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Abstract—Robust model predictive control of discrete non-
linear systems with bounded time-varying delay and persistent
disturbances is investigated in this paper. The T-S fuzzy systems
are utilized to represent nonlinear systems. A Razumikhin-type
Lyapunov function is adopted for time-delay systems due to its
advantage in reducing the complexity especially for systems with
large delays and disturbances. The robust positive invariance
set theory for systems subjected to time-varying delay and
disturbances is analyzed. In addition, the input-to-state stability
is realized due to persistent disturbances. The controller synthesis
conditions are derived by solving a sequence of matrix inequal-
ities. Simulation on a continuous stirred-tank reactor (CSTR) is
illustrated to verify the effectiveness of the proposed method.

I. INTRODUCTION

Time delay occurs extensively in various industrial sys-
tems and has attracted many research interests. Generally,
two kinds of Lyapunov functions have been investigated for
stability analysis and controller design of time-delay systems:
the Lyapunov-Krasovskii functional (LKF) and Lyapunov-
Razumikhin function (LRF) [2]-[5]. For discrete-time systems,
the Krasovskii approach uses an augmented state vector which
involves all delayed states that, it yields the applications of
classical Lyapunov approaches to an augmented system with-
out delay. As a result, the controller synthesis and computation,
especially for systems with large delays and disturbances,
will become very complex [6]. Compared with the Krasovskii
approach, the Razumikhin approach is conservative but it
involves a Lyapunov function for the original non-augmented
system. Therefore, it has a good potential to get rid of the
complexity associated with the Krasovskii approach especially
for systems with large delays and disturbances. It is noted
that extensive works can be seen on stabilization of time-delay
systems by adopting LKF, while LRF-based approaches have
not been widely investigated until in recent years [6]-[9].

Moreover, compared with time-delay systems with constant
delay, a more natural aspect is to consider systems with time-
varying delay. However, LKF is utilized in most existing works
for systems with time-varying delay [10]-[12]. Only a few
results are based on LRF that only continuous systems are

considered [13], [14].
On the other hand, as a kind of optimization control meth-

ods which can handle constraints, model predictive control
(MPC) has been widely investigated and utilized in industrial
processes. However, only a few results can be seen on MPC
for time-delay systems. Early results can be mainly seen in
[15]-[17] where LKF is adopted. Recently, an LRF-based
stabilization method is proposed for linear delay difference
inclusions (DDIs) with polytopic uncertainties in [8]. For
nonlinear cases, a combination of LRF and LKF conditions is
adopted for continuous time-delay systems [18]. MPC without
terminal constraints can be seen in [19]. However, most of
the aforementioned works requires the delay to be known and
constant, except for [17].

In addition, the disturbance is not considered and only a
few results are applied to nonlinear systems. Thus motivates
this work for fuzzy model predictive control (FMPC) of dis-
crete nonlinear systems with time-varying delay and persistent
disturbances via LRF approach. The T-S fuzzy systems are
adopted to approximate nonlinear systems with time-varying
delay. Then LRF is adopted and conditions of robust positive
invariance and input-to-state stability (ISS) under disturbances
are derived.

The rest of this paper is organized as follows. The system
dynamics, as well as the robust fuzzy model predictive control
(RFMPC) problem, are introduced in Section II. Constructions
of the robust positive invariant set and the terminal constraint
set are provided in Section III, which is followed by the whole
optimization control algorithm. In Section IV, simulation on a
CSTR system is provided that the effectiveness of the proposed
RFMPC method is verified. Finally, some conclusions are
provided in Section V.

II. PRELIMINARIES

In this section, the system model, T-S fuzzy systems, and
MPC control scheme for systems with time-varying delay are
introduced in sequel.



A. System Model

Consider the following discrete-time nonlinear system with
unknown time-varying state delay

𝑥+ ∈ 𝐹 (𝑥(𝑘), 𝑥𝑑(𝑘), 𝑢(𝑘), 𝑤(𝑘)), 𝑘 ∈ ℤ+, (1)

where 𝑥+ represents the system state in the next time instant,
𝑥(𝑘), 𝑥𝑑(𝑘) ∈ 𝕏, 𝑢(𝑘) ∈ 𝕌 and 𝑤(𝑘) ∈ 𝕎, with 𝕏 ⊆ ℝ

𝑛,
𝕌 ⊆ ℝ

𝑚 and 𝕎 ⊆ ℝ
𝑐, represent system current and delayed

states, inputs, and disturbances, respectively. 𝑥𝑑(𝑘) ∈ 𝕏 is
defined as follows:

𝑥𝑑(𝑘) := 𝑥(𝑘 + 𝑑(𝑘)), 𝑑(𝑘) ∈ ℤ[−ℎ,−1] (2)

where ℎ denotes the upper bound of delay, and the minimal
delay is set as 1.

