↓G1

A
→
i,2 +

1

n
dj↔,2.

Since j
→ → G1 is the agent in G1 with the minimum di,2, with the increased 1

ndj
↔,2

of resource 2, resource 1 can be increased by at most 1

ndj
↔,2 · 1

dj↔,2
= 1

n . So ’S1 ↘
’S

→
1
+ 1

n . In both cases we have ’S1 ↘ ’S
→
1
+ 1

n . So

1 +’S1

1 +’S→
1

↘
1 +’S

→
1
+ 1

n

1 +’S→
1

↘ 1 +
1

n
,

as required.

We then study utilization. Assume without loss of generality that ’S1 ⇐ ’S
→
1
,

i.e., agents in G1 receive more amounts of both resources in BAL and agents in

G2 receive less amounts of both resources in BAL. In the above we have already

shown that ’S1 ↘ ’S
→
1
+ 1

n fro resource 1 and
∑

i↓G1
Ai,2 <

∑
i↓G1

A
→
i,2 +

1

ndj
↔,2

for resource 2, so the utilization of both resources is increased by at most 1

n under

BAL. Therefore, U(BAL(I)) ↘ U(BAL→(I)) + 1

n .

The upper bound for the fair-ratio of BAL→ can be improved if we consider it

directly.

Lemma 7.17. For the situation with 2 resources, fair-ratio of BAL→ is upper

bounded by 2↗ϑ
1+

1↑ϱ
2 ↗ 1

2n

for SW and upper bounded by 1

1↗ 1↑ϱ
2 ↗ 1

2n

for utilization.

Proof. The proof is similar to the proof for BAL (Lemma 7.12 and 7.13). In

this proof, denote by A the allocation of BAL→ and A→ the SW maximization

(or utilization maximization) satisfying SI, EF, and PO. Denote in the step 2 of

BAL→ the sum of dominant shares of agents in G1 and G2 in A→ by ’S1 and ’S2,

respectively. Let R1 and R2 be the remaining amount of two resources after the
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step 1 of BAL→. Let R
→
1
= R1 +

1

ndi
↔,1 and R

→
2
= R2 +

1

ndj
↔,2, where i

→ → G2 is

the agent in G2 with the minimum di,1 and j
→ → G1 is the agent in G1 with the

minimum di,2. Denote the sum of dominant shares of agents in G1 and G2 in A→

by (1⇓ ω) +’S
→
1
and ω +’S

→
2
, respectively.

We first consider SW. Let ς = ”S1
R↔

1
= ”S2

R↔
2
. We distinguish two cases when ς ⇐ 1

2

and when ς <
1

2
. For the first case, we have that ’Si ⇐ 1

2
R

→
i ⇐ 1

2
Ri ⇐ 1

2
’S

→
i for

i = 1, 2. Notice that the result in Lemma 7.11 also holds for the allocation A by

BAL→, i.e., either ’S
→
1
↘ ’S1, or ’S

→
2
↘ ’S2. Therefore,

1 +’S
→
1
+’S

→
2

1 +’S1 +’S2

↘ max
i↓{1,2}

1 +’S
→
i

1 +’Si
↘ max

i↓{1,2}

1 +’S
→
i

1 + 1

2
’S→

i

↘ 2⇓ ω

1 + 1↗ϑ
2

,

where the last inequality is due to max{’S
→
1
,’S

→
2
} ↘ max{R1, R2} ↘ 1⇓ ω.

For the second case when ς <
1

2
, without loss of generality, assume resource 1 is

used up in A. Recall that for BAL we can show that ’S
→
2
↘ 2’S2. However, this

does not hold for BAL→. To get a similar bound for BAL→, we interpret BAL→ as

a mechanism consists of 3 steps: In step 1 all agents except i→ receive 1

n dominant

share; In step 2 agent i→ receive 1

n dominant share; The step 3 is the same as the

original step 2. Now we compare ’S2 +
1

n and ’S
→
2
+ 1

n , where the additional 1

n

can be imagined as the amount of resource 2 received by i
→ in step 2 of BAL→.

