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Hyperbolic-to-hyperbolic transition at
exceptional Reststrahlen point in rare-earth
oxyorthosilicates

Chunqi Zheng1,2,3,8, Guangwei Hu 4,8, Jingxuan Wei1,5, Xuezhi Ma 3,
Zhipeng Li3, Yinzhu Chen1,6, Zhenhua Ni 6, Peining Li 7, Qian Wang 3 &
Cheng-Wei Qiu 1,2

Anisotropic optical crystals can exhibit a hyperbolic response within the
Reststrahlenband (RB) and support directional polaritonic propagationswhen
interacting with light. Most of the reported low-symmetry optical crystals
showcase the evolution from hyperbolic to elliptic dispersion topologies,
largely owing to their adjacent RBsbeing either overlappedor separated.Here,
we report an exceptional Reststrahlen point (ERP) in rare-earth oxyorthosili-
cate Y2SiO5, at which two neighboring RBs almost kiss each other. Conse-
quently, weobserve thedirect hyperbolic-to-hyperbolic topological transition:
the hyperbolic branches close and reopen along with the rotating transverse
axis (TA). At such ERP, the TA merges to the direction orthogonal to its
proximate phononmode, mainly due to the interplay between these two non-
orthogonal phonon modes. We also find that even with the existence of only
one single RB, the TA can rotate in-plane. Our findings are prevalent in iso-
structural rare-earth oxyorthosilicates, such as Lu2SiO5. The universally
underlying physics of ERP and its corresponding special class of rare-earth
oxyorthosilicates may offer playgrounds for continuously tuning phonon
polariton propagation direction, and broadband controlling light dispersion
of polaritonic nanodevices.

Optical responses in anisotropic mediums are sensitive to polariza-
tions of the incident light, showing non-spherical isofrequency con-
tours (IFCs) in the momentum space. Under extremely anisotropic
conditions, the signs of the permittivity along different directions are
opposite, leading to hyperbolic response and unbounded IFCs1–5.
Therein, light can only propagate along the directions between the
asymptotes of the IFCs and is forbidden along the perpendicular

direction of TA. Thanks to the advancement of nanofabrication, such
exotic hyperbolic responses can be realized in many artificial geome-
tries by restricting the moving directions of free electrons, such as
alternatively stacked dielectric and metal layers6–9, fishnet-like
structures10, arrays of nanorod and nanopyramids11–14. Also, two-
dimensional hyperbolic metasurfaces are proposed, including silver
gratings15, graphene nanoribbons16–18, and laterally structured
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hexagonal boron nitride (hBN)19,20, which could be characterized using
the in-plane conductivity tensor.

Recently, the focus on hyperbolic materials has shifted toward
natural materials due to their exemption from complex fabrication.
Materials that have been studied range from planar surfaces or slabs,
including hBN21,22, α-MoO3

23–25, α-V2O5
26, black phosphorus27,28, and

WTe2
29 to bulk crystals such as calcite30,31, β-Ga2O3

32,33, and CdWO4
34.

Based on these natural hyperbolic materials, numerous glamorous
physical phenomena have been demonstrated, such as directional
energy flow35, photonic topological transitions36, ghost surface
polaritons30, planar focusing with curved-edge antenna37,38, in-plane
negative reflection and refraction39, spin-orbit-locked vortices40, to
name a few.