Definition 1 (Robust Positively Invariant (RPI) Set, D-
invariance): Consider system (1), a set Ω is called an RPI
set for the closed-loop system corresponding to the control
law 𝜋, for −ℎ ≤ 𝑑 ≤ −1, if ∀𝑥 ∈ Ω, ∀𝑥𝑑 ∈ Ω, and ∀𝑤 ∈ 𝕎,
it holds 𝑥+ ∈ Ω.

Definition 2 (Input-to-state Stability (ISS)): Consider 𝑥+ ∈
𝐹 (𝑥(𝑘), 𝑥𝑑(𝑘), 𝑤(𝑘)), it is called ISS if there exist 𝛽 ∈ 𝒦ℒ
and 𝛿 ∈ 𝒦, such that for all 𝑘 ∈ ℤ+ it holds that

∥𝑥(𝑘)∥ ≤ 𝛽(
∥∥x[−ℎ,0]

∥∥ , 𝑘) + 𝛿(
∥∥w[0,𝑘−1]

∥∥), (3)

where x[−ℎ,0] ∈ 𝕏
ℎ+1 is the initial (delayed) states,

w[0,𝑘−1] ∈ 𝕎
𝑘 is the disturbance sequence.

Definition 3 (ISS Lyapunov Function): For LRF condition,
suppose that there exists a positive definite function such that
satisfies the following conditions:

(i) There exist 𝛼1, 𝛼2 ∈ 𝒦∞ satisfying for all 𝑥 ∈ ℝ
𝑛,

𝛼1(∥𝑥∥) ≤ 𝑉 (𝑘, 𝑥) ≤ 𝛼2(∥𝑥∥) (4)

for all (𝑥, 𝑥𝑑, 𝑤, 𝑥1) ∈ ℝ
𝑛 × ℝ

𝑛 × ℝ
𝑐 × 𝐹 (𝑥0, 𝑥𝑑, 𝑤);

(ii) For all initial condition, there exists a function 𝛿 ∈ 𝒦
satisfying

𝑉 (𝑘 + 1, 𝑥(𝑘 + 1)) ≤ max
{
𝑉 (𝑘, 𝑥), 𝛿 ∥𝑤∥} (5)

where 𝑉 (𝑘, 𝑥) = max{𝑉 (𝑘, 𝑥(𝑘)), 𝑉 (𝑘, 𝑥𝑑(𝑘))}, then
𝑉 (𝑘, 𝑥) is called an ISS Lyapunov-Razumikhin Function for
𝑥+ ∈ 𝐹 (𝑥(𝑘), 𝑥𝑑(𝑘), 𝑤(𝑘)).

It is noted that detailed descriptions of ISS and ISS Lya-
punov Function for discrete time-delay systems are introduced
in [6].

B. T-S Fuzzy Time-delay Systems

Based on the aforementioned system model, nonlinear sys-
tems with time-varying delay can be represented as T-S fuzzy
time-delay systems:

Plant Rule 𝑙:
IF: 𝑧1 is 𝐹 𝑙

1 and . . ., 𝑧𝑣 is 𝐹 𝑙
𝑣

THEN:

𝑥(𝑘 + 1) = 𝐴𝑙𝑥(𝑘) +𝐴𝑑𝑙𝑥𝑑(𝑘) +𝐵𝑙𝑢(𝑘) + 𝐸𝑙𝑤(𝑘) (6)

where, 𝑧 := [𝑧1, . . . , 𝑧𝑣] are premise variables. 𝐹 𝑙
1, . . ., 𝐹 𝑙

𝑣 are
fuzzy sets. 𝑙 ∈ ℤ[1,𝐿], and 𝐿 is the number of fuzzy rules. The
T-S fuzzy system (6) can be written as,