Since ς <
1

2
, in step 3 agents in G1 receive more than R↔

1
2

of resource 1. Then the

remaining at most R↔
1
2

of resource 1 is allocated to agents in G2 in step 2 and step

3. In other words, agents in G2 receive at most R↔
1
2

of resource 1 and ’S2 +
1

n of

resource 2 in step 2 and step 3. Then even if we allocate all R→
1
of resource 1 to

agents in G2 in step 2 and step 3, they can use at most 2(’S2 +
1

n) of resource

2 since i
→ → G2 is the agent in G2 with the minimum di,1 and Dk in Algorithm 7

is decreasing. It follows that ’S
→
2
+ 1

n ↘ 2(’S2 +
1

n). Note that if resource 2 is

used up, we can show ’S
→
1
+ 1

n ↘ 2(’S1 +
1

n). Since Lemma 7.11 also holds for

the allocation A by BAL→, we have ’S
→
1
↘ ’S1. Therefore, the fair-ratio for SW
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of BAL is upper bounded by

1 +’S
→
1
+’S

→
2

1 +’S1 +’S2

↘ 1 +’S
→
2

1 +’S2

=
1⇓ 1

n +’S
→
2
+ 1

n

1⇓ 1

n +’S2 +
1

n

↘
1⇓ 1

n +’S
→
2
+ 1

n

1⇓ 1

n +
”S↔

2+
1
n

2

↘
1⇓ 1

n + (1⇓ ω + 1

n)

1⇓ 1

n +
1↗ϑ+ 1

n
2

=
2⇓ ω

1 + 1↗ϑ
2

⇓ 1

2n

.

Next we consider utilization. We also distinguish two cases when ς ⇐ 1

2
and when

ς <
1

2
. For the first case, we have that ’Si ⇐ R↔

i
2

⇐ Ri
2

for i = 1, 2. Then at least

1 ⇓ R1
2

⇐ 1 ⇓ ϑ
2
⇐ 1 ⇓ 1↗ϑ

2
of resource 1 is used and at least 1 ⇓ R2

2
⇐ 1 ⇓ 1↗ϑ

2
of

resource 2 is used. Therefore, the fair-ratio for utilization of BAL is upper bounded

by 1

1↗ 1↑ϱ
2

.

For the second case when ς <
1

2
, we further distinguish two cases when resource

1 is used up and when resource 2 is used up in A. Let y1 =
∑

i↓G1

di,2
n be the

amount of resource 2 received by agents in G1 and y2 =
∑

i↓G2

di,1
n be the amount

of resource 1 received by agents in G2 when every agent receives 1

n dominant share.

If resource 1 is used up, as shown in the above we have that ’S
→
2
+ 1

n ↘ 2(’S2+
1

n).

Let y→
1
be the mount of resource 2 received by G1 in A→. As shown in Lemma 7.12

we have y
→
1
↘ 2y1. Therefore, the fair-ratio for utilization (determined by resource

2) is upper bounded by

ω⇓ 1

n +’S
→
2
+ 1

n + y
→
1

ω⇓ 1

n +’S2 +
1

n + y1
↘

ω⇓ 1

n +’S
→
2
+ 1

n + y
→
1

ω⇓ 1

n +
”S↔

2+
1
n+y↔1
2

↘
ω⇓ 1

n + 1⇓ ω + 1

n

ω⇓ 1

n +
1↗ϑ+ 1

n
2

=
1

1⇓ 1↗ϑ
2

⇓ 1

2n

.

If resource 2 is used up, as shown in the above we have that’S
→
1
+ 1

n ↘ 2(’S1++ 1

n).