Lattice symmetry is important to the polaritonic properties of
optical crystals. Most studied natural hyperbolic materials such as
orthorhombic (e.g., α-MoO3), hexagonal (e.g., hBN), and trigonal (e.g.,
calcite) crystals belong to the higher symmetry classes, in which the
phonon modes are either parallel or orthogonal to each other.
Therefore, the TA of the hyperbolic dispersion curves remains fixed
upon changing the working frequency. Lately, phonon polaritons
(PhPs) in low-symmetry crystals (LSCs) have aroused extensive atten-
tion. Shear polaritons in monoclinic crystals were studied both from
far- and near-field, unveiling non-symmetrical response and tilted
wavefronts32–34. In low-symmetry monoclinic crystals, the RB is boun-
ded between the transverse optic (TO) and longitudinal optic (LO)
frequencies. If we define the permittivity along two vertical directions
in the a–c plane as ε1 and ε2, two adjacent RBs can be labeledwhere the
real part of εa (a = 1, 2) is negative. Fig. 1a, b (left column) presents the
RBs polarized in the a–c plane between 300 to 800 cm−1 in monoclinic
crystal CdWO4 and β-Ga2O3, respectively. If a pair of RBs is separated
(overlapped) from each other, at the LO frequency of the first band,
ωLO1, the real part of ε2 is positive (negative), as shown in the right
panel of Fig. 1a, b. In previously reported materials, two adjacent RBs
are either separated (Fig. 1a, CdWO4) or overlapped (Fig. 1b, β-Ga2O3),
leading to a hyperbolic-to-elliptic transition or vice versa in the
momentum space when tuning the working frequency. Under the
condition of separated RBs, the hyperbolic responsewith tunable TA is
limited within a specific RB; with overlapping RBs, such spectral range
is rather narrow as the in-plane hyperbolic response can only exist
within the non-overlapped region. Therefore, the frequency range of
hyperbolic polaritons with regulable propagation direction is confined
within a specific RB, hindering their applications over a broad
bandwidth.

In this paper, we report the hyperbolic-to-hyperbolic transition in
a rare-earth oxyorthosilicate Y2SiO5 at a ERP, where two neighboring
RBs almost kiss each other. Such an attribute breaks the limitation that
the successive modulation of the propagation direction can only be
realized within a single RB and makes it possible to achieve accurate
nano-light control across multiple RBs. We directly observe the clap-
ping process during the topological transition using scattering-type
scanning near-field optical microscopy (s-SNOM). Along with the
rotating TA, the hyperbolic branches close gradually and reopen again
in the nearby RB.We theoretically explain that such evolution ismainly
due to the interplay between two adjacent RBs. Furthermore, we
indicate that even if there is only one single RB, the TA can still rotate
dynamically under the influence of the high-frequency permittivity
tensor. Our direct observation of this peculiar transformation of
hyperbolic surface modes deepens the understanding of the PhPs in
LSCs and affords possibilities for precise and spectrally robust mod-
ulation of the polariton behavior at the interface.

Results
Dispersive polaritons in monoclinic crystal Y2SiO5

Due to their distinctive characteristics, rare-earth oxyorthosilicates are
suitable for a wide range of applications such as scintillator material,

active lasermedium, and soon. For example,monoclinic crystal Y2SiO5

has been widely used in many optical applications such as x-ray
detection41, electromagnetically induced transparency42, and laser
devices43,44. Its crystal structure is shown in Fig. 2awithbperpendicular
to the a–c plane and the monoclinic angle β = 102.45°45. Viewing along
the b-axis, Cartesian coordinate xyz can be defined to better describe
its optical anisotropic properties46. The non-vertical relationship
between the a and c-axismakes its symmetry lower thanorthorhombic
crystals, leading to in-plane phononmodes along various directions. In
the Y2SiO5 crystal within the range from 40 to 1200 cm−1, 23 phonon
modes oscillate along the b vector, showing Au symmetry; 22 phonon
modes oscillate in the a–cplanewith different orientations, presenting
Bu symmetry45. The left panel in Fig. 1c demonstrates its RBs with Bu

symmetry from 350 to 1050cm−1, with 2 ERPs marked by dashed blue
lines. At ERPs, two adjacent RBs almost touch each other, resulting in
Re(ε2) ≈0 at ωLO1 (Fig. 1c, right column). Due to the limitation of laser
source, here we focus on ERP1 at mid-infrared range between RB 11
(mode A) and RB 12 (mode B). Fig. 2b schematically shows two optical
phonon modes under our investigation, with the orientation of the
displacement vectors relative to the x-axis as 19.2° (OA) and 95.07°
(OB) formodes A andB, respectively. For optical phononmodeA (blue
arrow in Fig. 2b), its RB is bounded between theTOand LO frequencies
as 902 cm−1 to 972 cm−1, while the RB of mode B (red arrow in Fig. 2b)
starts from 970 cm−1 and ends at 1050 cm−1 45.