𝑥+ = 𝐴𝜇𝑥(𝑘) +𝐴𝑑𝜇𝑥𝑑(𝑘) +𝐵𝜇𝑢(𝑘) + 𝐸𝜇𝑤(𝑘) (7)

where 𝐴𝜇 :=
∑𝐿

𝑙=1 𝜇𝑙(𝑧)𝐴𝑙, 𝐴𝑑𝜇 :=
∑𝐿

𝑙=1 𝜇𝑙(𝑧)𝐴𝑑𝑙, 𝐵𝜇 :=∑𝐿
𝑙=1 𝜇𝑙(𝑧)𝐵𝑙, 𝐸𝜇 :=

∑𝐿
𝑙=1 𝜇𝑙(𝑧)𝐸𝑙, 𝜇𝑙(𝑧) is normalized

membership function, in what follows, denote 𝜇𝑙(𝑧) as 𝜇𝑙 for
simplicity.

Control law for the aforementioned fuzzy system is given
as follows:

Control Rule 𝑙:
IF: 𝑧1 is 𝐹 𝑙

1 and . . ., 𝑧𝑣 is 𝐹 𝑙
𝑣

THEN:

𝑢(𝑘) = 𝐾𝑙𝑥(𝑘)

Based on which, the final control output is formulated as

𝑢(𝑘) = 𝐾𝜇𝑥(𝑘) (8)

where 𝐾𝜇 =
∑𝐿

𝑙=1 𝜇𝑙𝐾𝑙.

C. MPC Scheme

In this subsection, control scheme about MPC for the afore-
mentioned T-S fuzzy time-delay systems with disturbances is
introduced. The prediction model is provided by

𝑥(𝑘 + 𝑠+ 1∣𝑘) = 𝐴𝜇𝑥(𝑘 + 𝑠∣𝑘) +𝐴𝑑𝜇𝑥𝑑(𝑘 + 𝑠∣𝑘)+
𝐵𝜇𝑢(𝑘 + 𝑠∣𝑘) + 𝐸𝜇𝑤(𝑘 + 𝑠∣𝑘) (9)

Usually, MPC optimizes a finite horizon cost function under
some constraints,

𝐽(𝑘) =
𝑁−1∑
𝑠=0

ℓ(𝑘 + 𝑠∣𝑘) + 𝑉𝑇 (𝑥(𝑘 +𝑁 ∣𝑘)) (10)

where ℓ(𝑘 + 𝑠∣𝑘) and 𝑉𝑇 (𝑥(𝑘 + 𝑁 ∣𝑘)) are called the stage
cost and the terminal cost at the predicted instant, respectively.
And 𝑉𝑇 (⋅) is a positive definite function. In this case where
persistent disturbances are involved, the stage cost is given by

ℓ(𝑘 + 𝑠∣𝑘) = 𝑥𝑇 (𝑘 + 𝑠∣𝑘)𝑄𝑥(𝑘 + 𝑠∣𝑘)+
𝑢𝑇 (𝑘 + 𝑠∣𝑘)𝑅𝑢(𝑘 + 𝑠∣𝑘)− 𝜏𝑤𝑇 (𝑘 + 𝑠∣𝑘)𝑤(𝑘 + 𝑠∣𝑘)

(11)
where 𝑄 and 𝑅 are positive matrices, 𝜏 is a positive scalar.
One can see that the disturbance is included in the stage cost,
and it is worth mentioning that this kind of cost function can
be seen in [21] where the concept of ”𝐻∞ model predictive
control” is mentioned. Since unknown persistent disturbance
is involved, a robust terminal constraint set is employed so
that the system state will enter the terminal set at the end of
prediction. The MPC optimization is formulated as solving the
following min-max problem⎧⎨

⎩

min
𝑢(𝑘+𝑠∣𝑘)

max
𝑤(𝑘+𝑠∣𝑘)

𝐽(𝑘),

𝑢(𝑘 + 𝑠∣𝑘) ∈ 𝕌,

𝑤(𝑘 + 𝑠∣𝑘) ∈ 𝕎,

𝑥(𝑘 +𝑁 ∣𝑘) ∈ Ω𝑇 ,



where 𝑠 ∈ ℤ[1,𝑁−1], Ω𝑇 ⊆ 𝕏 is the robust terminal constraint
set. Assume that the disturbance is bounded, and control input
should satisfy some constraints, thus

𝑤 ∈ 𝕎 := {𝑤∣𝑤𝑇𝑤 ≤ 𝜂2}

𝑢 ∈ 𝕌 := {𝑢∣ ∣𝑢𝑡∣ ≤ 𝑢𝑡,max}
where 𝜂 and 𝑢𝑡,max are known constants. And 𝑢𝑡 is the t-th
element of the input vector, with 𝑡 ∈ ℤ[1,𝑚].