Let y→
2
be the mount of resource 1 received by G2 in A→. As shown in Lemma 7.12

we have y
→
2
↘ 3y2

2
↘ 2y2. Therefore, the fair-ratio for utilization (determined by

resource 1) is upper bounded by

1⇓ ω⇓ 1

n +’S
→
1
+ 1

n + y
→
2

1⇓ ω⇓ 1

n +’S1 +
1

n + y2
↘

1⇓ ω⇓ 1

n +’S
→
1
+ 1

n + y
→
2

1⇓ ω⇓ 1

n +
”S↔

1+
1
n+y↔2
2

↘
1⇓ ω⇓ 1

n + ω + 1

n

1⇓ ω⇓ 1

n +
ϑ+ 1

n
2

=
1

1⇓ 1↗ϑ
2

⇓ 1

2n

.
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Lemma 7.18. For the situation with 2 resources, the fair-ratio of BAL and BAL→

is lower bounded by 2↗ϑ
1+

1↑ϱ
2

for SW and lower bounded by 1

1↗ 1↑ϱ
2

for utilization.

Proof. We first study SW. We build an instance with minority population ratio ω

and n agents as follows. The first group G1 consists of n(1 ⇓ ω) agents who have

the same demand vector (1, ϱ), where ϱ = 1

n2 . The second group G2 consists of nω

agents, where except for one special agent i
→ whose demand vector is ( 1

n(1↗ϑ) , 1),

all other agents have the same demand vector (1 ⇓ ϱ, 1). The idea is that under

BAL and BAL→ the special agent i→ can get only about 1↗ϑ
2

of the second resource

and the SW is about 1 + 1↗ϑ
2

while there exists an allocation that satisfies SI, EF,

and PO, and has SW about 2⇓ ω⇓ 1

n by giving roughly 1⇓ ω dominant share to

the special agent i→.

Formally, we first give 1

n dominant share to every agent except for agent i→. Then

the remaining amount of two resources are R
0

1
= ω⇓ (nω⇓ 1)

1↗ 1
n2

n ⇐ 1

n and R
0

2
=

(1⇓ω)(1⇓ 1

n2 )+
1

n ⇐ 1⇓ω. We can give agent i→ the bundle (
1↗ 1

n2

n , (1⇓ 1

n2 )(1⇓ω))

and allocate remaining resources evenly to agents in G1. The SW is lower bounded

by

1⇓ 1

n
+ (1⇓ 1

n2
)(1⇓ ω) ⇐ 2⇓ ω⇓ 2

n
.

It is easy to verify that the above allocation, denoted by A→, satisfies SI and EF.

Under BAL, the remaining resources after step 1 are

R1 = ω⇓
1

n(1↗ϑ) + (nω⇓ 1)(1⇓ 1

n2 )

n
<

1

n
and R2 = (1⇓ ω)(1⇓ 1

n2
) < 1⇓ ω.

If in step 2 we give the special agent i
→ a bundle ( 1

2n ,
1↗ϑ
2
), then the increased

dominant shares for two groups ’S1 and ’S2 satisfy that ’S1 ↘ R1 ⇓ 1

2n <
R1
2

and ’S2 = 1↗ϑ
2

>
R2
2
. This means in step 2 the dominant share of the special

agent i→ is increased by at most 1↗ϑ
2
. Then the SW under BAL is upper bounded

by 1 +R1 +
1↗ϑ
2

↘ 1 + 1↗ϑ
2

+ 1

n and the fair-ratio for SW is lower bounded by

2⇓ ω⇓ 2

n

1 + 1↗ϑ
2

+ 1

n

n↙↖⇓↖ 2⇓ ω

1 + 1↗ϑ
2

.
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For BAL→, we have

R
→
1

R→
2

=
R1 +

1

n3(1↗ϑ)

R2 +
1

n3

⇐
R1 +

1

n3

R2 +
1

n3

⇐ R1

R2

,

where the last inequality follows by R1 < R2. This means that under BAL→ the

special agent gets less resources in step 2 than under BAL, i.e., ’S
→
2
↘ ’S2. Using

the same argument for BAL we get that the fair-ratio for SW of BAL→ is also lower

bounded by 2↗ϑ
1+

1↑ϱ
2

.