To directly visualize the evolution of polaritons, we perform
direct nanoimaging of the (010) crystal surface using s-SNOM. Here,
gold nanodisks with ~ 1μm diameter are deposited to excite the
polaritons at the Y2SiO5 crystal-air interface (see “Methods”). By
scanning the sample surface point by point, direct nanoimaging of the
surface polaritons can be obtained. It should be noticed that the
p-polarized laser beam is illuminating along thex-axis defined in Fig. 2a
with an incident angle relative to the surface as 30°. The real-space
nanoimaging of PhPs inmode A is shown in Fig. 2c–f. Even thoughwith
a spherical edge shape where the gold antenna can support polaritons
propagating along all directions, we can only observe highly direc-
tional polaritons at the crystal-air interface, unveiling the remarkably
confined property and hyperbolic dispersion contours of the Y2SiO5

crystal. Accordingly, the Fourier spectrum can be calculated by
applying Fourier transformation to the optical signals, further verify-
ing the hyperbolic dispersion supporting high-k surface modes
(Fig. 2g–j). With the laser frequency increasing, we can observe:
(1) the open angle of the hyperbolic dispersion is decreasing, and the
hyperbolic branches gradually close, which can be explained by the
dispersive value of -Re(ε2)/ Re(ε1); (2) the angle between TA and the x
-axis decreases gradually, mainly due to the influence of mode B and
the interplay between these two RBs (see Supplementary Fig. 9).

The experimental results are further confirmed by full-wave simu-
lations. Fig. 2k–n indicates the Fourier spectrum of the electric fields
Re(Ez) 80nm above the Y2SiO5 crystal surface excited by a
z-oriented dipole source (see “Methods”). The distribution verifies the
two observations we discussed above. When the frequency is increased,
the TA, denoted by the green arrow, will rotate far away from the
resonant direction of mode A (OA) and approach the vertical direction
of mode B (OB⊥). White curves indicate the iso-intensity contours (the
points on the curve have the same intensity of the mode distribution)
and the unequal lengths (the length between the original point and the
furthest point of the iso-intensity contour of each petal) of the neigh-
boring branches present the unbalanced shear response in the LSCs.

Next, we investigate the properties of PhPs of mode B. Here, we
focus on the PhPs ranging from 970 cm−1 to 985 cm−1. Fig. 3a–d shows
the measured near-field signal at 970, 975, 979, and 981 cm−1, respec-
tively. The polaritons within this RB present shorter propagation
lengths with increasing frequency. The corresponding dispersion in k-
space is shown in Fig. 3e–h, indicating the gradual change of both TA
and open angle. Corresponding simulation results of the Fourier
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spectrum are demonstrated in Fig. 3i–l, further verifying the rotational
TA and varying open angle. This peculiar phenomenon has not been
reported in the previous studies on PhPs in higher-symmetry crystals
such as hBN, α-MoO3, and calcite due to their higher symmetry and
perpendicular (or parallel) phonon resonances.

Evolution of polaritons and hyperbolic-to-hyperbolic
transition at ERP
To comprehensively understand the physics behind the dynamic
change near the ERP, we investigate such a phenomenon from a

theoretical aspect. Considering each phonon mode as an anharmonic
broadened Lorentzian oscillator (see “Methods”), the dielectric
response is the combined effect of all the resonances, where modes
with Au symmetry contribute to out-of-plane responses along the
b-axis and Bu symmetry lead to responses in the a–c plane. For each
phonon mode with Bu symmetry, we define the angle between its
oscillation orientation and a vector as σm (m ranges from 1 to 22 for all
modes with Bu symmetry), which are all different from each other (see
Supplementary Table 1 and Supplementary Fig. 1). In monoclinic
crystals, the dielectric tensor is determined by four independent
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Fig. 1 | Comparison of Reststrahlen bands (RBs) in different low-symmetry
crystals (LSCs). a the RBs in CdWO4. The two RBs in green shade are separated in
the spectrum, presenting an elliptic-like topology in the spectral gap. At the long-
itudinal optic (LO) frequencyof thefirst RB in the green shade (RB2), the real part of
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features of these two RBs. c the RBs in Y2SiO5. The two RBs in the red shade just
touch each other in the spectrum at the exceptional Reststrahlen point (ERP),
presenting a hyperbolic-to-hyperbolic transition in the reciprocal space. At the LO
frequency of the first RB in the red shade (RB11), the real part of the permittivity
along the vertical direction is around zero, indicating the kissing features of these
two RBs. The insets in the left column demonstrate the Fourier spectrums obtained
by numerical simulations through a dipole source. The z-oriented dipole is placed
100nm above the crystal surface. The subfigures in the right column show the real
part of permittivity along two perpendicular directions.
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components as