III. MAIN RESULTS

In this section, the conditions of RPI property for MPC of
T-S fuzzy systems with time-varying delay and disturbances
are discussed at first, which is followed by the construction of
the terminal constraint set.

A. RPI Set

Denote Ω ⊆ 𝕏 as an RPI set which is described in
Definition 1, and 𝜋 as the corresponding control law. Let
quadratic LRF 𝑉 (𝑘) := 𝑥𝑇 (𝑘)𝑃𝜇𝑥(𝑘), define Ω as the fol-
lowing ellipsoidal set

Ω := {{𝑥(𝑘), 𝑥𝑑(𝑘)}∣𝑉 (𝑘) ≤ 𝜉, 𝑉 (𝑘 + 𝑑) ≤ 𝜉} (12)

and the corresponding control law

𝜋(𝑥0, 𝑥𝑑) := {𝐾𝜇𝑥0} (13)

Lemma 1: Consider system (7), the set Ω is an RPI set if
it holds that

1
𝜉𝑉 (𝑥+)− 1−𝜆

𝜉 𝑉 (𝑘, 𝑥)− 𝜆
𝜂2𝑤

𝑇𝑤 ≤ 0 (14)

where 𝜆 ∈ ℝ(0,1), and 𝑉 (𝑘, 𝑥) is defined in (5). It is noted
that the RPI approach involving disturbances is extended from
the case of non-delayed systems in [20]. And the proof is very
similar to the one in [20], thus it is omitted here.

In what follows, the satisfaction of RPI property and input
constraint will be given by solving matrix inequalities.

Theorem 1: Consider T-S fuzzy system (7), if there exist
positive definite matrix 𝑋𝑎 (or 𝑋𝑏, 𝑋𝑙), matrices 𝑌𝑏, 𝐺𝑏, 𝑍,
positive scalar 𝜆 ∈ ℝ(0,1), such that the following matrix
inequalities are feasible⎡

⎢⎢⎣
𝛾Φ ∗ ∗ ∗
0 𝛾𝑑Φ ∗ ∗
0 0 − 𝜆

𝜂2 𝐼 ∗
𝐴𝑎𝐺𝑏 +𝐵𝑎𝑌𝑏 𝐴𝑑𝑎𝐺𝑏 𝐸𝑎 −𝑋𝑙

⎤
⎥⎥⎦ ≤ 0 (15)

[
𝑍 ∗
𝑌𝑏

𝑇 𝐺𝑏 +𝐺𝑏
𝑇 −𝑋𝑏

]
≥ 0, 𝑍𝑡𝑡 ≤ 𝑢2

𝑡,max, 𝑡 ∈ ℤ[0,𝑚]

(16)
where Φ = (1−𝜆)(𝑋𝑎−𝐺𝑏−𝐺𝑏

𝑇 ), 𝑎, 𝑏, 𝑙 ∈ ℤ[1,𝐿], 𝑍𝑡𝑡 is the
t-th diagonal element of matrix 𝑍, 𝛾 and 𝛾𝑑 are pre-set valued
positive numbers that satisfy 𝛾 + 𝛾𝑑 = 1, then the set Ω ={
𝑥∣𝑥𝑇𝑃𝜇𝑥 ≤ 𝜉

}
, with 𝑃𝜇 =

∑𝐿
𝑙=1 𝜇𝑙(𝑥)𝑃𝑙 and 𝑃𝑙 = 𝜉𝑋−1

𝑙 ,
is an RPI set that corresponds to the control law 𝜋 = 𝐾𝜇𝑥(𝑘),
with 𝐾𝜇 =

∑𝐿
𝑙=1 𝜇𝑙𝐾𝑙 and 𝐾𝑙 = 𝑌𝑙𝐺𝑙

−1.
Proof: According to the dilation lemma in [22],

−𝐺𝑏
𝑇𝑋𝑎

−1𝐺𝑏 ≤ 𝑋𝑎 −𝐺𝑏
𝑇 −𝐺𝑏 (17)