For utilization, we use the same instance in the above. In A→, when we give agent

i
→ the bundle (

1↗ 1
n

n2 , (1 ⇓ 1

n)(1 ⇓ ω)) and every other agent 1

n dominant share, the

remaining amount of resource 1 is at most R
0

1
↘ ϑ

n2 + 1

n ↘ 2

n and the remaining

amount of resource 1 is at most R0

2
⇓ (1⇓ 1

n2 )(1⇓ ω) = 1

n . Thus, utilization of A→

is at least 1⇓ 2

n .

Under BAL, the remaining resources after step 1 are R1 <
1

n and R2 = (1⇓ω)(1⇓
1

n2 ), and we have shown that ’S2 ↘ 1↗ϑ
2
. Since R1 <

1

n , agents in G2 receive at

most 1

n of resource 2 in step 2. Thus, at least R2⇓ 1↗ϑ
2

⇓ 1

n ⇐ 1↗ϑ
2

⇓ 2

n of resource 2

is not used under BAL. Then the fair-ratio for utilization of BAL is lower bounded

by
1⇓ 2

n

1⇓ 1↗ϑ
2

⇓ 2

n

n↙↖⇓↖ 1

1⇓ 1↗ϑ
2

.

Under BAL→, we have shown that ’S
→
2
↘ ’S2 ↘ 1↗ϑ

2
. Then using the same

argument for BAL, at least R2⇓ 1↗ϑ
2

⇓ 1

n ⇐ 1↗ϑ
2

⇓ 2

n of resource 2 is not used under

BAL→ and we get the same lower bound 1

1↗ 1↑ϱ
2

for BAL→.

Lemma 7.19. For the situation with 2 resources, BAL and BAL→ can be im-

plemented in polynomial time. Specifically, mechanism BAL and BAL→ can be

implemented in O(n2) time and O(n) space.

Proof. Notice that both |P1| and |P2| are non-decreasing and at least one of them

is increasing in each round of step 2, so the number of rounds of step 2 is at most n.

Since each round of step 2 can be implemented in O(n) time, BAL and BAL→ can

be implemented in O(n2) time. Since only the amount of each resource allocated

to each agent needs to be stored, the space complexity is O(n).
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7.6.5 Proof of Theorem 7.5

SI and PO are clearly satisfied. For SP, suppose there exists a mechanism Fg → F
that is not SP. Let i

→ be the agent who can benefit by reporting a false demand

vector d↔
i↔ instead of the true demand vector di↔ in an instance I. Denote the

truthful outcome by A and the manipulated outcome by A↔. Let t = mini↓N g(Ai)

and P = {i → N | g(Ai) = t}. Let t↔ and P
↔ be the corresponding notations for A↔.

Note that for any agent i, since the allocation is non-wasteful, we have ui(A↔
i) >

ui(Ai) ∅ A↔
i > Ai ∅ g(A↔

i) > g(Ai), where A↔
i > Ai means that A

↔
i,j > Ai,j for

all j → R. Then from ui↔(A↔
i↔) > ui↔(Ai↔) we get g(A↔

i↔) > g(Ai↔) and A↔
i↔ > Ai↔ .

Since A↔
i↔ > Ai↔ ⇐ 1

ndi↔ , it must be that i
→ → P

↔ and t ↘ g(Ai↔) < g(A↔
i↔) = t

↔.

Consequently, for any i → P
↔, we have g(A↔

i) = t
↔ ⇐ max{t, g( 1ndi)} ⇐ g(Ai), and

for any i → N \ P
↔, we have g(A↔

i) = g(Ai) = g( 1ndi) > t
↔
> t. Thus, we have

g(A↔
i) ⇐ g(Ai) ∅ A↔

i ⇐ Ai for all i → N and A↔
i↔ > Ai↔ . This contradicts with

that A is PO. This finishes the proof for SP.

Next we show EF. Suppose there exists a mechanism Fg → F that is not EF. Let

i and i
↔ be two agents such that i envies i

↔ in an allocation A produced by Fg,

i.e., ui(Ai→) > ui(Ai). Then we have Ai→ > Ai and hence g(Ai→) > g(Ai). Let

t = minj↓N g(Aj) and P = {j → N | g(Aj) = t}. Since g(Ai→) > g(Ai), we have

i
↔ ⇒→ P and then Ai→ =

1

ndi→ . Let k→ be the dominant resource of agent i, we have

Ai,k↔ ⇐
1

n
⇐ 1

n
di→,k↔ = Ai→,k↔ ,

which contradicts with Ai→ > Ai. This finishes the proof for EF.