εðf Þ=
εxxðf Þ εxyðf Þ 0

εyxðf Þ εyyðf Þ 0

0 0 εzzðf Þ

2
64

3
75 ð1Þ

where εxy equals to εyx as shear elements. Each component in the
permittivity tensor is a complex value, which varies with optical fre-
quency. Due to the existence of the off-diagonal terms in εðf Þ, the TAof

the hyperbolic dispersion curve is neither aligned to the x nor y-axis. If
we ignore the imaginary part and apply rotation matrix R(θ) to
diagonalize the real part of the permittivity tensor, the direction of the
TA could be determined. Simultaneously, the non-diagonalizable
imaginary part of the permittivity tensor contributes to the recently
reported shear phenomenon32. The θ value at a specific frequency is
affected by the combined effects of all the non-parallel modes in the
a–cplane aswell as the high-frequency components of the permittivity
tensor. In this paper, the rotational TA is mainly because of the
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type scanning near-field optical microscopy (s-SNOM). The phonon polaritons
(PhPs) are launched by an Au nanodisk antenna with a diameter of ~ 1μm
and thickness of 100 nm. The incident laser beam is aligned with the x-axis with

p-polarization. g–j corresponding Fourier spectrum of the panel (c–f) obtained by
calculating their Fourier transformation, justifying the hyperbolic dispersion of the
PhPs. k–n the Fourier spectrum of dipole-launched polaritons through numerical
simulations. The z-oriented dipole is placed 100nm above the crystal surface. The
green arrows indicate the transverse axis (TA) at different frequencies, which is
rotating to approachOB⊥with increasing frequency.White curves indicate the iso-
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distribution) and the unequal lengths (the length between the original point and
the furthest point of the iso-intensity contour of each petal) of the neighboring
branches present the unbalanced shear response in the LSC.
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interplay between the two non-orthogonal phonon modes A and B
with Bu symmetry oscillating in the a–c plane (see Supplemen-
tary Fig. 9).

TA and open angle are two determinant parameters for a hyper-
bolic dispersion, as the shape of the IFC canbe decided after these two
values are found. To comprehensively analyze the evolution of polar-
itons at the ERP, here we denote the open angle as γ and the angle
between TA and the x-axis as θ (inset of Fig. 3m). As we discussed
above, the theoretical value of the TA can be calculated by finding the
angle θ to diagonalize the real part of the permittivity tensor, leaving
the off-diagonal term as a pure imaginary value (see Supplementary
Fig. 2). Then, the open angle γ can be obtained by tan−1[-Re(ε2)/ Re(ε1)],
where ε1 and ε2 are the permittivity along the direction of TA and the

direction perpendicular to it, respectively. In addition, the electrical
field and the corresponding dispersion in k-space can be obtained by
numerically simulating thedipole-launchedpolaritons at the crystal-air
interface, from which the simulation results of TA and open angle can
be directly measured (see “Methods”). As shown in Fig. 3m, when the
working frequency is increased from the resonant frequency of mode
A, θwill decrease and approach the vertical direction ofmode B (OB⊥).
At the ERP, where the two bands just touch each other, θ jumps 90
degrees from OB⊥ to OB. Then, TA deviates from the orientation of
mode Bwhenmoving far away from its resonant frequency. Moreover,
the open angle γ drops when we increase the optical frequency with a
span of ~40° from 915 cm−1 to 955 cm−1. Near the ERP, a 90-degree step
change happens, followed by a similar decrease of γ value in mode A,
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which is caused by the spectrally dispersive ε1 and ε2 (Fig. 3n). In short,
the dispersion of PhPs experiences a clapping process: the hyperbola
closes with increasing frequency and reopens after the ERP with
rotatory TA. Moreover, the rotation of TA can be expected: when the
working frequency is approaching the oscillation frequency of the
nearbymode, the TA will also rotate to approach the vertical direction
of the adjacent phonon mode.