The following inequality is obtained from (15),

⎡
⎢⎢⎣

𝛾Δ ∗ ∗ ∗
0 𝛾𝑑Δ ∗ ∗
0 0 − 𝜆

𝜂2 𝐼 ∗
𝐴𝑎𝐺𝑏 +𝐵𝑎𝑌𝑏 𝐴𝑑𝑎𝐺𝑏 𝐸𝑎 −𝑋𝑙

⎤
⎥⎥⎦ ≤ 0 (18)

where Δ = (𝜆 − 1)𝐺𝑏
𝑇𝑋𝑎

−1𝐺𝑏. By multiplying
𝑑𝑖𝑎𝑔

{
𝐺𝑏

−𝑇 , 𝐺𝑏
−𝑇 , 𝐼, 𝐼

}
and its transpose from both sides

of (18), respectively, yields that

⎡
⎢⎢⎣

𝛾(𝜆− 1)𝑋𝑎
−1 ∗ ∗ ∗

0 𝛾𝑑(𝜆− 1)𝑋𝑎
−1 ∗ ∗

0 0 − 𝜆
𝜂2 𝐼 ∗

𝐴𝑎 +𝐵𝑎𝐾𝑏 𝐴𝑑𝑎 𝐸𝑎 −𝑋𝑙

⎤
⎥⎥⎦ ≤ 0

(19)
From (19), one can get that

⎡
⎢⎢⎣

𝛾(𝜆− 1)𝑋𝜇
−1 ∗ ∗ ∗

0 𝛾𝑑(𝜆− 1)𝑋𝜇
−1 ∗ ∗

0 0 − 𝜆
𝜂2 𝐼 ∗

𝐴𝜇 +𝐵𝜇𝐾𝜇 𝐴𝑑𝜇 𝐸𝜇 −𝑋𝜇

⎤
⎥⎥⎦ ≤ 0

(20)
Applying schur complement to (20), and then multiplying[
𝑥𝑇 , 𝑥𝑑

𝑇 , 𝑤𝑇
]

and its transpose from both sides, respectively,
yields that

𝜛

⎡
⎣ 𝛾(𝜆− 1)𝑋𝜇

−1

𝛾𝑑(𝜆− 1)𝑋𝜇
−1

− 𝜆
𝜂2 𝐼

⎤
⎦𝜛𝑇

+𝜛Λ𝑋𝜇
−1Λ𝑇𝜛𝑇 ≤ 0

(21)
where 𝜛 =

[
𝑥𝑇 , 𝑥𝑑

𝑇 , 𝑤𝑇
]
, Λ = [(𝐴𝜇 +𝐵𝜇𝐾𝜇), 𝐴𝑑𝜇, 𝐸𝜇]

𝑇 .
Substituting 𝑋−1

𝜇 with 𝑃𝜇/𝜉, (21) is equal to

1
𝜉𝑉 (𝑥+)− 𝜆

𝜂2𝑤
𝑇𝑤 ≤ 1−𝜆

𝜉 (𝛾𝑉 (𝑥(𝑘)) + 𝛾𝑑𝑉 (𝑥𝑑(𝑘)))

(22)
With 𝛾+𝛾𝑑 = 1, it is easy to get 𝛾𝑉 (𝑥(𝑘))+𝛾𝑑𝑉 (𝑥𝑑(𝑘)) ≤

𝑉 (𝑘, 𝑥), put it to (22) and then (14) is obtained.
The input constraint is guaranteed by (16) which has been

widely investigated. Thus the proof is completed.

B. Terminal Constraint Set

Definition 4: The terminal constraint set Ω𝑇 should be an
RPI set. In addition, there must exist 𝛼3, 𝛼4 ∈ 𝒦∞, and a
positive definite function 𝑉 (𝑘) such that ∀ 𝑥 ∈ Ω𝑇 ,

𝛼3(∥𝑥(𝑘)∥) ≤ 𝑉 (𝑘) ≤ 𝛼4(∥𝑥(𝑘)∥) (23)

𝑉 (𝑥+)− 𝑉 (𝑘, 𝑥) ≤ −𝑥(𝑘)𝑇𝑄𝑥(𝑘)− 𝑢𝑇 (𝑘)𝑅𝑢(𝑘)

+ 𝜏𝑤𝑇𝑤
(24)

Definition 4 is concluded based on [6]. In the following,
the condition which guarantees Definition 4 is derived.