7.6.6 Proof of Theorem 7.6

Let A be the allocation under UNB. We di”erentiate two cases according to

whether there exists a resource other than resource 1 that is used up in A. If there

exists such an resource, assume this resource is resource 2. Denote x =
∑

i↓G1
Ai,2.
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Note that
∑

i↓G1
Ai,1 =

∑
i↓G1

1

n = 1⇓ ω and x ↘
∑

i↓G1
Ai,1 = 1⇓ ω. Then

SW(A) =
∑

i↓G1

Ai,1 +
∑

j↓{2,...,m}

∑

i↓Gj

Ai,j

⇐ 1⇓ ω +
∑

j↓{2,...,m}

∑

i↓Gj

Ai,2

= 1⇓ ω + 1⇓ x.

Since the SW of the optimal allocation is upper bounded by m⇓ x⇓ ως, we have

FRSW(UNB) ↘ m⇓ x⇓ ως

1⇓ ω + 1⇓ x
↘ m⇓ (1⇓ ω)⇓ ως

1⇓ ω + 1⇓ (1⇓ ω)
= m⇓ (1⇓ ω)⇓ ως,

where the first inequality holds since m⇓ ως ⇐ 2⇓ ως ⇐ 2⇓ ω.

To show FRSW(UNB) ⇐ m ⇓ (1 ⇓ ω) ⇓ ως, consider the following instance. We

set one parameter ϱ that is close to 0. In G1, all agents have the demand vector

(1, 1 ⇓ ϱ, ϱ, . . . , ϱ) except one agent whose demand vector is (1, ϱ, ϱ, . . . , ϱ). G2

consists of nω⇓(m⇓2)⇓1 agents who have the same demand vector (ς, 1, ϱ, . . . , ϱ)

and one agent who has the demand vector (ϱ2, 1, ϱ, . . . , ϱ). Each of the remaining

m⇓ 2 agents has a di”erent dominant resource for the remaining m⇓ 2 resources

and they demand ϱ for all non-dominant resources. Under UNB, every agent gets 1

n

dominant share when ϱ approaches 0. In the optimal allocation, when ϱ approaches

0, the agent in G1 with demand vector (1, ϱ, ϱ, . . . , ϱ) gets 1⇓ ως dominant share;

each agent in G2 gets 1

n dominant share; each remaining agent gets 1 dominant

share. So FRSW(UNB) ⇐ m ⇓ (1 ⇓ ω) ⇓ ως when ϱ approaches 0. This instance

also shows that FRUtil(UNB) = ↙.

For the second case when only resource 1 is used up, Since UNB always increases

the allocations of agents with the smallest fraction of resource 1, we have that

∑
j↓{2,...,m}

∑
i↓Gj

Ai,j∑
j↓{2,...,m}

∑
i↓Gj

Ai,1
⇐

∑
j↓{2,...,m}

∑
i↓Gj

di,j∑
j↓{2,...,m}

∑
i↓Gj

di,1
=

ω

ως
=

1

ς
.

Since ω =
∑

j↓{2,...,m}
∑

i↓Gj
Ai,1, we have

∑
j↓{2,...,m}

∑
i↓Gj

Ai,j ⇐ ϑ
↼ . Then

SW(A) =
∑

i↓G1

Ai,1 +
∑

j↓{2,...,m}

∑

i↓Gj

Ai,j

⇐ 1⇓ ω +
ω

ς
.
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Then

FRSW(UNB) ↘ m⇓ ως

1⇓ ω + ϑ
↼

=
m⇓ ως

1 + 1↗↼
↼ ω

.