Effect of high-frequency permittivity on TA rotation
As claimed before, the dynamic rotation of TA is mainly due to the
interplay of the two touching RBs. Because of the non-perpendicular
polarized directions, the oscillations of these two phononmodes have
mutual effects on each other. Nevertheless, we declare that even with
the existence of only one RB, the TA can also dynamically rotate when
tuning the working frequency (Fig. 4a), which is because the aniso-
tropy and orientation of high-frequency permittivity also affect TA.
Fig. 4b demonstrates the dispersion of polaritons in material

εXY =
1:75 �0:433

�0:433 1:25

� �
with kz =0, which can be diagonalized to

ε12 =
2 0
0 1

� �
with α = 60°.

Next, we investigate how the anisotropy (φ) and orientation (α)
affect the TA rotation in the single-RB case. To simplify the problem,
we only consider the oscillation of mode A with θ = 19.2° and high-
frequency terms in permittivity tensor. Firstly, we set εxy∞ =0 and fix
the determinant of εXY. By changing the angle φ, we could modulate
the anisotropy of the elliptical dispersion. As shown in Fig. 4c, the
adjustment of φ can lead to different evolutions of TA. When φ =0°,
the dispersion relation is shaped as a straight line along the x-axis, and
θ decreases gradually. By slightly increasing φ, the dispersion curve

will evolve into an ellipse with a long axis along the x direction,
accompanied by a slower decline of θ value. When φ = 45°, the dis-
persion will become spherical shape with no anisotropy, and the TA
will stay fixed as θ = 19.2°, no matter how the working frequency
changes. With φ further increasing, the long axis of the ellipse is along
the y-axis. Under this condition, θ increases with optical frequency,
and the growth rate is faster with a larger φ value. Based on these
observations, we could draw two conclusions: (1) TA stays fixed with
isotropic high-frequency permittivity; (2) TA rotates to approach the
long axis of the dispersion curve as the working frequency moves far
away from the oscillation frequency with changing rate positively
correlated with the anisotropy.

Then, we fix the anisotropy and analyze the relationship between
the TA and α. The value of φ is set as tan φ = 2 with long axis along x
direction with α =0°. From Fig. 4d, it can be observed that the angle of
the long axis candrastically affect the TA rotation.When α =0°,θ value
decreases gradually and approaches the x-axis with increasing fre-
quency. With α increasing slightly, the TA instead rotates anti-
clockwise to approach the long axis of the ellipse. It could be
noticed that when α = 90° the growth rate of θ value is slower than that
under the condition of α = 60°. By further lifting the α value, the TA
surprisingly decreases gradually. This phenomenon is further dis-
cussed in detail in the Supplementary Note 5. It shows that the TA
rotates to approach the long axis of the ellipse and stays fixed when
any symmetrical axis of the ellipse (either the major axis or the minor
axis) is aligned to the polarization direction of the phonon mode.

Discussion
The results presented here show a hyperbolic-to-hyperbolic transition
in LSCs, which is in contrast to the hyperbolic (elliptic)-to-elliptic
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Fig. 4 | The TA rotation in crystals with the existence of only a single RB. a the
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(hyperbolic) transition in previously reported materials. Such
hyperbolic-to-hyperbolic transition happens where the two adjacent
RBs almost kiss each other, accompanied by dispersive open angle and
TA. Thesephenomena aremainly attributed to themutual effectof two
adjacent non-orthogonalmodes, which is prohibited in high-symmetry
crystals such as α-MoO3 and hBN. The evolution of the TA can be
predicted: it gradually deviates from the resonance orientation and
approaches the vertical direction of the adjacent mode when the
operation frequency moves far away from the resonant frequency of
the firstmode and close to the nearby RB.Moreover, we find that even
with the existence of only one RB in the optical crystal, the TA can also
be rotational under the effect of anisotropic high-frequency permit-
tivity. Furthermore, as the displacements in phononmodes aremainly
ascribed to the motions of oxygen and silicon atoms, isostructural
rare-earth oxyorthosilicates, such as Lu2SiO5, can also have similar
phonon mode behavior and polariton properties (see Supplementary
Figs. 14, 15)47. Therefore, as a prospective playground for light
manipulation at the nanoscale, we anticipate more rare-earth oxy-
orthosilicates to be explored and applied for nano-device design in the
future.