Theorem 2: Consider system (7), Ω𝑇 is a terminal constraint
set if it holds that⎡

⎢⎢⎢⎢⎢⎢⎣

𝛾Ξ ∗ ∗ ∗ ∗ ∗
0 𝛾𝑑Ξ ∗ ∗ ∗ ∗
0 0 −𝜏𝜉𝐼 ∗ ∗ ∗
Ψ 𝐴𝑑𝑎𝐺𝑏 𝐸𝑎 −𝑋𝑙 ∗ ∗

𝑄𝐺𝑏 0 0 0 −𝜉𝑄 ∗
𝑅𝑌𝑏 0 0 0 0 −𝜉𝑅

⎤
⎥⎥⎥⎥⎥⎥⎦
≤ 0

(25)
where Ξ = 𝑋𝑎 −𝐺𝑏 −𝐺𝑏

𝑇 , Ψ = 𝐴𝑎𝐺𝑏 +𝐵𝑎𝑌𝑏. 𝑋𝑎 (or 𝑋𝑏,
𝑋𝑙), matrices 𝑌𝑏, 𝐺𝑏, are the same as shown in Theorem 1.

Proof: it can be easily seen that (23) is satisfied by resorting
the eigenvalues of the positive definite matrices. Then the main
concentration is focused on derivation of (24). Considering
(17), then multiplying 𝑑𝑖𝑎𝑔

{
𝐺𝑏

−𝑇 , 𝐺𝑏
−𝑇 , 𝐼, 𝐼, 𝐼, 𝐼

}
and its

transpose from both sides of (25), respectively, which is
equivalent to⎡
⎢⎢⎢⎢⎢⎢⎣

−𝛾𝑋𝑎
−1 ∗ ∗ ∗ ∗ ∗

0 −𝛾𝑑𝑋𝑎
−1 ∗ ∗ ∗ ∗

0 0 −𝜏𝜉𝐼 ∗ ∗ ∗
Υ 𝐴𝑑𝑎 𝜉𝐸𝑎 −𝑋𝑙 ∗ ∗
𝑄 0 0 0 −𝜉𝑄 ∗

𝑅𝐾𝑏 0 0 0 0 −𝜉𝑅

⎤
⎥⎥⎥⎥⎥⎥⎦

≤ 0
(26)

where Υ = 𝐴𝑎 +𝐵𝑎𝐾𝑏. (26) is equal to⎡
⎢⎢⎢⎢⎢⎢⎣

−𝛾𝜉𝑋𝑎
−1 ∗ ∗ ∗ ∗ ∗

0 −𝛾𝑑𝜉𝑋𝑎
−1 ∗ ∗ ∗ ∗

0 0 −𝜏𝐼 ∗ ∗ ∗
Υ 𝐴𝑑𝑎 𝐸𝑎 −𝑋𝑙

𝜉 ∗ ∗
𝑄 0 0 0 −𝑄 ∗

𝑅𝐾𝑏 0 0 0 0 −𝑅

⎤
⎥⎥⎥⎥⎥⎥⎦

≤ 0
(27)

Substituting 𝑋−1 = 𝜉−1𝑃 to (27), and rewriting (27) as⎡
⎢⎢⎣

𝑄+𝐾𝜇
𝑇𝑅𝐾𝜇 − 𝛾𝑃𝜇 ∗ ∗ ∗
0 −𝛾𝑑𝑃𝜇 ∗ ∗
0 0 −𝜏𝐼 ∗

𝐴𝜇 +𝐵𝜇𝐾𝜇 𝐴𝑑𝜇 𝐸𝜇 −𝑃𝜇
−1

⎤
⎥⎥⎦

≤ 0
(28)

Applying schur complement to (28), then multiplying[
𝑥𝑇 , 𝑥𝑑

𝑇 , 𝑤𝑇
]

and its transpose respectively yields that

𝑥+𝑇
𝑃𝑥+ + 𝑥𝑇𝑄𝑥+ 𝑥𝑇𝐾𝜇

𝑇𝑅𝐾𝜇𝑥− 𝜏𝑤𝑇𝑤

−(𝛾𝑥𝑇𝑃𝜇𝑥+ 𝛾𝑑𝑥𝑑
𝑇𝑃𝜇𝑥𝑑) ≤ 0

(29)

With 𝛾 + 𝛾𝑑 = 1 and 𝑉 (𝑘, 𝑥) defined in (5), it is easy to
get 𝛾𝑥𝑇𝑃𝜇𝑥+ 𝛾𝑑𝑥𝑑

𝑇𝑃𝜇𝑥𝑑 ≤ 𝑉 (𝑘, 𝑥), thus

𝑥+𝑇
𝑃𝑥+ − 𝑉 (𝑘, 𝑥) ≤ −𝑥(𝑘)𝑇𝑄𝑥(𝑘)− 𝑢(𝑘)𝑇𝑅𝑢(𝑘)

+ 𝜏𝑤𝑇𝑤
(30)

Proof is completed.