To show FRSW(UNB) ⇐ m↗ϑ↼

1+
1↑ϖ
ϖ ϑ

, consider the following instance. In G1, all agents

have the demand vector (1, ϱ, . . . , ϱ), where ϱ is close to 0. For each resource

j → [2,m], Gj consists of nϑ
m↗1

agents, where one agent has a special demand

vector ( ↼↘
n , ϱ

2
, . . . , ϱ

2
, 1, ϱ2, . . . , ϱ2), and the remaining agents have the same de-

mand vector (ς, ϱ, . . . , ϱ, 1, ϱ, . . . , ϱ). The fair-ratio approaches the desired lower

bound when n approaches ↙. Combining the two cases, we have FRSW(UNB) =

max{m⇓ (1⇓ ω)⇓ ως,
m↗ϑ↼

1+
1↑ϖ
ϖ ϑ

}.

Similarly, we can get the fair-ratio for DRF. The lower bounds can be proved using

the same instances for UNB. Notice that

1⇓ ω(1⇓ ς)⇓ 1

1 + 1↗↼
↼ ω

=
(ς + 1

↼ ⇓ 2)(1⇓ ω)ω

1 + 1↗↼
↼ ω

> 0,

since ω → (0, 1 ⇓ 1

m ] and ς → (0, 1). Thus, FRSW(UNB) is upper bounded by

FRSW(DRF ).

For the complexity, we can follow the proof of the complexity of UNB in two

resources and achieve a similar result. Since there are m resources in this setting,

UNB can be implemented in O(n2
m) time and O(nm) space.



Chapter 8

Conclusions

In this thesis, we begin by addressing the e!ciency issue in resource allocation.

We focus on the fully online matching model and propose an e!cient algorithm

that performs well both theoretically and numerically. For fully online matching

model, it can be widely applied in various domains, including ride-sharing, online

chess game platform and kidney exchange, which is discussed in the introduction

of Chapter 3.

In the second part, we shift our attention to the fairness issue in resource allocation.

We focus on the fair division setting, which is a specific o#ine resource allocation

problem. We consider the mixed goods model and the indivisible goods model

under ordinal and uncertain preferences. We develop algorithms that can output a

fair allocation in both of these models. These models can also be applied in multiple

applications, including the course assignment in school and the inheritance division.

In the final part, we tackle a more challenging problem: can we find an allocation

that is both fair and e!cient? To explore this, we consider the indivisible goods

model, the mixed goods model, and the cloud computing model. In the first two

models, we investigate the trade-o” between e!ciency and fairness by analyzing the

e!ciency loss when imposing fairness constraints. In the cloud computing model,

we aim to find an e!cient allocation among fair allocations and develop e”ective

algorithms with good performance guarantees.

For future work, the following are some potential directions worth considering.
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• Could we adapt some fairness notions used in the fair division problem to

the online matching setting?

As introduced in Chapter 1, some papers have considered the fairness issue

in the online matching setting. However, some other applicable choices of

fairness notions should also be considered in the online resource allocation

setting. Considering fairness beyond the classical online matching setting,

such as in the fully online matching model, is also an important direction.

• Returning to the o#ine resource allocation setting, can we combine other

e!ciency measures with classical fairness notions? Achieving optimal so-

cial welfare while maintaining fairness may be overly challenging in practical

applications, as highlighted by the significant gap discussed in Chapter 6.

Instead, aiming for a weaker e!ciency guarantee alongside fairness could be

a more practical approach. For instance, Pareto optimality o”ers a less strin-

gent e!ciency criterion compared to maximizing social welfare. Investigating

the compatibility of Pareto optimality with fairness notions such as EFX or

EFM presents an important and promising direction for future research.

• In classical fair division, there are typically no restrictions on the set of items

allocated to an agent. However, introducing cardinality or budget constraints

could significantly impact the algorithms used to find fair allocations. This

is an important area of exploration, as such constraints are often present in

real-world applications. For example, in course assignments at schools, stu-

dents may be limited in the number of courses they can take. Incorporating

these constraints into the allocation process can enhance its practicality and

flexibility in real-world scenarios.

To summarize, we believe that e!ciency and fairness are two fundamental issues

in resource allocation that warrant deeper and broader exploration.
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