In summary, we study the ERP where the two adjacent RBs almost
touch each other in monoclinic Y2SiO5 crystal. The hyperbolic-
to-hyperbolic transition is observed when moving the working fre-
quency across the ERP, accompanied by a 90-degree step change of
both open angle and TA, which are dispersive in each single RB. These
findings deepen the understanding of PhPs in LSCs and enrich the
material library for light control at the nanoscale. The continuously
rotated TA gives the opportunity for spectrally robust and precise
control of the nano-light and energy flow.

Methods
Analytical model for Y2SiO5 permittivity tensor
Each optical phonon can be modeled as an anharmonic broadened
Lorentzian oscillator as

ηm ωð Þ= A2
m � iωΓm

ω2
TO,m � ω2 � iωQm

� ð2Þ

Here, Am, Γm, ωTo,m, and Qm represent the amplitude, anharmonic
broadening parameter, resonance frequency for TO modes, and har-
monic broadening parameter, respectively. Then, the permittivity
tensor can be written as Eq. (1) with the combined effect of 22 optical
phonons with Bu symmetry and 23 optical phonons with Au symmetry.
Thus, we can obtain

εxx = ε1,xx +
X22
m= 1

ηBu
m cos2ρm, ð3aÞ

εxy = ε1,xy +
X22
m= 1

ηBu
m sin ρm cosρm, ð3bÞ

εyy = ε1,yy +
X22
m= 1

ηBu
m sin2ρm, ð3cÞ

εzz = ε1,zz +
X23
i = 1

ηAu
i ð3dÞ

In equation (3) ρm denotes the relative angle between the orientation
of the mth phonon mode and the x-axis, which are all different from
each other. And ε1 is the high-frequency permittivity of each
component, which is given by ε1,xx = 3:166, ε1,xy =0:0027,
ε1,yy = 3:127, and ε1,zz =3:114.

Sample fabrication
The crystal was polished at the (010) surface with a size of 10mm ×
10mm × 1mm, which is much larger than the operating frequency of
the PhPs. Photoresist (PMMA 495 A5) was first spin-coated on the
sample surface, followed by 2-min baking at 180 °C. Then, a charge
dissipating agent (ESPACER 300Z) was spin-coated with 2000 rpm of
70 seconds to form a highly conductive film on the surface. Then the
pattern of Au nanodisks was printed using an electron beam litho-
grapher (JBX-6300FS). Next, the sample was washed with deionized
water to remove the conductive film. Then the sample was soaked in
developing solution (MIBK: IPA = 1:3) for 30 seconds and soaked in IPA
for 30 seconds to wash away the residual MIBK, followed by a 3 nm Ti/
100 nmAudepositionusingAJA E-beamevaporator. Finally, a standard
lift-off procedure was performed.

Numerical simulations
Numerical simulations were performed using the finite-element method
through commercial software COMSOL Multiphysics 5.5. A z-oriented
dipole was placed 100nmabove the crystal surface in the air as a source.
The electric field distribution was measured at 80nm above the top
surface to measure the surface mode at the crystal-air interface. The
simulation region was set as 25μm×25μm with scattering boundary
conditions to prevent the reflected wave from the material edges. The
imagemaps in the reciprocal spacecanbeobtainedbydoinga2DFourier
transformationof thefielddistributions in real space. Thedirectionof the
dispersion curve was determined by finding the point with maxima at
each row and calculating the angle of their connecting lines.

s-SNOM measurements
The near-field optical signals were measured using commercial
s-SNOM (Neaspec) at reflection mode. The infrared laser beam was
focused by a parabolic mirror on the AFM tip. Supplementary Fig. 4
shows the schematic diagram of the experimental setup. The incident
p-polarized light is illuminated on the sample aligned to the x-axis with
an incident angle of 30° relative to the surface. During the measure-
ment, the sample stage ismoving and the AFM tip in the tappingmode
can scan horizontally to obtain the amplitude of the second harmonic
signal S2. The measured area is 20μm×20μm.

Data availability
The data supporting the findings of this work are available within the
paper and its supplementary information. All raw data of this work is
available from the corresponding authors upon request.
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