C. MPC Algorithm

The online MPC algorithm is provided in this subsection
based on the aforementioned results. From the aforementioned
RPI property, the terminal constraint set 𝑉 (𝑘, 𝑥) should satisfy
that

𝑉 (𝑘, 𝑥) ≤ 𝜉 (31)

thus 𝑥(𝑘), 𝑥𝑑(𝑘) ∈ Ω𝑚. In addition, minimization is given to
𝑉 (𝑘, 𝑥) to get an optimized control performance

min 𝜉, 𝑠𝑢𝑏𝑗𝑒𝑐𝑡𝑒𝑑 𝑡𝑜 𝑉 (𝑘, 𝑥) ≤ 𝜉

𝑉 (𝑘, 𝑥) ≤ 𝜉 is satisfied by[
1 𝑥𝑇 (𝑘 + 𝑗)

𝑥(𝑘 + 𝑗) 𝑋𝑙

]
≥ 0, 𝑗 ∈ ℤ[−ℎ,0], 𝑙 ∈ ℤ[1,𝐿]

(32)
Remark 1: In (5), 𝑉 (𝑘, 𝑥) is only involved with 𝑥(𝑘) and

𝑥𝑑(𝑘), i.e., 𝑥(𝑘) ∈ Ω𝑘 and 𝑥𝑑(𝑘) ∈ Ω𝑘. However, all possibly
delayed states are employed in (32), which indicates 𝑥(𝑘+𝑗) ∈
Ω̃𝑘, 𝑗 ∈ [−ℎ,0]. It is easy to get Ω𝑘 ⊆ Ω̃𝑘. Although this choice
may be less optimal because it may lead to a larger terminal
constraint set, it is essential to guarantee the positive invariance
of terminal constraint set for systems with time-varying delay
and it will be utilized for the feasibility analysis later in this
section.

As 𝜏 is used to represent the disturbance attenuation level in
(25), it is noted that 𝜏 also can be optimized. Thus 𝜉 and 𝜏 can
be optimized together. Inspired by [20], thus a new variable
𝜀 = 𝜏𝜉 is minimized instead. Then rewrite inequality (25) as⎡

⎢⎢⎢⎢⎢⎢⎣

𝛾Ξ ∗ ∗ ∗ ∗ ∗
0 𝛾𝑑Ξ ∗ ∗ ∗ ∗
0 0 −𝜀𝐼 ∗ ∗ ∗
Ψ 𝐴𝑑𝑎𝐺𝑏 𝐸𝑎 −𝑋𝑙 ∗ ∗

𝑄𝐺𝑏 0 0 0 −𝜉𝑄 ∗
𝑅𝑌𝑏 0 0 0 0 −𝜉𝑅

⎤
⎥⎥⎥⎥⎥⎥⎦
≤ 0

(33)
Therefore, the MPC algorithm comes out as solving (15),

(16), (32), and (33), under the minimization of 𝜀.
The feasibility and ISS are very similar with the results

in [20] where system without delay is investigated. Thus the
proofs are omitted here.

IV. ILLUSTRATIVE EXAMPLE

Consider the well-known CSTR system in [23]. The sam-
pling time is set as 𝑇𝑠 = 0.2 minutes. There are three
nominal states when 𝑢 = 0: 𝑥𝑠1 = [0.1440; 0.8862], 𝑥𝑠2 =
[0.4472; 2.7520], 𝑥𝑠3=[0.7646;4.7052]. Suppose the time delay
is time-varying and unknown, and the upper bound of delay is
ℎ = 10. Then the discrete T-S fuzzy time-delay systems can
be described as follows,

Rule 1: If 𝑥2(𝑘) is 0.8862, then

𝑥(𝑘 + 1) = 𝐴1𝑥(𝑘) +𝐴𝑑1𝑥𝑑(𝑘) +𝐵1𝑢(𝑘) + 𝐸1𝑤(𝑘)

Rule 2: If 𝑥2(𝑘) is 2.7520, then

𝑥(𝑘 + 1) = 𝐴2𝑥(𝑘) +𝐴𝑑2𝑥𝑑(𝑘) +𝐵2𝑢(𝑘) + 𝐸2𝑤(𝑘)



Rule 3: If 𝑥2(𝑘) is 4.7052, then

𝑥(𝑘 + 1) = 𝐴3𝑥(𝑘) +𝐴𝑑3𝑥𝑑(𝑘) +𝐵3𝑢(𝑘) + 𝐸3𝑤(𝑘)

where

𝐴1 =

[
0.7500 0.0119
−0.2238 0.8262

]
, 𝐴2 =

[
0.6203 0.0762
−1.2337 1.3265

]
,

𝐴3 =

[
0.3068 0.0442
−3.6621 1.0765

]
, 𝐴𝑑1 =

[
0.0435 0.0003
−0.0061 0.0455

]
,

𝐴𝑑2 =

[
0.0403 0.0019
−0.0312 0.0581

]
, 𝐴𝑑3 =

[
0.0310 0.0013
−0.1037 0.0528

]
,

𝐵1 =

[
0.0004
0.0546

]
, 𝐵2 =

[
0.0023
0.0698

]
, 𝐵3 =

[
0.0015
0.0634

]
,

𝐸1 = 𝐸2 = 𝐸3 =

[
0

0.00001

]
.
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Fig. 1. Membership functions.

The membership functions (see, Fig. 1) are given as follows:

⎧⎨
⎩

𝐹1 =

⎧⎨
⎩

1 𝑖𝑓 𝑥2 ≤ 0.8862
2.7520−𝑥2

2.7520−0.8862 𝑖𝑓 0.8862 < 𝑥2 ≤ 2.7520

0 𝑖𝑓 𝑥2 > 2.7520

𝐹2 =

{
1− 𝐹1 𝑖𝑓 0.8862 < 𝑥2 ≤ 2.7520,
1− 𝐹3 𝑖𝑓 2.7520 < 𝑥2 ≤ 4.7052.

𝐹3 =

⎧⎨
⎩

0 𝑖𝑓 𝑥2 ≤ 2.7520
2.7520−𝑥2

4.7052−2.7520 𝑖𝑓 2.7520 < 𝑥2 ≤ 4.7052

1 𝑖𝑓 𝑥2 > 4.7052

The weighting matrices 𝑄 and 𝑅 in the cost function
are selected as 𝑑𝑖𝑎𝑔{1𝑒 − 6, 1𝑒 − 9} and 0.001, respectively.
The bounded disturbance is set as ∥𝑤∥ ≤ 1. And the input
constraint is given as ∥𝑢∥ ≤ 10. Since 𝛾0 and 𝛾−1 are positive
scalars and should satisfy the requirement 𝛾0 + 𝛾−1 = 1, a
feasible solution of these two parameters for the simulation is
given as 𝛾0 = 0.8, 𝛾−1 = 0.2.

The simulation results for the online approach are shown
in Fig. 2. The following piecewise reference signal is given,

𝑥𝑟𝑒𝑓 =

⎧⎨
⎩

𝑥𝑠2 0 ≤ 𝑡 < 4𝑚𝑖𝑛,
𝑥𝑠1 4 ≤ 𝑡 < 8𝑚𝑖𝑛,
𝑥𝑠2 8 ≤ 𝑡 < 12𝑚𝑖𝑛,
𝑥𝑠3 12 ≤ 𝑡 ≤ 16𝑚𝑖𝑛.
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Fig. 2. Simulation results.

From Fig. 2, one can see that, despite the persistent distur-
bances, the state trajectories can track well with the variance
of different reference signals. In addition, the input signal
satisfies the constraint. Moreover, the time-varying delay at
each sampling instant is also shown in Fig. 2.

V. CONCLUSIONS

FMPC of discrete-time nonlinear systems with time-varying
delay, persistent disturbances and input constraints is inves-
tigated in this paper. Based on the Lyapunov-Razumikhin



approach, new conditions of input-to-state stability and robust
positive invariance under disturbances for nonlinear systems
subjected to time-varying delay are provided. Simulation result
shows that the proposed FMPC method is effective.
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